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Abstract

In this paper we study a smooth optimization approach for soVing a class of non-
smooth strongly concave maximization problems. In particular, we apply Neserov's
smooth optimization technique [17, 18] to their dual counterparis that are smooth convex
problems. It is shown that the resulting approach hasO(1=" ") iteration complexity
for nding an -optimal solution to both primal and dual problems. We then discuss
the application of this approach to covariance selection tlat is approximately solved
as alLl-norm penalized maximum likelihood estimation problem, and alsopropose a
variant of this approach which has substantially outperformed the latter one in our
computational experiments. We nally compare the performance of these approaches
with two other rst-order methods studied in [9], that is, Ne sterov's O(1=) smooth
approximation scheme, and block-coordinate descent mettsbfor covariance selection on
a set of randomly generated instances. It shows that our smdhb optimization approach
substantially outperforms their rst method, and moreover, its variant tremendously
outperforms their both methods.

Key words: Covariance selection, non-smooth strongly concave maximation, smooth
minimization

1 Introduction

In [17, 18], Nesterov proposed an e cient smooth optimizatin method for solving convex
programming problems of the form

minff (u) : u2 Ug; (1)

wheref is a convex function with Lipschit6 continuous gradient, ad U is a closed convex
set. It is shown that his method hasO(1=" ) iteration complexity bound, where > 0 is
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the absolute precision of the nal objective function value A proximal-point-type algorithm
for (1) having the same complexity above has also been propdsmore recently by Auslender
and Teboulle [2].

In this paper, we are, motivated by [9], particularly interested in studying the use of
smooth optimization approach for solving a class of non-smoth strongly concave maximization
problems of the form (2). The key idea is to apply Nesterov'st®oth optimization technique
[17, 18] to their dual counterparts that are smooth convex pblems. It is shown that the
resulting approach hasOD(1=" ) iteration complexity for nding an -optimal solution to both
primal and dual problems.

One interesting application of the above approach is for cakiance selection. Given a
set of random variables with Gaussian distribution for whic the true covariance matrix is
unknown, covariance selection is a procedure used to estim#rue covariance from a sample
covariance matrix by maximizing its likelihood while impomg a certain sparsity on the in-
verse of the covariance estimation (e.g., see [11]). Thened, it can be applied to determine a
robust estimate of the true variance matrix, and simultaneasly discover the sparse structure
in the underlying model. Despite its popularity in numerousreal-world applications (e.g.,
see [3, 9, 22] and the references therein), covariance s@acitself is a challenging NP-hard
combinatorial optimization problem. By an argument that isoften used in regression tech-
niques such as LASSO [20], Yuan and Lin [22], and d'Aspremoet al. [9] (see also [3]) showed
that it can be approximately solved as d.1-norm penalized maximum likelihood estimation
problem. Moreover, the authors of [9] studied two e cient rst-order methods for solving
this problem, that is, Nesterov's smooth approximation same, and block-coordinate descent
method. It was shown in [9] that their rst method hasO(1=) iteration complexity for nd-
ing an -optimal solution, but for their second method, the theoratal iteration complexity
is unknown. In contrast with their methods, the smooth optinhzstion approach proposed in
this paper has a more attractive iteration complexity that s O(1=" ) for nding an -optimal
solution. In addition, we propose a variant of the smooth ojinization approach which has
substantially outperformed the latter one in our computatbnal experiments. We also compare
the performance of these approaches with their methods foovariance selection on a set of
randomly generated instances. It shows that our smooth optization approach substantially
outperforms their rst method, and moreover, its variant tremendously outperforms their both
methods.

The paper is organized as follows. In Section 2, we introduee class of non-smooth
concave maximization problems in which we are interestedna propose a smooth optimization
approach to solving them. In Section 3, we brie y introduce avariance selection, and show
that it can be approximately solved as d.1-norm penalized maximum likelihood estimation
problem. We also discuss the application of the smooth optimation approach for solving this
problem, and propose a variant of this approach. In Section ¥e compare the performance of
the smooth optimization approach and its variant with two oher rst-order methods studied
in [9] for covariance selection on a set of randomly generdtestances. Finally, we present
some concluding remarks in Section 5.



1.1 Notation

In this paper, all vector spaces are assumed to be nite dimsional. The space of symmetric
n n matrices will be denoted byS". If X 2 S" is positive semide nite, we write X 0.
Also, we write X Y tomeanY X 0. The cone of positive semide nite (resp., de nite)
matrices is denoted byS! (resp., S}, ). Given matricesX and Y in <P 9, the standard inner
product is de ned by hX;Y i := Tr( XY T), where Tr() denotes the trace of a matrix. k k
denotes the Euclidean norm and its associated operator noramless it ispexplicitly stated
otherwise. The Frobenius norm of a real matrixX is de ned askX kg := = Tr(XX T). We
denote bye the vector of all ones, and by the identity matrix. Their dimensions should be
clear from the context. For a real matrixX , we denote by Card¥ ) the cardinality of X, that
is, the number of nonzero entries oK, and denote byjX|j the absolute value ofX, that is,
jXjij = jXjj forall i;j . The determinant and the minimal (resp., maximal) eigenvaie of a
real symmetric matrix X are denoted by deX and n,n(X) (resp., max(X)), respectively.
For a n-dimensional vectorw, diag(w) denote the diagonal matrix whose-th diagonal element

Let the spaceF be endowed with an arbitrary normk k. The dual space of , denoted by
F , is the normed real vector space consisting of all linear fationals ofs: F ! < |, endowed
with the dual norm k k de ned as

ksk :=maxfhs;ui : kuk 1g; 8s2F ;
u

where bs; ui := s(u) is the value of the linear functionals at u. Finally, given an operator
A:F!F ,wedene
A[H;H]:= hAH;HI

foranyH 2 F .

2 Smooth optimization approach

In this section, we consider a class of concave non-smoothxmngization problems:
maxg(x) := min (x;u); 2
maxg(x) = min () 2)

where X and U are nonempty convex compact sets in nite-dimensional realector spaces
E and F, respectively, and (x;u) : X U ! < is a continuous function which isstrongly
concave inx 2 X for every xed u 2 U, and convex di erentiable inu 2 U for every xed

x 2 X. Therefore, for anyu 2 U, the function

f(u) = max (x;u) 3)
is well-de ned. We also easily conclude thdt (u) is convex di erentiable onU, and its gradient
is given by

rf(u)=r.u (x(u);u); 8u2U; (4)
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where x(u) denotes the unique solution of (3).
Let the spaceF be endowed with an arbitrary normk k. We further assume thatr f (u)
is Lipschitz continuous onU with respect tok Kk, i.e., there exists somé > 0 such that

kr f(u) r f()k Lku uk; 8u;ja2 U:
Under the above assumptions, we easily observe that: i) pdeim (2) and its dual, that is,

minff (u) : u2 Ug; (5)

are both solvable and have the same optimal value; and ii) trdual problem (5) can be suitably
solved by Nesterov's smooth minimization approach [17, 18]

Denote by d(u) a prox-function of the setU. We assume thatd(u) is continuous and
strongly convex onU with convexity parameter > 0. Let up be the center of the setU
de ned as

Up =argminfd(u): u2 Ug: (6)

Without loss of generality assume thatd(up) = 0. We now describe Nesterov's smooth min-
imization approach [17, 18] for solving the dual problem (5and we will show that it simul-
taneously solves the non-smooth concave maximization ptetm (2).

Smooth Minimization Algorithm:

Let up 2 U be given in (6). Setx ; =0 and k =0.
1) Computer f (uy) and x(ux). Setxy = X 1+ ZX(Uy).

2) Find ui*2 Argmin hr f (u);u Ui + Sku  uk?: u2 U .

R
3) Find u? =argmin  td(u)+ B[ (ui)+ hrf(u);u wi]: u2 U

- 2 @ k+1 [ sd
4) SetUk+1 - mukg‘l' mUﬁ .

5) Setk k+1 and go to step 1).
end

The following property of the above algorithm is establistee in Theorem 2 of Nesterov
[18].

Theorem 2.1 Let the sequencé(uy; ui%)gi., U U be generated by the Smooth Minimiza-
tion Algorithm. Then for any k 0 we have

o ‘L X i+l . ) .
f(ug”) min —d(u) + ?[f(ui)+ hrf(u);u wui]l: u2U : (7)

i=0

(k+21)(k+2)
4



We are ready to establish the main convergence result of thenSoth Minimization Algo-
rithm for solving the non-smooth concave maximization prdem (2) and its dual (5).

Theorem 2.2 After k iterations, the Smooth Minimization Algorithm generates goair of
approximate solutions(u$?; xi) to the problem (2) and its dual (5), respectively, which safly
the following inequality:

4D
sd .
0 U 9 i ®)
Thus if the termination criterion f (uf%)  g(x«) is applied, the iteration complexity of

nding an -optimal solutioa to the problem (2) and its dual (5) by the Sooth Minimization

Algorithm does not excee@ 2, where

D =maxfd(u): u2 Ug: (9)
Proof. In view of (3), (4) and the notation x(u), we have
f(u)+ hrf(u);u ui= xX(u);u)+ hry (X(ui);u);u  ui: (10)
Invoking the fact that the function (Xx; ) is convex onU for every xed x 2 X, we obtain
(x(ui);u) + hry (x(ui);w)iu wi (x(ui);u): (11)

Notice that x ; =0, and Xy = %xk 1+ éx(uk) for any k 0, which imply

)(k .
X, = 2(0+1)

T ke (k)M (12)

Using (10), (11), (12) and the fact that the function ( ;u) is concave onX for every xed
u2 U, we have

X
(i + DIf (ui) + hrf(u);u  ui] (i+1) (x(ui);u)
i=0 i=0

2k 1)(k+2) (xu)

for all u 2 U. It follows from this relation, (7), (9) and (2) that

)
. 4D X 2+ _ .
f(u?) K+ D(ksz) M0 ke D(k+D) [f (w)+ hrf(u)u wi]l: u2U

4D +min  (Xg;u) = 4D
(k+1)(k+2) w2 (k + 1)(k +2)

and hence the inequality (8) holds. The remaining conclusiadirectly follows from (8). n

+ g(Xk);

The following results will be used to develop a variant of th&mooth Minimization Algo-
rithm for covariance selection in Subsection 3.4.
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Lemma 2.3 The problem (2) has a unique optimal solution, denoted y. Moreover, for
anyu 2 Argminff (u): u2 Ug, we have

X =argmax (X;u): (13)

x2X
Proof. We clearly know that the problem (2) has an optimal solution To prove its
uniqueness, it su ces to show thatg(x) is strictly concave onX. Indeed, sinceX U is a

convex compact set and (x;u) is continuous onX U, it follows that for any t 2 (0; 1),
x1 6 x? 2 X, there exists somai2 U such that

(tx*+(1 Ox%w)= rnéra (tx*+ (@1  tx%u):
Recall that (;u) is strongly concave onX for every xed u 2 U. Therefore, we have
(tx*+ (1 xZe) > t (xhe)+@ 1) (xFw);
t{gi&l (xhu+(@ 1) runzllr} (x2;u);
which together with (2) implies that
gix'+ (1 Ox)>tg(x)+ (L 1g(x?)

foranyt 2 (0;1), x! 8 x> 2 X, and hence,g(x) is strictly concave onX as desired.
Note that x is the optimal solution of problem (2). We clearly know that ér any u 2
Argminff (u): u2 Ug, (u ;x ) is a saddle point for problem (2), that is,

(x;u)  (x;u)  (Xxu) 8(xu)2X U

and hence, we have
X 2 Arg max (x;u):
X

It together with the fact that (;u ) is strongly concave onX , immediately yields (13).

Theorem 2.4 Let x be the unique optimal solution of (2), and be the optimal value of
problems (2) and (5). Assume that the sequencésygi_, and fx(ux)gi-, are generated by
the Smooth Minimization Algorithm. Then the following staments hold:

1) f(u)! f,x(u)! x ask!l ;
2) f(u) g(x(uk))! Oask!1l



Proof. Recall from the Smooth Minimization Algorithm that
Uerp = 209+ (k+1)u® =(k+3); 8k O

Sinceusd; up? 2 Ufor8k 0, andU is a compact set, we havey.; usd! Oask!1l . Notice
that f (u) is actually uniformly continuous onU. Thus, we further havef (ug.1) f(ui9) ! 0
ask!1 . Also, it follows from Theorem 2.2 thatf (uf%) ! f ask!1 . Therefore, we
conclude thatf (uy) ! f ask!1l

Note that X is a compact set, andx(uxy) X for 8k 0. To prove that x(uyx) ! x
ask!1l it suces to show that every convergent subsequence d#(ux)gi_, converges to
x ask!1l . Indeed, assume thafx(u,, )gi-, is an arbitrary convergent subsequence, and
X(up, ) ! % ask!1l for somex~ 2 X. Without loss generality, assume that the sequence
fun,Oio ! & ask!1 for someu- 2 U (otherwise, one can consider any convergent
subsequence dfun, gi—,). Using the result that f (us) ! f , we obtain that

(x(un );un )= f(up)! f; ask!l

Upon letting k ' 1 and using the continuity of (; ), we have (x ;u) = f(at) = f .
Hence, it follows that

b 2Argrunz|lrJ1f(u); X =argmax (X & );

which together with Lemma 2.3 implies thatx~ = x . Hence as desiredx(u, ) ! x as
k!l

As shown in Lemma 2.3, the functiorg(x) is continuous onX . This result together with
statement 1) immediately implies that statement 2) holds. n

3 Covariance selection

In this section, we discuss the application of the smooth optization approach proposed in

Section 2 to covariance selection. More speci cally, we lriy introduce covariance selection

in Subsection 3.1, and show that it can be approximately s@d as alLl-norm penalized

maximum likelihood estimation problem in Subsection 3.2. nl Subsection 3.3, We address
some implementation details of the smooth optimization appach for solving this problem,

and propose a variant of this approach in Subsection 3.4.

3.1 Introduction of covariance selection

In this subsection, we brie y introduce covariance selean. For more details, see d'Aspremont
et al. [9] and the references therein.

Given n variables with a Gaussian distributionN (0; C) for which the true covariance
matrix C is unknown, we are interested in estimatingC from a sample covariance matrix
by maximizing its likelihood while imposing a certain numbeof components in the inverse
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of the estimation of C to zero. This problem is commonly known asovariance selectionsee
[11]). Since zeros in the inverse of covariance matrix cospond to conditional independence
in the model, covariance selection can be used to determineodust estimate of the covariance
matrix, and simultaneously discover the sparse structurenithe underlying graphical model.
Several approaches have been proposed for covariance selem literature. For example,
Bilmes [4] proposed a method based on choosing statisticapgndencies according to con-
ditional mutual information computed from training data. The recent works [16, 13] involve
identifying the Gaussian graphical models that are best spprted by the data and any avail-
able prior information on the covariance matrix. Given a sapple covariance matrix 2 S},
d'Aspremont et al. [9] recently formulated covariance setdon as the following estimation
problem:
max logdetX h ;Xi Card(X)

s.t. + X T:

where > 0 is a parameter controlling the trade-o between likelihod and cardinality, and
0 ~< 7~ 1 arethe xed bounds on the eigenvalues of the solution. For se specic
choices of , the formulation (14) has been used for model selection in, [3], and applied to
speech recognition and gene network analysis (see [4, 12]).

Note that the estimation problem (14) itself is a NP-hard corbinatorial problem because
of the penalty term Card(X). To overcome the computational di culty, d’Aspremont et al.
[9] used an argument that is often used in regression techoe&s (e.g., see [20, 6, 14]), where
sparsity of the solution is concerned, to relax Car() to €'jX je, and obtained the following
L1-norm penalized maximum likelihood estimation problem:

(14)

max logdetX h ;Xi eTjXje

15
st. + X T (13)

Recently, Yuan and Lin [22] proposed a similar estimation pblem for covariance selection
given as follows: =)
max logdetX h ;Xi IXii ]

X i6] (16)
st + X T;

with ~=0and ~= 1 . They showed that problem (16) can be suitably solved by the&terior
point algorithm developed in Vandenberghe et al. [21]. A feather approaches have also been
studied for covariance selection by solving some related ri@um likelihood estimation prob-
lems in literature. For example, Huang et al. [15] proposecdhaterative (heuristic) algorithm
to minimize a nonconvex penalized likelihood. Dahl et al. [&] applied Newton method, co-
ordinate steepest descent method, and conjugate gradienethod for the problems for which
the conditional independence structure is partially known

As shown in d'Aspremont et al. [9] (see also [3]), and Yuan andn [22], the L1-norm
penalized maximum likelihood estimation problems (15) an(ll6) are capable of discovering
e ectively the sparse structure, or equivalently, the coniional independence in the underlying
graphical model. Also, it is not hard to see that the estimatin problem (16) becomes a special
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case of problem (15) if replacing by + | in (16). For these reasons, we focus on problem
(15) only for the remaining paper.

3.2 Non-smooth strongly concave maximization reformulati on

In this subsection, we show that problem (15) can be reformated as a non-smooth strongly
concave maximization problem of the form (2).

We rst provide some tighter bounds on the optimal solution 6 problem (15) for the case
where ~=0and =1 .

Proposition 3.1 Assume that~=0 and = 1. Let X 2 S}, be the unique optimal
solution of problem (15). Then we havd X | , where
B 1 . R n Tr()
= K =min ——— (17)
with
min €'j Yje;(n Pa Yk k (n 1) ; if isinvertible
B 2eTj(+ 1) te Tr((+ s1) 1) otherwise
Proof. Let
U:=fu2s": jUjj 1,8ijg; (18)
and
L(X;U)=logdetX h + U;Xi; 8(X;U)2S], U: (19)

Note that X 2 S!, is the optimal solution of problem (15). It can be easily showthat there
exists someU 2 U such that (X ;U ) is a saddle point ofL(; ) on S}, U , thatis,

X 2argxr2rgﬂrl L(X;U ); U 2Arng|2|LrJl L(X ;U):

The above relations along with (18) and (19) immediately yld
X (+ U)=1, M ;Ui=¢€jX je: (20)

Hence, we have
1

K K+ KUK

which together with (18) and the factU 2 U, implies that X ﬁl . Thus as desired,

X | as desired, where is given in (17).
We next bound X from above. In view of (20), we have

X =(+ U)*

X ; i+ e"jX je=n; (21)
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which together with the relation X | implies that

eiX je () (22)

Now let X (t):=( + tI ) 'fort2 (0;1). By de nition of X and X (t), we clearly have
logdetX h + tI;X i logdetX (t) h + tI;X (b)i;
logdetX (t) h ;X (t)i eTjX(t)je logdetX h ;X i e'jX je:
Adding the above two inequalities upon some algebraic simphtion, we obtain that
e'jX je tTr(X ) e"jX(bje tTr(X(1);
and hence,
ejiX (t)je tTr(X (1))

1t ’
If is invertible, upon letting t # 0 on both sides of (23), we have

e'jX je

8t 2 (0;1): (23)
e'jX je €' Ye:
Otherwise, lettingt = 1=2 in (23), we obtain
e'jX je 2eTj( + EI) e Tr(( + §|) h:
Combining the above two inequalities and (22), we have

KXk k X ke X je min 1O . . (24)

where (
e’j e if is invertible;
2eTj(+ 1) Yje Tr((+ 51)1); otherwise
Further, using the relation X | , we obtain that
p

e'jX je k X ke n;
which together with (21) implies that
Tr(X ) n
This inequality along with the relation X | yields

mn()( N 1) +kX k) Tr(X ) n
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Hence if is invertible, we further have

KXk (n "k %k (n 1)

This together with (24) implies that X | , where is given in (17). n

Remark Some bounds orX were also derived in d'Aspremont et al. [9]. In contrast with
their bounds, our bounds given in (17) are tighter. Moreoveour approach for deriving these
bounds can be generalized to handle the case where ~0 and =~ = 1 (this is left to the
reader), but their approach cannot. [

From the above discussion, we conclude that problem (15) igevalent to the following
problem:
max logdetX h ;Xi eTjXje

25
Ss.t. I X l; (25)
forsome < < < 1.
We further observe that problem (25) can be rewritten as
maxmin logdetX h + U;Xi; (26)
X2X U2U
whereU is de ned in (18), and X is de ned as follows:
X =fX28": | X | g (27)

Therefore, we conclude that problem (15) is equivalent to @. For the remaining paper, we
will focus on problem (26) only.

3.3 Smooth optimization method for covariance selection

In this subsection, we describe the implementation detailsf the Smooth Minimization Al-
gorithm proposed in Section 2 for solving problem (26). We s compare the complexity
of this algorithm with interior point methods, and two other rst-order methods studied in
d'Aspremont et al. [9], that is, Nesterov's smooth approxiration scheme, and block coordinate
descent method.

We rst observe that the sets X and U both lie in the spaceS", where X and U are
de ned in (27) and (18), respectively. LetS" be endowed with the Frobenius norm, and let
d(X) =logdet X for X 2 X . Then for any X 2 X, we have

r2d(X)[H;H]= Tr(X *HX *H) ?kH k2

for all H 2 S™, and hence,d(X) is strongly concave onX with convexity parameter 2.
Using this result and Theorem 1 of [18], we immediately conale that r f (U) is Lipschitz
continuous with constantL = 2 2 on U, where

f(U) = max logdetX h + U;Xi; 8U2U: (28)
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Denote the unique optimal solution of problem (28) by (U). For any U 2 U, we can compute
X (U), f(U)andr f (U) as follows.
Let + U = Qdiag( )Q" be an eigenvalue decomposition of +U such that QQT = I.

minfmaxf1=;; g; g; if ;> 0;
: otherwise

It is not hard to show that
xXo
X (U)= Qdiag( )Q"; f(U)= T + log ;; rf(U)= X (U): (29)
i=1

From the above discussion, we see that problem (26) has exgd¢he same form as (2), and
also satis es all assumptions imposed on problem (2). Thdoee, it can be suitably solved by
the Smooth Minimization Algorithm proposed in Section 2. Tle implementation details of
this algorithm for problem (26) are described as follows.

GivenUy 2 U, let d(U) = kU Uok,% =2 be the proximal function onU, which has convexity
parameter = 1. For our speci ¢ choice of the norm andd(U), we clearly see that steps 2)
and 3) of the Smooth Minimization Algorithm can be solved as problem of the form

V =arg minhG; Ui + KUKZ =2
for someG 2 S". In view of (18), we see that
Vi =maxfminf G;;1g; 1g; i;j =1;:::5n:
In addition, for any X 2 X, we de ne
g(X):=logdetX h ;Xi e'jXje: (30)

We are now ready to present a complete version of the Smooth mnization Algorithm
for solving problem (26).

Smooth Minimization Algorithm for Covariance Selection (S MACS):
Let > 0OandUy 2 U be given. SetX ;=0,L= 22 =1,andk=0.
1) Computer f (U and X (Uy). Set Xy = £-Xi 1+ ZX (Uy).
2) Find Ug? = argmin hrf (Uy);U Ud+ 5kU UkZ: U2U .
i ag — i L 2 R i+1 . i1 -
3) Find U, =argmin kU Uokg +  =-[f(U)+ hrf(U);U Ui]: U2U
i=0
4) SetUy = UM+ Klys,
5) Setk  k+1. Go to step 1) until f (U3 g(Xy)

end
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The iteration complexity of the above algorithm for solvingproblem (26) is established in
the following theorem.

Theorem 3.2 The iteration complexity performed by the algorithm SMACSof ncﬂng an

-optimal solution to problem (26) and its dual does not excke 2 TQ%XkU Uoke= , and
moreover, if Uy = 0, it does not exceedlo 2 n= P -
Proof. From the above discussion, we know that = 2 2, D = maxkU UpkZ=2

u2u
and = 1, which together with Theorem 2.2 immediately implies thathe rst part of the

statement holds. Further, ifUy = 0, we easily obtain from (18) thatD = max kUk2Z =2 = n?2=2,
The second part of the statement directly follows from thisesult and Theorem 2.2. n

Alternatively, d'Aspremont et al. [9] applied Nesterov's mooth approximation scheme [18]
to solve problem (26). More speci cally, let > 0 be the desired accuracy, and let

du) = kuké=2;, D = max du) = n?=2:

As shown in [18], the non-smooth functiom(X ) de ned in (30) is uniformly approximated by
the smooth function

g(X)=min logdetX h + U;Xi Ec’i\(U)
on X with the error at most by =2, and moreover, the functiong (X ) has a Lipschitz contin-
uous gradient onX with some constantL( ) > 0. Nesterov's smooth optimization technique
[17, 18] is then applied to solve the perturbed problerQ 2r)p@<(X), and the problem (26) is

accordingly solved. It was shown in [9] that the iteration camplexity of this approach for
nding an -optimal solution to problem (26) does not exceed

P~ . r
2 2n Ylog N nlog

(31)

where = = .

In view of (31) and Theorem 3.2, we conclude that the smooth tjmizati|8n appro&ch
improves upon Nesterov's smooth approximation scheme atkt by a factorO(" nlog =" )
in terms of the iteration complexity for solving problem (26. Moreover, the computational
cost per iteration of the former approach is at least as cheas that of the latter one.

d'Aspremont et al. [9] also studied block-coordinate desstemethod for solving the problem
(15) with ~=0and ~= 1 . Each iterate of this method requires computing the inversef
an(n 1) (n 1) matrix, and solving a box constrained quadratic programing with n 1
variables. It shall be mentioned that the iteration compleity of this method for nding an

-optimal solution is unknown. Moreover, this method is notwitable for solving problem (15)
with ~> Oor < 1.
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In addition, we observe that problem (25) (also (15)) can beeformulated as a con-
strained smooth convex problem that has an expliciD(n?)-logarithmically homogeneous self-
concordant barrier function. Thus, it can be suitably solve by interior point (IP) methods
(see Nesterov and Nemirovski [19] and Vandenberghe et all]R2 The worst-case iteration
complexity of IP methods for nding an -optimal solution to (25) is O(nlog( o=)), where
o is an initial gap. Each iterate of IP methods requireO(n®) arithmetic cost for assem-
bling and solving a typically dense Newton system. Thus, théotal worst-case arithmetic
cost of IP methods for nding an -optimal solution to (25) is O(n’log( o=)). In contrast
with IP methods, the algorithm SMACS requiresO(n?®) arithmetic cost per iteration dom-
inated by eigenvalue decomposition and matrix multiplicabn of n  n matrices. Based on
this observation and Theorem 3.2, we conclude that the ovdravorst-case %ithmetic cost
of the algorithm SMACS for nding an -optimal solution to (25) is O( n 4= "), which is
substantially superior to that of IP methods, provided that is not too large and is not
too small.

3.4 Variant of Smooth Minimization Algorithm

As discussed in Subsection 3.3, the algorithm SMACS has a aitheoretical complexity in
contrast with IP methods, Nesterov's smooth approximatiorscheme, and block-coordinate
descent method. However, its practical performance is $tilot much attractive (see Section
4). To enhance the computational performance, we propose aiant of the algorithm SMACS
for solving problem (26) in this subsection.

Our rst concern of the algorithm SMACS is that the eigenvale decomposition of two
n n matrices is required per iteration. Indeed, the eigenvaludecomposition of + Uy
and + U is needed at steps 1) and 5) to compute f (Uy) and f (US9), respectively. We
also know that the eigenvalue decomposition is one of majooraputations for the algorithm
SMACS. To reduce the computational cost, we now propose a négvmination criterion other
than f (USY)  g(Xk) that is used in the algorithm SMACS. In view of Theorem 2.4, we
know that

f(U) oX(U))! O, ask!1l

Thus, f (Uy)  a(X (Uy)) can be used as an alternative termination criterion. Moreev,
it follows from (29) that the quantity f (Us) g(X (Uy)) is readily available in step 1) of the
algorithm SMACS with almost no additional cost. We easily sethat the algorithm SMACS
would require only one eigenvalue decomposition per itefah with this new termination
criterion. In addition, as observed from computational expriments, the number of iterations
performed by the algorithm SMACS based on these two di erentermination criteria are
almost same.

For covariance selection, the penalty parameter is usually small, but the parameter
can be fairly large. In view of Theorem 3.2, we know that the @ration complexity of the
algorithm SMACS for solving problem (26) is proportional to . Therefore, when is too
large, the complexity and practical performance of this atgithm become unattractive. To
overcome this drawback, we will propose one strategy to dymécally update
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Let X be the unique optimal solution of problem (26). For any” 2 [ max(X ); ], we
easily observe thatX is also the unique optimal solution to the following problem

(Px) maxmin logdetX h + U;Xi; (32)

whereU is de ned in (18), and X is given by
X~=fX: 1 X 1g

In view of Theorem 3.2, the iteration complexity of the algathm SMACS for problem (32)
is lower than that for problem (26) provided " 2 [ max(X ); ). Hence ideally, we set” =
max(X ), which would give the lowest iteration complexity, but unbrtunately, mnmax(X )
is unknown. However, we can generate a sequerfc'é;gﬁ=0 that asymptotically approaches
max(X ) as the algorithm progresses. Indeed, in view of Theorem 2wle know that X (Uy) !

X ask!l ,and we obtain that

max (X (Uk)) ! max(X ); ask!1

Therefore, we see thaf (X (Uk))di-, can be used to generate a sequenf:é\kg&:0 that
asymptotically approaches nax(X ). We next propose a strategy to generate such a sequence
f Akg]k.:o .

For convenience of presentation, we introduce some new nidas. Given anyU 2 U and
“21; 1 wedene

X ~(U)

arg max logdetX h + U;Xi; (33)
fA(U)

max logdetX h + U;Xi: (34)
X 2X

Denition 1 GivenanyU 2 U and "2 [; ], XA(U) is called \active" if max(X~(U))= "
and "< : otherwise it is called \inactive".

Let & & > 1, and& 2 (0; 1) be given and xed. Assume thatU, 2U and "\ 2 [; ]are
given at the beginning of thekth iteration for somek 0. We now describe the strategy for
generating the next iterateUy,; and “«.1 by considering the following three di erent cases:

1) If X~ (U) is active, nd the smallest s 2 Z. such that X (Uy) is inactive, where

=minf&"; g. Set’\.. = , and apply the algorithm SMACS for problem P )
starting with the point Uy and set its rst iterate to be Uy, .

2) If Xa (U isinactive and max(X~ (Ud)) &, set “er = maxfminf & max (X~ (Uy));
g; 9. Apply the algorithm SMACS for problem (P~ ) starting with the point U,
and set set its next iterate to beU,,1 .

15



3) If X Ak(Uk) is inactive and ax (X Ak(Uk)) > & "\, set vi1 = “\. Continue the algorithm
SMACS for problem P~ ), and set its next iterate to be U .

For the sequence$ Ugi_, and f ’\kgﬁzo recursively generated above, we observe that the
sequence X ~ (UG-, is always inactive. This together with (33), (34), (28) and he fact

that " for k 0, implies that
f(U)="f~_ (Ud; rf(U)=rfr (W), 8k O (35)
Therefore, the new termination criterionf (Uy)  g(X (Uy)) can be replaced by

fa (U) 9(X (W) (36)

k+1

accordingly.

We now incorporate into the algorithm SMACS the new terminabn criterion (36) and
the aforementioned strategy for generating a sequeric&g&:0 that asymptotically approaches

max(X ), and obtain a variant of the algorithm SMACS for solving priblem (26). For con-

venience of presentation, we omit the subscript from.
Variant of Smooth Minimization Algorithm for Covariance Se lection (VSMACS):
Let > 0,&, &> 1, and& 2 (0; 1) be given. Choose &, 2U. Set"= ,L= 22 =1,
and k = 0.

1) Compute X ~(Uyx) according to (29).

1la) If X ~(Ug) is active, nd the smallests 2 Z, such that X (Uy) is inactive, where
=minf&”" g. Setk=0, U= U, "= ,L= 2"2 and go to step 2).
1b) If X A(Uy) is inactive and  max (X ~(Uk)) &", setk =0, Uy = Uy,
"= maxfminf& max(X~(UJ)); g; g andL = 272

2) If fA(U)  ag(XA(Wk)) , terminate. Otherwise, computer f ~(Uy) according to (29).

n 0
3) Find U =argmin hrfa(U);U Ui+ 5kU UkE: U2U

4) Find U9 = argmin kU  Upk? + iF_RO BLIfA(U) + hrfa(U);U  Ui]l: U2U
5) SetUg., = UM+ &Ly,
6) Setk k+1, and go to step 1).

end

We next establish some preliminary convergence propertiesthe above algorithm.
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Proposition 3.3  For the algorithm VSMACS, the following properties hold:

1) Assume that the algorithm VSMACS terminates at some it (X ~(Ux); Us). Then
(X A(Uy), Uy) is an -optimal solution to problem (26) and its dual.

2) Assume that” is updated only for a nite number of times. Then the algoritm VSMACS
terminates in a nite number of iterations, and produces an-optimal solution to problem
(26) and its dual.

Proof. For the naliterate ( X ~(Ux); Ux), we clearly know thatf (Uy) g(X ~(Uk)) , and
X A(Uy) is inactive. As shown in (35),f (Ux) = f+(Ux). Hence, we havd (Uy) g(X ~(Uy))

. We also know thatU, 2 U, and X~(Uy) 2 X dueto " 2 [; ]. Thus, statement 1)

immediately follows. After the last update of ", the algorithm VSMACS behaves exactly
like the algorithm SMACS as applied to solve the problemR-~) except with the termination
criterion f (Uy) g(X~(Ux)) . Thus, it follows from statement 1) and Theorem 2.4 that
statement 2) holds. [

4 Computational results

In this section, we compare the performance of the smooth nmmzation approach and its
variant proposed in this paper with two other rst-order methods studied in d'Aspremont et
al. [9], that is, Nesterov's smooth approximation schemend block coordinate descent method
for solving problem (15) (or equivalently, (26)) on a set ofandomly generated instances.

All instances used in this section were randomly generatea the same manner as described
in d'Aspremont et al. [9]. First, we generate a sparse inveble matrix A 2 S" with positive
diagonal entries and a density prescribed b% We then generate the matrixB 2 S" by

B=A 1+ V;

whereV 2 S" is an independent and identically distributed uniform ranédm matrix, and
is a small positive number. Finally, we obtain the following.andomly generated sample
covariance matrix:
= B minf ,,(B) #0gl;

where# is a small positive number. In particular, we sefo=0:01, =0:15and#=1:0e 4
for generating all instances.

In the rst experiment, we compare the performance of our snath minimization approach
and its variant with Nesterov's smooth approximation schem studied in d’Aspremont et al.
[9] for the problem (26) with =0:1, =10and = 0:5. For convenience of presentation, we
label these three rst-order methods as SM, VSM, and NSA, rpsctively. The codes for them
are written in Matlab. More speci cally, the code for NSA folows the algorithm presented
in d'Aspremont et al. [9], and the codes for SM and VSM are wtién in accordance with the
algorithms SMACS and VSMACS, respectively. Moreover, wets§ = & = 1:05 and& = 0:95
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Table 1:

Comparison of NSA, SM and VSM

Problem Iter Obj Time

n nsa sm vsm nsa sm vsm nsa sm vsm

50 3657 456 19| -76.399 -76.399 -76.393 51.2 5.1 0.2
100 7629 919 26| -186.717 -186.720 -186.714 902.9 57.3 1.0
150 20358 1454 48| -318.195 -318.194 -318.184 8172.3 256.8 4.0
200 27499 2293 101 -511.246 -511.245 -511.24p 26151.0 952.0 17.0
250 45122 3059 127| -3793.255 -3793.256 -3793.25Fy 86915.4 2334.0 36.1
300 54734 3880 16Q| -3187.163 -3187.171 -3187.17p 183485.2 50159 73.3
350 64641 4633 181] -2756.717 -2756.734 -2756.734 350010.1 9264.2 126.6
400 74839 5307 175| -3490.640 -3490.667 -3490.66y 612823.1 16244.1 173.0
450 85948 5937 177| -3631.003 -3631.044 -3631.04B31013189.4 26006.2 251.f

for the algorithm VSMACS. These three methods terminate omcthe duality gap is less than
= 0:1. All computations are performed on an Intel Xeon 2.66 GHz nchine with Red Hat
Linux version 8.

The performance of the methods NSA, SM and VSM for the randogngenerated instances
are presented in Table 1. The row size of each sample covariance matrix is given in column
one. The numbers of iterations of NSA, SM and VSM are given irolumns two to four, and
the objective function values are given in columns ve to sewn, and the CPU times (in
seconds) are given in the last three columns, respectivelfrom Table 1, we conclude that:
i) the method SM, namely, the smooth minimization approachoutperforms substantially the
method NSA, that is, Nesterov's smooth approximation schee and ii) the method VSM,
namely, the variant of the smooth minimization approach, dostantially outperforms the other
two methods.

In the above experiment, we have already seen that the methafSM outperforms sub-
stantially two other rst-order methods, namely, SM and NSAfor solving problem (26). In the
second experiment, we compare the performance of the methé8M with another rst-order
method studied in d'Aspremont et al. [9], that is, block coattinate descent method labeled as
BCD). It shall be reminded that the method BCD is only applicdle for solving the problem
(15) with ~=0and ~= 1 . Thus, we only compare the performance of these two methods
for the problem (15) with such ~and ~. As shown in Subsection 3.2, the problem (15) with
~=0and ~= 1 is equivalent to the problem (26) with and given in (17), and hence it
can be solved by applying the method VSM to the latter probleninstead. The code for the
method BCD was written in Matlab by d'Aspremont and ElI Ghaoui[10]. These two methods
terminate once the duality gap is less than = 0:1. All computations are performed on an
Intel Xeon 2.66 GHz machine with Red Hat Linux version 8.

The performance of the methods BCD and VSM for the randomly gerated instances are
presented in Table 2. The row size of each sample covariance matrix is given in column
one. The numbers of iterations of BCD and VSM are given in calons two to three, and the
objective function values are given in columns four to six,na the CPU times (in seconds) are
given in the last two columns, respectively. It shall be mendned that BCD and VSM are both
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Table 2: Comparison of BCD and VSM

Problem Iter Obj Time
n bcd vsm bcd vsm bcd vsm
100 124 32| -186.522 -186.522 20.7 1.2
200 531 108| -449.210 -449.209 289.2 18.1
300 1530 145| -767.615 -767.614] 2235.6 67.1
400 2259 153| -1082.679 -1082.677 8144.7 152.5
500 3050 153| -1402.503 -1402.502 21262.4 271.9
600 3705 164| -1728.628 -1728.627 45093.8 473.9
700 4492 162|| -2057.894 -2057.892 85268.3 705.7
800 4958 168| -2392.713 -2392.712 136077.9 1052.9
900 5697 160| -2711.874 -2711.874 204797.1 1409.§
1000 6536 160| -3045.808 -3045.808 326414.0 1951.3

feasible methods, and moreover, (15) and (26) are maximi&at problems. Therefore for these
two methods, the larger objective function value, the bette From Table 2, we conclude that
the method VSM, namely, the variant of the smooth minimizaton approach, substantially
outperforms the BCD, that is, block coordinate descent metid, and it also produces better
objective function values for most of the instances.

5 Concluding remarks

In this paper, we proposed a smooth optimization approachrfgolving a class of non-smooth
strongly concave maximization problems. We also discuss#t application of this approach
to covariance selection, and proposed a variant of this apgpach. The computational results
showed that the variant of the smooth optimization approactoutperforms substantially the
latter one, and two other rst-order methods studied in d'Agpremont et al. [9].

Although some preliminary convergence properties of the iant of the smooth optimiza-
tion approach are established in Subsection 3.4, we are amtly unable to provide a thorough
proof of its convergence. A possible direction leading to @mplete proof would be to show
that the update on “in the algorithm VSMACS can occur only for a nite number of times.
This is left for the future research.

In addition, the current code for the variant of the smooth nmimization approach is written
in Matlab, which is available for free download online at wwvmath.sfu.ca/ zhaosong. The
C code for this method is under development, which would enkgbus to solve large-scale
problems more e ciently. We will also plan to extend these cdes for solving more general
problems of the form

P
mxax logdetX h ;Xi !iijijj
i
st. + X T
where!; =!; Oforalli;j =1;:::;n,and0 ~< =~ 1 are the xed bounds on the



eigenvalues of the solution.
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