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Abstract

This paper describesan active-setalgorithm for nonlinear programming that solves
a parametric linear programming subproblem at ead iteration to generatean estimate
of the active set. A step is then computed by solving an equality constrained quadratic
program based on this active-set estimate. This approach respresems an extension
of the standard sequettial linear-quadratic programming (SLQP) algorithm. It can
also be viewed as an attempt to implement a generalization of the gradient projection
algorithm for nonlinear programming. To this e ect, we explore the relation between
the parametric method and the gradient projection method in the bound constrained
case. Numerical results compare the performance of this algorithm with SLQP and
gradient projection.
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1 Intro duction

Although interior-p oint methods for nonlinear programming have becomepopular for their
ability to e cien tly solve large-scaleproblemswith many inequality constraints, active-set
methods still constitute an important tool for solving nonlinear optimization problems.
Activ e-set methods are often able to provide more exact solutions and sensitivity infor-
mation with a clear identi cation of the active constraint set comparedto interior-p oint
methods. Moreover, active-set methods can more e ectiv ely make use of a good starting
point in a\warm start” procedure(for example, when solving a sequenceof closelyrelated
problems). In addition, active-set methods are sometimesmore stable than interior-p oint
methods as they seemlesssensitive to the choice of the initial point and to the scaling of
the problem.

For thesereasons,active-setmethods remain popular and there hasbeena considerable
ongoing e ort to improve them [3, 7, 9, 10, 13, 15, 20, 23]. The traditional sequeitial
gquadratic programming (SQP) method (e.g., [1, 13, 16, 17]) has proved to be robust and
e cien t provided the number of degreesf freedomin the problem is not too large. Howeer,
e cien t implementations of contemporary SQP methods require oneto form and factorize
a reducedHessianmatrix at ead outer iteration. Even if the Hessianmatrix is sparse,the
reduced Hessianwill, in general, not be sparse,making this approad often prohibitiv ely
expensiwe for problemswith more than a couple thousand degreesof freedom.

In an attempt to overcome some of the bottlenecks of the traditional SQP approad,
there has been a resurgencein recernt years in the so-called\EQP" form of sequetial
guadratic programming. Instead of solving quadratic programming subproblemswith in-
equality constraints, these methods rst use some auxiliary medanism to generate an
estimate of the active set, and then solve an equality constrained quadratic program (QP)
at ead iteration, imposing the constraints in the active-set estimate as equalities and
temporarily ignoring the other constraints. The sequetial linear-quadratic programming
(SLQP) algorithm, rst proposedby Fletcher etal. [11] is one such method. This approac
estimates the active set at ead iteration by solving a linear program (LP) basedon a
linearization of the nonlinear program at the current iterate.

In this paper, we proposean extensionto the SLQP approac that solvesa sequenceof
linear programs, instead of a single linear program, to estimate the active setat ead itera-
tion. This parametric linear programming approad allows us to intro duce somequadratic
information into the active-set identi cation phasein the hopes of generating a better
active-setestimate. We will refer to this new method as parametric SLQP (or pSLQP for
short) to distinguish it from the standard SLQP algorithm.

The paper is organized as follows. In section 2 we provide a brief overview of the
standard SLQP approad and discusssome of the drawbacks of this approach. We then
introduce our new parametric approach for active-setidenti cation in section 3. In sec-
tion 4 we discussthe relationship betweenthis new approac and the gradient projection
algorithm. Next, in section5 we describe the details of our speci ¢ pSLQP implementation.
We provide numerical results that compare our implemertation of the parametric SLQP
approac with the standard SLQP approac and gradiernt projection in section 6 and close
with some nal remarksin section?7.



2 Overview of the SLQP Approac h

The SLQP algorithm was rst proposedby Fletcher and Sainz de la Maza [11]. More
recerily Chin and Fletcher proposedan SLQP algorithm basedon a Iter step acceptance
medanism [6] and Byrd etal [3, 4], proposeda trust-region basedSLQP method using an
"1 penalty approad.

In cortrast to traditional sequetial quadratic programming, which solves a general
QP with inequality constraints at ead iteration, the SLQP approach rst solvesan LP to
estimate the active set and then solves an equality constrained quadratic program (EQP)
to generatea step. An appealing feature of this approad is that it avoids the needto form
the reduced Hessianmatrix and only requires the solution of LP and EQP subproblems,
both of which can be solved e cien tly in the large-scalecase.

Let us write the nonlinear program (NLP) we wish to solve as

minimize f(x) (2.1a)
subject to hix)=0;, i2E (2.1b)
g(x) 0 i2l; (2.1¢)

wherethe objective function f : IR" ! IR, and the constraint functionsh; : IR"! IR; i 2 E
g :IR"! IR; i 21, areassumedto be twice cortinuously di erentiable.

The SLQP approad will generatean active-setestimate at ead iteration k basedon
solving an LP of the following form,

minimize  r f (xx)'d (2.2a)
d

subjectto  hi(x )+ r hi(xx)'d=0; i2E (2.2b)

G(xk)+rg(x)'d 0 Q21 (2.2¢)

kdky P (2.2d)

Here [” is an (in nit y norm) trust-region radius that ensuresthe LP is bounded, and
that is chosenin a way to try to obtain a good active-setestimate. This parameter plays
an important role in the algorithm asits choice at ead iteration greatly e ects the quality
of the active-set estimate. The LP (2:2) is formed by taking a linear approximation of
the objective function (2:1a) and constraints (2:1b)-(2:1c) at the current iterate Xx. The
linearized problem constraints (2:2b)-(2:2c) active at the solution of this subproblem are
usedto form the active-setestimate W, which we refer to asthe working set Becauseof
the trust-region constraint (2:2d), this subproblem may be infeasible. Therefore we usean
"1 penalty approad to relax the problem constraints (2:2b)-(2:2¢c). We de ne a piecewise,
linear model

X
W(d) = i) fa)Td+ o jhi(x) +rhix) T dj
X i2E
6 max(0; gi(x) T gi(x) d); (2.3)
i2l



which approximates the (" 1) merit function,

X X
Xks k) = F(x)+ « Jhix)j+ « (max(0; gi(xk)); (2.4)
i2E 2l

where ¢ > 0is a penalty parameter. We then solve the subproblem

minimize "k (d) (2.5a)
d

subject to  kdk; il (2.5b)

which is always feasible. Although (2:5) is non-di erentiable, it can easily be reformulated
and solved as a smooth LP by adding auxiliary variables. A procedurefor cortrolling the
penalty parameter is discussedin [3, 4] and is not important to the topic of this paper.

After solvingalinear programto generatea working setWy, atrial stepisthen generated
by solving the equality constrained QP

minimize  3dTH (xx; k)d+r f(x)"d (2.6a)
d

subject to  hi(xx) + r hi(xx)'d=0; i2E\ W (2.6b)

G(xi)+ragix)Td=0; 121\ W (2.6¢)

kdko (2.6d)

where  denotesthe vector of Lagrange multiplier estimatesand H (xx; ) the Hessian
of the Lagrangian of the NLP (2:1). The trust-region constraint (2:6d) is usedto handle
directions of negative curvature, which may result if H(Xx; k) is not positive-de nite in
the reduced spacede ned by the constraints (2:6h)-(2:6¢). This trust region operatesin-
dependertly of the LP trust-region constraint (2:2d), and is usedto ensuredescen of the
merit function (X; k).

Although implementations of this standard SLQP approad have provided someencour-
aging results [3], one signi cant drawbadk of this approad is that only linear information
is usedin identifying the active set via the LP subproblem (2:5). As a result, many trust-
region constraints (2:2d) will typically be active at the solution of the LP, and the e ciency
of the algorithm and its ability to quickly identify the optimal active set is heavily de-
pendert on the choice of |” at ead iteration. Although heuristics have beenemployed
for updating |7 that work reasonablywell in practice [3], in generalit is not clear how
best to choosethis parameter at ead iteration. Moreover, for highly nonlinear models,
the useof only linear information in the active-setidenti cation phasesometimesleadsto
ine ciencies and inaccurate active-setestimates.

This has motivated us to look at a new medanism for estimating the active set at
ead iteration that is basedon solving a seriesof closely related linear programs. This
method is inspired by contemporary gradient projection methods for bound constrained
optimization, which estimate the active set by minimizing a quadratic model function along
a projected gradient path. Similarly, our new approad allows us to incorporate some
guadratic information in the active-setidenti cation phasesoasto chooseour working set
in a more clever way.



3 A Parametric LP Approac h for Activ e Set Identi cation

To motivate our new approad, we start with an example that highlights the di cult y of
choosing ' to adhieve a good active-setestimate.

Example 1
Consider the example illustrated in Figure 1 below. The elliptical courtours are the

feasible region feasible region

—'vf G

Figure 1: LP active-set estimate for Figure 2: LP solution for * = 2.
P =1;2;3.

contours of the objective function we are trying to minimize and the solution point is given
by x . There are two linear inequality constraints ¢; and ¢, whosefeasibleregion is the
areaabove ¢, and to the right of ¢; asindicated. The dashedboxesrepresen three di erent
valuesfor the LP trust-region radius, * = f1;2;3g, and the current point is given by x.
From Figure 1 we can seethat the only constraint active at the solution is c;. For

> 3 the LP solution point x** will lie at the intersection of c; and ¢, and incorrectly
identify both of theseconstraints as active. For '° 1, both constraints lie outside the
LP trust region, and henceno constraints are identied as active. To identify the correct
active set requires that we choose ' large enoughto include c;, but small enoughto
excludec; in the LP solution. For example,as shown in Figure 2, it is easyto seethat for
> = 2, the solution, x'*, of the linear program identi es the correct active constraint c;.

In general,howewer, it is not known how to choose % in the required rangeto identify
the optimal active set near the solution. Moreover, the range of valuesthat identify the
optimal active set may be quite small making a good choice for '* unlikely. To address
this di cult y, instead of solving a single linear program with a xed trust region ' to
determine the working set at ead iteration, we proposeto solwve instead a seriesof linear
programs that will give us the LP solution points for a range of * values. We will
then approximately minimize a quadratic model along the path generatedfrom this set of
parametric solutions, to determine a Cauchy point and our working set.

More precisely we proposethe following mecanism for determining a working con-
straint set Wy at ead iteration aswell asa Cauchy step d that provides su cien t reduc-
tion in a model of our merit function and that can be usedto establish global corvergence.
To facilitate this we de ne a piecewisequadratic-linear model of the merit function which
was de ned in (2:4):

a(d) = 3dTH (x; k)d+ "y (d): (3.7)



We assumehere that the value of the penalty parameter  has already beenset to an
appropriate level and will remain xed for the remainder of the given iteration. We then
determine our estimate of the active constraint set at ead iteration as follows:

1. Use a parametric LP solve to obtain the solutions of (2:5) for all valuesof ¥ 2
[ ™; m™]. Denote theseparameterizedLP solutionsasd;” ( ‘"), and let the path

de ned by this set of solutions be Py ( 7).
2. Determine the optimal trust-region size |” asthe solution of
ming(dd () T2 ™ ™ (3.8)
and de ne the Caudy stepto bed; = dif ( 7).

3. De ne the working set Wy to be alinearly independert subsetof the active linearized
constraints (2:2b)-(2:2c) at dg .

Referring to Example 1, it is easyto seethat the step di generatedby the parametric
solution procedure above will identify the correct active set fcig, provided the searding
range[ ™"; ™*] is chosenlarge enoughto overlap the optimal active-setidenti cation
range for *°.

We now summarize our new algorithm using the pseudo-cale of Algorithm 3.1 below.

Algorithm  3.1: Parametric SLQP Algorithm

Initial data: x5, o> 0, ™ > ™ >0,0< | s< L.
For k = 0;1;:::, until a stopping test is satis ed, perform the following steps.

1. Parametric path Generate the path P, ( ) via a parametric solution of
the LP (2:5) for 2 [ ™n; max],

2. Working set Minimize a model function g¢(d) along the parametric solution
path Py( ') to obtain a Caucdhy step d; and working set Wy.

3. Trial point Compute a trial point x; = Xy + di¢ constructed from the step
obtained by (approximately) solving the equality constrained quadratic pro-
gram (2:6). Enforce that the trial step dy satis es gc(dk)  ge(dy).

4. Compute
= Xk k) (X k).
&(0)  ak(dk)
ba. If g s, choose 41 k, otherwise choose +1 < k.

5b. If us SetXk+1  Xp, otherwiseset Xy+1  Xi.




Many details of Algorithm 3.1 have beenleft purposely vague as the primary aim of this
paper is to focus on the active-setidenti cation medanism. Details suc asthe EQP step
computation, the trust-region update rules, the Lagrange multiplier computations and the
penalty parameter update are described in [3] and will not be repeatedhere. The de nition
of the Caudhy point di and the requiremert in Step 3 of Algorithm 3.1, that our nal trial
step provide at least as much reduction in our model function gx(dx) asthis Caudy point
provides favorable global corvergenceproperties for this algorithm. Global corvergence
using a slightly di erent Caudhy step for a related SLQP algorithm was establishedin [4].
In section5, we will discussin more depth the trial point computation.

The important point to note, is that Algorithm 3.1 (in contrast to standard SLQP
algorithms) explores a range of possibleworking sets for di erent valuesof  and in-
corporates quadratic information in the active-setidenti cation phaseof the algorithm via
the model function gc(d) in Step 2. This procedure of minimizing a model function with
guadratic information along a path generatedfrom linear information is similar in avor to
contemporary gradiernt projection methods [21]. Indeed, a motivation for this approad is
to de ne an algorithm like gradient projection, but one that applies more readily to prob-
lems with generalinequality constraints. We now in fact explore the relation betweenthe
two methods.

4 Parametric SLQP versus Gradien t Pro jection

In the gradient projection algorithm a path is de ned by projecting scalar multiples of the
negative gradiert vector onto the feasible set. Then a quadratic model function can be
minimized along that path to determine a working set. This piecewisepath is dierent
from the piecewisepath Py ( '*) that results from the parametric solution of (2:5), evenin
the caseof bound constraints. Howewer, if we generalizethe gradient projection approadc
to gradierts in other norms we can seethat, for bound constraints, gradiernt projection
and pSLQP coincide in the caseof the sup norm gradient. To be precise,if we de ne the
gradiert, or steepest descen direction with respect to a given norm k k, (see[14]) asthe
solution d*°r to the problem

minimize  r f(x)"d (4.9)
d
subject to kdkp  kr f (X)Kp; (4.10)

then in the caseof the "; norm, ead componert, i, of the steepest descen direction is
given by

d®t = sign(r f (x)i)kr f (x)kq : (4.11)
Below we establish a formal equivalencein the simple bound constrained casebetweenthe

pSLQP approac and gradient projection in this norm.

Consider the simple bound constrained LP with trust region constraint *°:
minimize  r f(x)'d (4.12a)
d

subject to u  di vi; 8i (4.12b)
kdk s (4.12c)



whereu; 0 vj; 8i. This problem can be written more compactly as:

minimize  r f(x)"d (4.13a)
d

subjectto  max(ui; ) di  min(v; *); 8i (4.13b)

The following theorem establishesan equivalence betweenthe solutions of (4:13) parame-
terized by ‘*, and the gradient projection path de ned in the in nit y norm.

Theorem 4.1 Dene thesetB = fdju; d vi; i = 1l:ng, and denote the projection
of dt for > 0onto B in somenorm as

Pg( d*®* ) = argmingk d*°*  dk subjettod?2 B: (4.14)

Then for any > 0 the projection in any norm of the steepest desent gradient d®°( ) =
Pg( d°1), givenby (4:11), is a solution d** ( '*) to the parameteric LP (4:13). If the ",
projection is used then d-F ( *P) is the unique projection.

Pro of. Clearly all solutions of (4:13) are characterized as follows:

g max(u;; ) if i>0;
df( )= min(v;; ') if <0 (4.15)
any value in [max(u;; ¥Y);min(vi; ) if = 0;
where = sign(r f (x)j). For somenorms the projections of d*°* onto B are unigue,
but in all casesthe vector whosei th componert is the projection of d>®* onto the
interval [uj;vi] is a valid projection of d*°: . If weset = ' =kr f(x)k; , thenthei th
componert of d*®! is ; ' and its projection onto [uj; V], which is given by
£<3 uj if PP o<y £<3 max(u;; Yy if >0
& ()= v if i P> v = min(vi; ‘) if i<0; (4.16)
' i LP ifui i LP Vi, 0 if i=0;

is a valid projection of d*°* onto B. Thus, comparing the right-hand side of (4:16) and
(4:15), we seethat the projection Pg ( d°! ) is a solution to (4:13) if k d°1 k; = .2

This equivalencegivesus reasonto hope that the performanceof parametric SLQP will
approad that of projected gradient. When we move beyond bound constrained problems
to more general constraints this equivalencedoes not hold; in fact gradient projection is
very expensive to implement while parametric SLQP remains computationally practical.
That fact is a major motivation for this study.

5 Implemen tation Details

Algorithm 3.1 describes a general outline for our parametric SLQP approad. However,
to test the practical performance of this type of algorithm requires a speci ¢ software
implemenrtation where many details of this algorithm are re ned. Below we describe some
aspects of the software implementation that are not fully explained by Algorithm 3.1, or
that deviate from this idealizedalgorithm. This software implementation is usedto generate
the numerical results in the sectionthat follows.



5.1 Appro ximate parametric solve

In practice, and for the numerical results described in the next section, instead of exactly
solving a parametric LP, we will approximate this by solving (2:5) for a nite number of

"> trial values. This approximation is usedbecauseof the lack of available software for
completely solving parametric LPs and also for e ciency .

Algorithm  5.1: Appro ximate Parametric LP Solve
|n|t|al data: Xk’ LPo > 01 done: FALSEJ - 01jmax > 0.

Solve the LP (2:5) with trust region i to obtain step d-"i, and Wi .
Choose ; compute ¢ and H(Xk; «).
If ge(d¥1) > (0) O:1[k(0) “k(d"i)] Then
Set searchDir = backtrack , i+t = 0:5 i,
Else
Set searchDir = forward _search, wi+ =2 7,
Endif
While done== FALSEand | < j ™
Setj j+ 1.
Solve the LP (2:5) with trust region Pi to obtain step d-*i, and Wi .
If searchDir == backtrack Then
If g(d"1) > (0) O:1[«(0) “(d™1)] Then
Set Yixt = 05 i,
Else
Setdone=TRUE
Endif
Elseif searchDir == forward _search Then
If g(di) < g(dFi 1) Then
Set Y¥ixt = 2.0 i,
Else
Set dP d-Pi 1,Wj Wj 1’ LPj LPj 1
Setdone=TRUE
Endif
EndWhile
SetWy = Wi, 1F= i,
If j = j™ and searchDir == backtrack Then
Setd; = ' d*¥i where ¥ solvesmingc(d*i); 2 [0;1].
Else
Setdy = dfi.
Endif

Algorithm 5.1, describesin more detail how we compute this approximate solution. The
generalidea is to solve for an initial value of . If this initial solve does not provide a
su cien t reduction in the model g (d) of our merit function, then we will choosea sequence
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of increasingly smaller values of ** until a sucient reduction is obtained. Otherwise,
if sucient reduction is achieved with the initial solve, then we will choosean increasing
sequenceof ‘P valuesuntil the su cien t reduction condition no longer holds.

The superscript indices in Algorithm 5.1 indicate iterations within the approximate
parametric solve subproblemasopposedto outer algorithmic iterations, which areidenti ed
using subscripts. In the numerical results of the next sectionwe usej ™ = 5. Although this
approach may require up to j ™ LP solvesper iteration, theseLP solvescan be e ectiv ely
warm started using a simplex solver sothat the additional LP solvesbeyond the initial one
are solved very quickly.

The value of the penalty parameter | in Algorithm 5.1 is chosenbasedon the initial
trust-region value, °, accordingto the update rules described in [4]. Although the nal
LP trust region ° will often dier from the initial guess '¥°, we believe the procedure
described in [4] for setting | is still appropriate in this caseand that the parametric
proceduredoesnot adversly a ect our penalty update strategy.

Since our parametric solve is only approximate, at the end of Algorithm 5.1 if df is
halved j ™* times, to save computational time at this stagewe perform a simple lineseart
along the last LP step to determine the Caucdy step df .

5.2 Trust-region initialization for the parametric LP

Although the rule for choosing | at ead iteration is crucial to the e ciency of the
standard SLQP algorithm, which only solvesone LP per iteration, the initial guessof this
parameter 0 is much lessimportant in our parametric approach since we explore a
rangeof ' valuesead iteration. Indeed,this wasa primary motivation for proposingthe
parametric approac. Nonetheless,we attempt to choosea good value of 'F0 to initialize
our approximate parametric LP solve described above, so asto improve the accuracy and
e ciency of this solve.

We initialize  *°° at the beginning of the approximate parametric solve as follows. If
the trial step dx taken by the algorithm on the most current iteration was acceptedwe
de ne

o _ min(maxf 1:2kdyky ; L:2kdiky ;0.1 (P g7 (") if =1, (5.17)
k+l min(maxf 1:2kdky ; 1:2kdi ke ;01 (P g ) if <1 ’
whereasif the step dx was rejected we set
1" = min(maxf0:Skdkks ;0:1 g ) (5.18)

The motivation for (5:17) is to estimate the \optimal" trust region for the new LP sub-
problem to be a little larger than the norm of the most recent step. In addition bounds
are provided to limit the new estimate from increasingor decreasingtoo much compared
with the nal trust-region value usedin the previous iteration. The initialization (5:18)
estimatesthe optimal LP trust-region to be a fraction of the most recert trial step when
this step is rejected. Regardless,of this initial estimate, the parametric approadc will try
multiple valuesof '* determined by the parameter ™ in Algorithm 5.1.
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5.3 Computing a trial step

In computing a trial step di, in our pSLQP algorithm there are two aims:

1. Ensurethat the trial point x; = Xy + di lies on the subspacede ned by our current
working set estimate Wy.

2. Make sure that the reduction in the model function gx(d) achieved by our trial step
is at least as good asthe reduction obtained by the Cauchy step (i.e. choosedy such

that gc(de)  G(df)).

The rst condition is a common condition of active-set methods. The secondcondition is
essetial in dewveloping a globally corvergen algorithm (seefor instance[4]). It is easyto
seethat thesetwo conditions can always be satis ed in Algorithm 3.1 by de ning dix = df.
Howewer, for fast corvergence,it is important to usethe EQP phaseto try to compute
a trial step that is better than the Caucy step in reducing our model function. In our
algorithm we do this by de ning our trial stepto be

de = df+ o (5.19)

where dif = d.** © is the line segmen leading from the Cauchy point to the EQP

solution point and % is the approximate solution of

minimize gc(dg + d F): (5.20)
2[01]

Although this often works well, it has beenobsened in practice, that if the active-set
estimate is poor, the step di* leading from the Caudiy point to the EQP solution may
quickly violate one or more inactive constraints not in the working set (and, hence, not
imposedas constraints in the EQP). This may result in the step being sewerely truncated
to satisfy the violated inactive constraints, leading to steepest descettlik e stepsand slov
corvergence. In particular, this behavior is prevalert in problems with degeneratecon-
straints where, in order to maintain linear independence there may exist active constraints
that are not included in the working set. An attempt to overcomethis problem, may be
made by modifying the algorithm soasto project the step di* onto the feasibleregion or
perhapsallow the algorithm to add inactive constraints encourtered during the EQP to the
working set. The challengeis to do this in an e cient way and in a way that maintains a
linearly independert active set.

For problems whoseonly constraints are simple bounds, projecting the step diF onto
the feasibleregionis atrivial computation. For the results preserted in the next section, we
experiment with such a procedureon bound constrained problems to measurewhat a ect
this has on speedingup the active-setidenti cation. In particular, for bound constrained
problems, we will project the step dif onto the feasible spaceand perform a lineseart
along the piecewiselinear path resulting from this projection. In this casethe trial stepis
de ned as

de = P(df + £ dFF); (5.21)
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where P (d) represerts the minimum norm projection of d onto the feasibleregionand %"

is the approximate solution of

minimize (P (dg + d F)): (5.22)
2[01]

In the casewhen there are more general constraints, the projection of di* onto the
feasible spaceis a more expensive computation. As a result it is not clear whether such a
feature can be e cien tly usedfor more general problems. We feelit is worth highlighting
this feature asit leadsto a signi cant improvemen in performanceon someproblemswhose
only constraints are simple bounds and works particularly well when usedin conjunction
with the parametric LP active-setidenti cation procedure.

6 Numerical Tests

In this section we compare the performance of the SLQP approac with the parametric
SLQP (pSLQP) approad described in the previous section. Both approadtes have been
implemented in the Knitr o software padkage version 5.1 [5, 25]. On bound constrained
problems we also compare with the gradient projection code Tr on version 1.2 [18]. All
tests wererun on a dedicated 32-bit Intel Pertium 1V madine with 1Gb of RAM running
Redhat Fedora Core 4.

6.1 Bound Constrained Problems

First we want to restrict our attention to problemswith only simple bound constraints on
the variables. By looking at this classof problemsin isolation we can comparethe active-set
identi cation properties of the SLQP and pSLQP approaceswith the performanceof the
gradient projection approad.

As already mertioned, the parametric LP approach may be viewed as a generalizaton
of the gradiernt projection approad to polyhedral sets. Therefore, it is natural to compare
our parametric SLQP approad with the gradient projection method on bound constrained
problems, where the latter method has proved to be quite e cient. We are interested in
the two approadies as active set predictors, and thus a relevant performance measureis
number of function evaluations.

In our tests we compare a version of SLQP and pSLQP implemented in the Knitr o
software padkage[5, 25|, with the gradient projection code Tr on [18]. The Lancelot [7],
and LBF GS [2€] solvers alsoimplement e ectiv e gradiert projection algorithms for bound
constrainedproblems. We chooseto comparewith Tr on sinceit is widely regardedasoneof
the most e cien t codesfor bound constrained optimization, whoseimplemertation { apart
from the active setestimation scheme{ is very similar in many ways to our parametric SLQP
implementation. Both codes are trust-region methods that use exact secondderivative
information and solve the equality constrained subproblems using a conjugate gradient
approach. We use the default stopping tests in both Knitr o and Tr on, which we nd
in most casesgeneratessolutions with similar accuracy We have also con rmed that all
algorithms corvergeto the samelocal solution.
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Our test set consistsof bound constrained problemsin the CUTEr test set [2] that have
beentranslated to Ampl models[12]. These Ampl versionsof the CUTEr test problems
are available from [24]. We exclude from our bound constrained test set all the models
for which the default number of variables is lessthan 1000. The remaining 31 bound
constrained problems form our test set. All the results in this subsectionwill be preseried
using the performancepro les proposedby Dolan and More [8]. In the plots ¢( ) denotes
the logarithmic performancepro le

no. of problems wherelog,(rp;s)

total no. of problems ; 0 (6.23)

()=

whererps is the ratio betweenthe number of function evaluations to solve problem p by
solver s over the fewest number of function evaluations required by any of the solvers. See
[8] for more details regarding performancepro les.

As noted in section5.3, slow corvergenceof our algorithm may result if inactive bounds
are violated during the solution of the EQP. It was obsened that Tr on has a feature that
allows it to copewith this problem by adding constraints during the step computation phase
if inactive bounds are violated (and then re-solving the EQP). On someproblems, it has
beenobsened that this feature signi cantly improvesthe performanceof the algorithm.

Figure 3: Comparing SLQP, pSLQP, SLQP+ and pSLQP+ in terms of functions evaluation
counts on 31 bound constrained problems.

To make a more meaningful comparisonwith TRON of active set strategies on bound
constrained problems, we have added a similar feature to our SLQP and pSLQP algorithms.
We do not explicitly add violated constraints during the unconstrained minimization as
Tr on does(sincethis may signi cantly increasethe cost per iteration). Rather, we project
the step onto the feasible spaceif constraints are violated during this minimization and
then perform a lineseard along this projected path as described by (5:21) and (5:22) in
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section 5.3. We refer to these variations of our algorithms as SLQP+ and pSLQP+. We
implemert this projected EQP step strategy only for bound constrained problems sincethe
extensionof this technigue (lik e extending the TRON approad) to more generalconstraints
is much more complemeried and computationally expensiwe.

In Figure 3, we presen results comparing the SLQP+ and pSLQP+ variants with the
standard SLQP and pSLQP algorithms, which truncate the step as described by (5:19) and
(5:20) to satisfy the bounds if necessary As can be seenfrom Figure 3, the results for
the parametric approac work better than the standard SLQP approad in most cases.In
particular, the parametric approach that projectsthe steponto the feasiblespace(pSLQP+)
is clearly the most e cien t variation. This seemsto highlight that a procedurefor dealing
with inactive constraints encourtered during the step computation can greatly enhance
thesetypesof methods.

In Figure 4 we presen results comparing SLQP+, pSLQP+ and Tr on on our bound
constrained problem test set. Note, in Figure 4, that both Tr on and pSLQP+ are signif-

Figure 4: Comparing SLQP+, pSLQP+ and Tron in terms of functions evaluation cournts
on 31 bound constrained problems.

icantly better than the SLQP+ approad. This indicates that these methods, which have
more sophisticatedactive-setidenti cation proceduresincorporating quadratic information,
do a better job of predicting the active-setas expected.

All detailed results from this section are reported in Table 1 in the Appendix. We also
indicate herethe number of variablesn in ead problem and the number of boundsactive at
the solution of ead problem (jJA j). In generalit is noteworthy how similar the performance
is betweenthe pSLQP+ approac and Tr on. The algorithm implemented in pSLQP+ is
quite similar to Tr on di ering signi cantly only in the path usedin the active-setestimate
(parametric LP path versusgradient projection path) and in the strategy usedfor bounds
encourtered in the EQP stage,as described above. Theseempirical results seemto con rm
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the similarities betweenthese approades establishedin section 4.

6.2 Quadratic Programming Problems

A primary advantage of the new method over gradiert projection is that it can be used
to solve problems with general constraints. (In fact, we know of no practical software
implementation of gradiert projection for generalconstraints). In this sectionwe compare
SLQP versus pSLQP on all the CUTEr test problems translated into Ampl models that
are quadratic programming problems. QPs whoseonly constraints are simple bounds are
excluded from this test set to avoid redundancy (i.e., it does not include problems from
the previous section). This test set consistsof 91 problems. The SLQP algorithm reported
nding an optimal solution on 86 of theseproblemswhile pSLQP found the optimal solution
on 85 of the problems.

SLQP vs. PSLQP (QPs)

SLQP better
(area =12.47)

1 PSLQP better
(area = 24.22)

log2(fevals(PSLQP)/fevals(SLQP))

20 10 20 30 40 50 60 70 80 90
Quadratic Programming Problems in the CUTEr Test Set

Figure 5: Results on 84 quadratic programming problems comparing SLQP and pSLQP in
terms of functions evaluation courts.

In Figure 5 we compare SLQP and pSLQP in terms of function evaluation count using
a plotting technique rst proposedby Morales [19] for comparing two methods. Figure 5

plots the ratio
(fevals pSLQP)

2" (fevals SLQP) °

where fevals denotesthe number of function evaluations required to meet the stopping test.
In the gure, the problemsare arrangedalong the horizontal axis in decreasingorder of the
absolutevalue of (6:24). A bar in the positive y-axis indicates that the SLQP approac was
better (i.e., required fewer function evaluations), while a bar in the negative y-axis indicates
that the pSLQP approac was better. We also report the total areafor ead approad to
provide some overall comparative measure of performance. In this comparison, we only
look at those 84 problems that both algorithms solved and found the samelocal solution.

(6.24)
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The results indicate that on quadratic programs the pSLQP is overall more e cien t than
the SLQP approad.

6.3 General Nonlinear Problems

In this sectionwe compare SLQP versuspSLQP on a set of CUTEr test problemstranslated
into Ampl models that are general nonlinear programming problems with at least one
inequality constraint or bound. It excludesbound constrained problems and QPs. There
are 246 problemsin this test set. The SLQP algorithm nds an optimal solution on 213 of
these problems while pSLQP found the optimal solution on 211 of the problems.

In Figure 6 we compare SLQP and pSLQP in terms of function evaluation court using
the samelog plot asin the previous subsection. In this comparison, we only look at those
196 problems that both algorithms solved and found the samelocal solution. The results
for generalconstrained problems provide only a slight advantage for the pSLQP approad.
It is unclear why the pSLQP approadc { which seemsto perform better than SLQP on
bound constrained problems and QPs { does not do better on more general problems.
Since we know of no gradient projection implementation for general nonlinear problems,
the active-setidenti cation properties of thesetypesof methods in this cortext are not well
understood. We hypothesizethat it is more likely in problems with nonlinear constraints,
that the EQP step may quickly violate one or more inactive constraints causingthe step
to be unduly truncated, and that, as a result, these methods require an e ective stheme
for adding constraints encourtered during the EQP phase. We regard it as an interesting
topic that requiresfurther resear.

SLQP vs. PSLQP (General Nonlinear)

N

SLQP better
(area =41.92)

N

o

N
T

PSLQP better
(area = 44.10)

log2(fevals(PSLQP)/fevals(SLQP))

N
T

6 L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200
General Nonlinear Problems in the CUTEr Test Set

Figure 6: Resultson 196 generalnonlinear problems comparing SLQP and pSLQP in terms
of functions evaluation courts.
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7 Final Remarks

We have seenthat the parametric SLQP approad presered in this paper is much more ef-
cient than the old approad on bound constrained problems. Therefore, when this method
is incorporated into a general padkage, suc asthe active-setalgorithm in Knitr o, it may
no longer be necessanto have specializedpadcagesfor bound constraints. We have alsoob-
sened signi cant gainsfor quadratic programs. More work is neededto determine whether
this new approad is superior on general constraints.

The work of Oberlin and Wright [22] provides sometheory that stipulates under what
conditions the LP subproblemssolved in SLQP methods identify the correct active set.
Howeer, it remainsto show, how to dewelop e ectiv e trust-region update rules for SLQP
methods, sud that the required conditions are automatically satis ed as a solution is
approached. A more comprehensie theory for active-set identi cation in the context of
both SLQP and pSQLP methods is a focus of ongoing researd.

8 App endix

Problem ni jAj # of function evaluations
SLQP | SLQP+ | pSLQP | pSLQP+ | TRON
biggsb1 1000 2 506 503 503 503 501
bgpgauss | 2003 95 233 38 500 53 206
chenhark 1000 395 848 633 334 269 204
cvxbgpl | 10000| 10000 2 2 2 2 2
gridgena | 11542 0 7 7 6 6 10
jnlbrngl 15129 | 4884 36 36 29 29 26
jnlbrng2 15129| 5990 31 35 16 16 16
jnlbrnga 15129 5161 29 42 24 24 25
jnlbrngb | 15129| 6652 22 19 11 11 11
mccormd | 50000 1 9 7 11 10 7
minsurfo 2500 784 10 11 10 12 7
ncvxbgpl | 10000| 10000 4 4 4 4 2
ncvxbgp2 | 10000| 9935 20 21 21 15 10
ncvxbgp3 | 10000| 9831 25 25 25 15 10
nobndtor | 14400| 2322 49 52 232 17 23
nonscomp | 10000 0 16 17 11 10 8
obstclae | 15129| 7178 66 65 959 27 27
obstclom | 15129| 3817 42 38 91 21 21
pentdi 1000 998 2 2 2 2 2
torsionl 14400| 4416 47 51 39 39 40
torsion2 14400| 4416 52 56 40 40 21
torsion3 14400| 9192 27 28 21 21 21
torsion4 14400 9192 29 35 22 22 19
torsion5 14400| 11832 16 17 12 12 12
continued on next page
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continued from previous page
Problem n JA ] # of function evaluations

SLQP | SLQP+ | pSLQP | pSLQP+ | TRON
torsion6 14400| 11832 18 19 13 13 16
torsiona 14400| 4288 49 52 39 39 40
torsionb 14400| 4288 47 47 40 40 26
torsionc 14400| 9128 27 29 21 21 21
torsiond 14400| 9128 35 31 22 22 19
torsione 14400| 11800 16 16 12 12 12
torsionf 14400| 11800 20 20 13 13 16

Table 1: Comparison of SLQP, SLQP+, pSLQP, pSLQP+
and TRON on bound constrained problemsin terms of func-
tion ewaluations.
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