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Abstract. Werecall the useof squaredsladks usedto transform inequality constraints
into equalities and sewral reasonswhy their introduction may be harmful in many
algorithmic frameworks routinely usedin nonlinear programming. Numerical examples
performed with the sequerial quadratic programming method illustrate those reasons.

1. Intro duction

Consider the nonlinear inequality constrained optimization problem

minzirFrgize f(x) subjectto c(x) O (1)
X n

where f and c are C? functions from R" into R. To simplify we assumethat
there is a singleinequality constraint, but our argumerts still hold in the general
case.A simple technigue to corvert the inequality constraint into an equality
constraint is to add an arti cial variable y 2 R that appears squaed in the
reformulation

eranrgnwny%% f(x) subjectto c(x)+ y-=0; (2)

hencethe name, squaed slack T’gne two problemsare equivalert in the sensehat

x solves(1) if and only if (x ; c(x )) solves(2). This transformation canbe
usedto derive optimalit y conditions of an inequality constrained problem, seefor

example [Ber99, x3.3.2] and an interesting discusionon this subject in [Nas94g.

The useof squaredslads has also beenadvocated for algorithmic purposes,see
for example[Tap8(. In [GMW8L1, x7.4], the authors give theoretical reasonswhy
converting (1) into (2) may be a bad idea, but the literature doesnot appear to

state the numerical drawbadks of the approad clearly.

The purposeof this note is to demonstrate why many algorithmic frame-
works of nonlinear programming will fail on problems of the form (2), arising
from a squaredslad transformation or in their own right. The frameworks that
are concernedare the sequetial quadratic programming approach (SQP), the
augmerted Lagrangian approad, conjugate-gradiernt-based approaches,among
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others. It is important to realize that (2) satis es the same regularity condi-
tions as (1) and doesnot defeatthe convergencetheory of those methods, but
illustrates caseswhere things can, and do, go wrong. We show that the main
di cult y comesfrom the linearization of the rst order conditions and a bad
choice of the starting point. We believe that the examplesgiven in this note
can sene as pedagogicaltools to exposethe somewhat surprising behavior of
some minimization methods for the solution of nonlinear problems. Hopefully,
they will also be useful to design better methods that do not su er the same
shortcomings.

2. Shortcomings of some Current Metho ds

In this section, we presert a few example problemson which several of the most
widely usednonlinear optimization algorithms are bound to fail. The reasonfor
this failure is that the problems, without being complex or arti cial, causea
certain behaviour of the algorithm which corresponds preciselyto a casethat is
usually \ruled out" of the theory by meansof assumptions.By way of example,
we cite [BT95], where the authors mention various types of solution that an
SQP algorithm can produce and that do not correspond to a local constrained
minimizer of (1). Those casesare when the iterates

1. are unbounded (violation of Assumption C1 in [BT95]),
2. have a limit point which is a critical point of (1) but not a local minimizer,
3. have a limit point which is a critical point of the measureof infeasibility
(% y) 7! je(x) + y?j.
We will usethe following simple parametrized exampleto exposethose prob-
lematic caseslt is basedon the addition of squaredsladsto convert an inequal-
ity constraint into an equality.

Example 1. Consider the problem

minimize 1x® subjectto ax € +y?=0; (3)
Xy 2R
wherea 2 R is a parameter. Various valuesof a will illustrate ead of the three
shortcomingslisted above.

Figures 1, 2 and 3 show the various situations graphically. Note that for all
a 2 R, Example 1 satis es the linear independanceconstraint quali cation at
all feasible points. One of its features is that the inequality constraint is not
active at the minimum of ead inequality constrained problem.

The main reasonfor the failure on Example 1 is the following. Assumethat
Problem (1) is regular in the sensethat r c¢(x ) 6 0 at any critical point x .
Problem (2) is then regular as well and the KKT conditions are necessaryfor
rst-order optimality. The Lagrangian for problem (2) is

LOGy: ) =00+ (c(x) + y?); )
where is the Lagrange multiplier assaiated to the equality constraint, and at
a rst-order critical point, we must have

2 3
rf(x)+ r cx)

y S=o0 (5)
c(x) + y?
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Fig. 1. lllustration of Problem (3) with
a = 0. The two solutions, (0; 1) are
indicated by the black circles and cor-
respond to global minimizers. Starting
from (xo;0), we obsere x, ! 1 and
yk = 0 for all k. A typical SQP method
will stop and claim to have found an op-
timal solution, with the help of a (very)
large multiplier.

Fig. 2. lllustration of Problem (3) with
a < 0. The (global) minimizers are
(0; 1), indicated by black circles. The
point indicated by a red squareis a lo-
cal maximizer. Starting from (Xo;0), an
SQP method will convergeto the local
maximizer.

Fig. 3. lllustration of Problem (3) with
a > 0. The (global) minimizers are
(0; 1), indicated by black circles. The
point indicated by a red square is a
critical point of the infeasibility mea-
sure. Using a starting point of the form
(Xo0; 0), an SQP method will convergeto
the red square.

Any method that linearizesthese conditions at a point (x;y; ) will compute a

step d = (dy;dy;d ) satisfying

dy+yd +y =0 (6)

Assumeat somestagein the processwe havey = Oand 6 0. The linearization
(6) then necessarilyimplies that dy = 0. Thus, if every = 0it will alwaysremain
equalto zeroat subsequeniterations. Of course,if (1) is such that the constraint
is inactive at x , any method basedon a linearization of (5) is bound to fail.
Sud is the casewith the examplesof this section. A typical classof methods
computing the step accordingto (6) is the classof SQP methods.
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3. Numerical Experiments

In order to eliminate side e ects sometimesfound in sophisticated implementa-
tions, we implemented a basic SQP method for equality-constrained problems,
as given in, e.g., [NW99, Algorithm 18.3]. The method is globalized with a
badktracking lineseard on the ";-penalty merit function

(xy) 7V E(x)+  ke(x) + y2Ka;

where > 0is a penalty parameter, and the Lagrange multipliers are updated
using the least-squaresestimates. However, the results given in this section
should be reproducible with state-of-the-art implemenrtations. In all cases,the
starting point is chosenas (0; 0) with the initial multiplier setto % In the fol-
lowing tables, k is the iteration number, (Xk;Yk) is the current iterate,  is the
current Lagrange multiplier estimate, r Ly is the gradient of the Lagrangian
evaluated at (xx;Yyk; k) and  isthe steplength computed from the backtrack-
ing lineseard.

Table 1 givesthe detail of the iterations in the casewherea = 0. As expected,
we seethat y, = Ofor all k. Becausethe least-squaresestimateshappen to yield
the exactmultipliers in the presert case the gradient of the Lagrangianis always
equalto 0:0. In order to satisfy the rst-order optimality conditions, there thus
only remains to attain feasibility, which is achieved by having xx convergeto
1 . Note alsothat j kj convergesto +1 . This behaviour is that of the rst
shortcoming of x2. Somebadktracking lineseard iterations were only necessary
at the rst iteration, the unit step was always acceptedat the other iterations.
Note that the fact that xx \escapes"to 1 can be obsened in practice by
tightening the stopping tolerance.

Table 2 gives the detail of the iterations in the casewherea = 1. The
results are represenativ e of any valuea < 0. Here, xx convergesto a value which
is a local maximizer. This illustrates the secondshortcoming of x2. Again, no
badktracking was necessaryon this problem, except at the rst iteration.

Finally, Table 3 givesthe detail of the iterations in the casewherea = 2,
but again, the results are represenativ e of any value a 2 (0;e). This situation
is that givenin the third shortcoming of x2. Backtracking was usedin this case
and the algorithm stopped claiming that the steplength wastoo small.

As a side note, we remark that when a = e, there is a unique feasible point
for (2) that hasy = 0. The SQP algorithm cornvergesto that point, which is
in fact a saddle point. For a > e, the feasible set is made of two disconnected
curves. Each one intersectsthe axis y = 0. One of those intersection points is
a local maximizer while the other oneis a local minimizer, but neither of them
has x = 0. Depending on the value of the starting point, the SQP algorithm
convergesto one or the other. We decidedto not report those results here since
they do not add new elemeris to the presert analysis.

Finally, the above numerical results hold not only for an initial yo = 0 but
of course,alsofor yp su cien tly closeto 0.

4. Other Algorithmic Frameworks

As we shavedin (6), any traditional SQP-type method will necessarilygenerate
iterates of the form (xx;0) when started from (Xo; 0) with a nonzeroLagrange
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| k| krLek jo(Xk; i) K 1 Xk Yk k|
0 | 5.00e 01 1.00e+00 0.00e+00 0.00e+00 5.00e 01
1| 0.00e+00 6.92e 01 3.68e 01 3.68e 01 0.00e+00 5.32e 01
2 | 0.00e+00 2.55e 01 1.00e+00 1.37e+00 0.00e+00 5.37e+00
3 | 0.00e+00 9.36e 02 1.00e+00 2.37e+00 0.00e+00 2.53e+01
4 | 0.00e+00 3.45e 02 1.00e+00 3.37e+00 0.00e+00 9.78e+01
5| 0.00e+00 1.27e 02 1.00e+00 4.37e+00 0.00e+00 3.45e+02
6 | 0.00e+00 4.66e 03 1.00e+00 5.37e+00 0.00e+00 1.15e+03
7 | 0.00e+00 1.72e 03 1.00e+00 6.37e+00 0.00e+00 3.71e+03
8 | 8.88e 16 6.31e 04 1.00e+00 7.37e+00 0.00e+00 1.17e+04
9 | 0.00e+00 2.32e 04 1.00e+00 8.37e+00 0.00e+00 3.60e+04
10 | 0.00e+00 8.54e 05 1.00e+00 9.37e+00 0.00e+00 1.10e+05
11 | 0.00e+00 3.14e 05 1.00e+00 1.04e+01 0.00e+00 3.30e+05
12 | 0.00e+00 1.16e 05 1.00e+00 1.14e+01 0.00e+00 9.84e+05
13| 1.78¢e 15 4.25e 06 1.00e+00 1.24e+01 0.00e+00 2.91e+06
14 | 1.78e 15 1.56e 06 1.00e+00 1.34e+01 0.00e+00 8.55e+06
15| 1.78e 15 5.75e 07 1.00e+00 1.44e+01 0.00e+00 2.50e+07
16 | 0.00e+00 2.12e 07 1.00e+00 1.54e+01 0.00e+00 7.26e+07
17 | 0.00e+00 7.79e 08 1.00e+00 1.64e+01 0.00e+00 2.10e+08
18 | 0.00e+00 2.86e 08 1.00e+00 1.74e+01 0.00e+00 6.06e+08
19 | 0.00e+00 1.05e 08 1.00e+00 1.84e+01 0.00e+00 1.74e+09
20 | 0.00e+00 3.88e 09 1.00e+00 1.94e+01 0.00e+00 5.00e+09

Table 1. Iterations of the SQP method on problem (2) with a = 0.

[ k] kr Lk je(xx;yk)j K1 Xk Yk k|
0 | 1.00e+00 1.00e+00 0.00e+00 0.00e+00 5.00e 01
1| 278e 17 5.68e 01 4.56e 01 2.28e 01 0.00e+00 1.27e 01
2 | 0.00e+00 3.59e 02 1.00e+00 5.44e 01 0.00e+00 3.44e 01
3 | 0.00e+00 1.49e 04 1.00e+00 5.67e 01 0.00e+00 3.62e 01
4 | 0.00e+00 2.56e 09 1.00e+00 5.67e 01 0.00e+00 3.62e 01

Table 2. Iterations of the SQP method on problem (2) with a= 1.
(K kr Lok jo(xiiyi)] L Xk Vi < |
0 | 5.00e 01 1.00e+00 0.00e+00 0.00e+00 5.00e 01
1| 0.00e+00 7.55e 01 2.93e 01 2.93e 01 0.00e+00 4.43e 01
2 | 0.00e+00 6.39e 01 2.06e 01 5.29e 01 0.00e+00 1.74e+00
3 | 0.00e+00 6.16e 01 1.00e 01 7.39e 01 0.00e+00 7.82e+00
4 | 0.00e+00 6.15e 01 1.26e 02 6.57e 01 0.00e+00 9.23e+00
5| 1.11e 16 6.14e 01 4.12e 03 6.92e 01 0.00e+00 5.18e+02
6 | 0.00e+00 6.14e 01 1.46e 06 6.93e 01 0.00e+00 4.33e+05
7 | 0.00e+00 6.14e 01 2.09e 12 6.93e 01 0.00e+00 7.55e+10
8 | 0.00e+00 6.14e 01 1.00e 19 6.93e 01 0.00e+00 5.19e+07
Table 3. Iterations of the SQP method on problem (2) with a= 2.
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multiplier. In this section, we show that similar conclusionshold for a variety
of families of algorithms for nonlinear programming.

Augmented-Lagrangian-basedmethods fail for a reasonsimilar to that given
in x2. Consider the augmerted Lagrangian for (2)

LGy 3 )=f00+ c)+y? +1 c)+y? % (7)

where > 0is a penalty parameter and where is the current estimate of the

Lagrange multiplier. The step is computed from the Newton equations for (7),
where [0+ 6y o)
Cye rr(x)+ (xy)rcx

rL (x;y; ;)= 8

Coyi i) 2y (%) ®)

and

2 r2fx)+ (yr 2ex)+ rox)r cx)>  2yr ¢x)
reLy; ;) =4
2y r c(x)” 2 (x;y)+4y?

where (x;y) = + (c(x)+ y?). In particular, the Newton equations yield

yrex)’de+ ( (xy)+2y3dy = y (xy)

where dy and dy are the seard directions in x and y respectively. Whenever
y = 0 the latter equation becomes

(+c(x)dy =0

sothat dy = O provided that + c(x) 6 O, or equivalertly, provided that

(x; 0) 6 0. Note that in augmerted-Lagrangian methods, the next Lagrange
multiplier estimate would be chosenas * = + c(x + dy). Note alsoin the
secondcomponert of (8) a \complementarit y* expressionsimilar to that in the
secondcomponert of (5).

The iterativ e minimization of (7) usingthe truncated conjugate gradient also
presenesy = 0. Indeed, when started from (Xo; 0), the rst seard direction po
is the steepest descen direction and hasthe form ( ¢;0) for some o 2 R. The
initial residualro = po thus has the sameform and so will the next iterate
(X1;¥1) = (Xo*+ o 0;0)andthe residualr;. A property of the conjugate gradient
method is that at the k-th iteration, the seard direction px 2 sparfpx 1;rxg
[GL96, Corollary 10.2.4]. Therefore p; necessarilysharesthe sameform ( 1;0).
A recursion argumernt thus shows that the k-th conjugate-gradien iterate has
the form ( k;0). This method will therefore also be unable to depart from the
hyperplaney = 0.

5. Discussion

When the constraint of (1) is inactive, the optimal multiplier is = 0. Howevwer,
in (2) we will frequertly obsenej j! +1 when started with yo = 0 to reach
dual feasibility. Looking for instance at the results of Table 1, the nal iterate
( 19:4;0) is feasibleto within the prescribed tolerance. To compensatein dual
feasibility, we need to have a large multiplier. In this sense,the addition of
squaredslads has created a critical point at in nit .
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Unfortunately, the problem is di cult to avoid. Of course,it seemsthat we
should not add squared slacks to corvert inequality constraints into equality
constraints. However problems having the form (2) where the variable y does
not appear in the objective may arisein their own right.

It is worth noting that any problem of the form

minimize  f (x)
Xy
subject to c(x) + g(y) = O;

where g(0) = 0, g%0) = 0 and g°{0) 6 0 will exhibit g similar behavior. For
instance, the functions g(y) = coshy), and g(y) = arctan(y)dy have the
desired properties. The objective may also have the form f (x; y) and the same
conclusionshold if @ (x; 0)=@ = O.
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