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Abstract

We presert a multilev el numerical algorithm for the exact solution of the Eu-
clidean trust-region subproblem. This particular subproblem typically arises when
optimizing a nonlinear (possibly non-convex) objective function whose variables are
discretized contin uous functions, in which casethe dierent levels of discretization
provide a natural multilev el context. The trust-region problem is considered at the
highest level (corresponding to the nest discretization), but information on the prob-
lem curvature at lower levels is exploited for improved e ciency . The algorithm is
inspired by the method of More and Sorensen(1979), for which two di eren t mul-
tilev el variants will be analyzed. Some preliminary numerical comparisons are also
preserted.

Keyw ords: Nonlinear optimization, trust-region subproblem, numerical algorithms, multi-
level methods.

1 Intro duction

Trust-region methods are a well-known class of optimization techniques, recognizedto
be both theoretically sound and numerically e cien t (see Conn, Gould and Toint, 2000
for a comprehensiwe description). In a seriesof recert papers, Gratton, Sartenaer and
Toint (2007b, 2006h, 20068) and Gratton, Mou e, Toint and Weber-Mendonca (2007a),
have specialized this class of methods to the casewhere the optimization problem at
hand involves variables that are discretized contin uous functions® . Sudh problems are
typically very large asthe discretization meshgoesto zero, and their solution at the nest
discretization level is very ine cien t: the recursivetrust-region methods proposedby these
authors then provide a numerically much more attractiv e alternativ e, whosebehaviour is
alsobadked by a strong theoretical convergenceargument. The main ideain this recursive
algorithm is to consider a low level description of the objective function as a model for
high level optimization.

Our objective in the presert cortribution is to investigate an alternativ e application of
the trust-region paradigm to the sameclassof problems. Instead of consideringa hierarchy
of objective functions, we consider here multilev el techniques for the (exact) solution
of the trust-region subproblem at the highest level, that is for the nest discretization.
If the objective function is (locally) corvex, then a suitable optimizing step is derived
from the solution of (a variant of) Newton's equations, which often results in solving
a positive-de nite linear system. This is for instance the caseif the local Hessianis
given by a discretized Laplacian or other elliptic operator. In this case,one can very
naturally consider applying a classical multigrid linear solver to this system, yielding a
very e cien t method to compute the step. We refer the interested readerto Trottenberg,
Oosterlee and Sceller (2001), or Briggs, Henson and McCormick (2000) for excellert

(@ Note that conceptually similar techniques have also been proposedin the linesearch setting by Fisher
(1998) Nash (2000) Lewis and Nash (2005), Oh, Milstein, Bouman and Webb (2005) and Wen and Goldfarb
(2007), but we will not investigate this avenue in this paper.
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expositions of the principles and methods of this classof algorithms, originally introduced
by Brandt (1977). Howewer, things becomemuch lessclear when the objective function is

locally non-corvex, in which casea suitable stepis no longer given by Newton's equations.
Tedniquesfor computing a stepin this caseare well-known for small dimensionalproblems
(seeHebden, 1973, More and Sorensen,1979, or Section 7.3 in Conn et al., 2000), and

guarartee, in most casesthat every limit point of the sequenceof iterates is a second-order
stationary point. Howewer, thesetechniques are unfortunately very often impractical for

large discretized problems becausethey involve factorizing a Hessianmatrix de ned on

the ne mesh. This is particularly limiting if one considersthe discretization of variational

problemsin three dimensionsor more. Our objective in the presert paper is to propose
two multilev el variants of this algorithm that are suitable for these large problems but

neverthelessguarantee corvergenceto second-orderimit points. Thesevariants are again
constructed using the multigrid principle.

The paper is organizedasfollows. Section2 formally describesthe problem and recalls
the More-Sorensemmethod for its solution in small dimensions. Multigrid methods for lin-
ear systemsare then very brie y reviewed in Section3. The multigrid trust-region solvers
are then introduced in Section 4 and their numerical e ciency comparedin Section 5.
Someconclusionsand perspectivesare nally discussedin Section 6.

2 Problem Form ulation
We considerthe solution of an unconstrained optimization problem of the form

min f (x); f:R"! IR; (2.1)
x2 IR"

wheref is a twice corntinuously di eren tiable function and bounded below. Trust-region

algorithms are iterativ e methods to compute this solution, which, given an initial guess
Xo, construct a sequenceof iterates xx (k  0) convergingto the solution of problem (2.1).

At ead iteration k, a step sk is obtained by minimizing a (typically quadratic) model my

of f in the neighbourhood fx 2 R" j kx  x¢k kg de ned for someradius ¢ and
somenorm k k. The standard trust-r egion subpoblem de ning sk is then to solve

anin Mk (Xk + S) &« hgi;si + 1hs; Hsi; (2.2)
S

where gk = r xf (xx) and Hy is a bounded symmetric approximation of r 4 f (Xx). The
computed step sk is then accepted (in the sensethat xx+1 = Xx + s¢) if a sucient
reduction in the objective function is obtained at xx + sk or rejected otherwise. While
in generalit is possibleto choose any norm to de ne the neighbourhood in (2.2), we
focus here on the Euclidean casebecauseit hasthe remarkable property that the solution
of (2.2) is computationally tractable even if Hy is inde nite (Vavasisand Zippel, 1990).
Approximate solutions of this subproblem may also be computed by applying iterativ e
methods sud as the conjugate-gradierts or generalizedLanczos-trust-region algorithms
(seeSection 7.5in Conn et al. (2000)), but we focus here on the exact solution of (2.2).
It is possibleto show (Gay, 1981, Sorensen,1982, or Corollary 7.2.2in Conn et al.,
2000) that any global minimizer sM of (2.2) satis es the system of linear equations?

H(M)sY = g (2.3)

where H( M) € H + M| js positive semide nite, ™ 0and M(ksMk ) = 0,
with sM being unique if H( M) is positive de nite. This result indicates that sM can
be seenas the unconstrained minimizer of a quadratic model whose Hessianis made

@ In what follows, since we will describe what happenswithin a single \outer" trust-region iteration, we
will drop the iteration indices k for simplicit y.
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su cien tly positive de nite by adding the term M |. The Hessiancurvature induced by
this additional term must thus be strong enoughto force sM to lie within the trust region

BE fs2 R"jksk g

We also know that, if > min (H), the smallest eigervalue of H, then H( ) is positive
de nite and the system (2.3) has a unique solution,

s()= H()'g (2.4)
which must satisfy the nonlinear inequality
ks( )k (2.5)
whenewer = 0 or the nonlinear equality
ks( )k = (2.6)

if > 0. The More-Sorensermethod consistsin nding the minimizer s( M) by solving
either (2.3) if (2.5) holdsfor = 0, or (2.3) and (2.6) together otherwise. An e cien t way
to perform the latter calculation is to usethe (one dimensional) secular equation

1 1
=ari 2.7)

()

where s( ) is given by (2.4). This formulation has beenshownn to have better numerical
properties than the more direct use of the constraint ks( )k = . The solution of the
secularequation is then found by applying a root nding method, such as a safeguarded
Newton's method. Assuming that H( ) is positive de nite, the Newton step from
happensto be (seeSection 7.3.2in Conn et al., 2000)

ksk ksk?
kwk?

new _ +

wherew solves Lw = s (2.8)

with L the lower Cholesky factor of H( ). If H( ) is not positive de nite, then is

increaseduntil this is the case. The safeguardconsistsin keepingthe iterates in an

interval [ &; VY], in order to guarantee corvergencefrom arbitrary starting values. Thus,

if "W isnot inside the interval, this value s rejected and we choosea ™" as,for instance,

the geometric mean between - and Y. The resulting algorithm is then given, for xed
> 0and > 0, by Algorithm 2.1.

There are many sophistications to this algorithm, in particular regarding the choice
of the initial , that of a new in the interval when "% falls outside and suitable
termination rules. We refer the interested readerto Sections7.3.4to 7.3.110f Conn et al.
(2000) for details.

In large problems, performing the Cholesky factorization to solve the linear system
can be very expensive. However, since we are dealing, for eadh , with a linear system
of equations, it might be possibleto acceleratethe solution of this systemif we can take
advantage of the multilev el character of the problem. Our idea is thus to modify this
method sothat we usethe multigrid approacd for the solution of the linear system.

3 Multigrid  Metho ds for Linear Systems

Multigrid methods to solve linear systemsof equations are well established,and have the
support of a solid convergencetheory. We will not presert a full explanation of these
methods here, since this is out of the scope of the presert paper, but will only briey

presert the most important ideasfor the construction of our method.
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Algorithm  2.1: Outline of the Mor e-Sorensen algorithm

[s; 1=MS(H:g ; )

Step 1. If H(O) is positivede nite andks(O)k (1 + ), terminate with s = s(0).
Step 2. Determine aninterval [ “; Y] and aninitial  in this interval.

Step 3. Attempt a Cholesky factorization of H( ) = LL T. If this succeedssolve

LLTs= g If (1 ) ksk (1 + ), i.e.if sis nearthe boundary of
the trust region, terminate. If not s is not near the boundary, compute "V by
(2.8).

Step 4. Update the interval [ &; Y]

if ksk> (1 + ), orif the factorization hasfailed, redene - = ;

if ksk < (1 ), redene Y=

Step 5. Choose suciently inside[ “; Y] and ascloseas possibleto "W, if it
has beencomputed. Go to Step 3.

Consider any iterativ e method for the solution of the system (2.3). At someiteration
k of this method, we de ne the residual

def

ne= g H()s 3.9)

and the error o
e € s Skl (3.10)

It is easyto seethat the residual equation
H( )ex = rk (3.11)

is equivalert to the initial system, in the sensethat the solution e to this system gives
the new iterate for (2.3) if we set sk+1 = sk + €. Multigrid methods are basedin the
principle that someiterativ e methods for the solution of the linear system(3.11) (such as
Jacobi or Gauss-Seidel)will quickly eliminate oscillatory componenrts of the error (3.10),
while leaving smmth componerts essetially unchanged. Thesemethods are then referred
to as smathing methods.

The ideaof multigrid methodsis that wetry to solvethe residualequation not for H (),
but for some simpler approximation of this matrix in a lower dimensional spacewhere
smooth componerts of the error appear oscillatory. Assume that we have a collection
of full rank operators R; : R"™ ! IR™ *and P; : R™ * ! R™ fori = 1;:::;p (the
restriction and the prolongation, respectively) suc that P; = R, with ; > 0, for all
i = 1;::;p. Wewill call eadh i a level with n, = n sud that Hp( ) = H( ). In this
case,we can construct a simpler represenation of the matrix asthe Galerkin operator for
Hi( ) de ned by

Hi 1( ) = RiHi( )Pi: (3.12)

This operator is not the only choice possible. However, it has many interesting properties,
such askeepingthe i 1 level operator symmetric and positive de nite, if that is the case
for the original H;( ), and maintaining the structure created by the discretization.

Oncethis is done, we may rede ne the residual equation in the lower level. Given s; ,
the stepin the current level, and call the right hand side of the equation we want to solve
in this level by b« . We then compute ri , the residual, asin (3.9), by

rik = b Hi( )sik:
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The residual equation (3.11) at this level then takesthe form
Hi( )e.;k =Tk - (3.13)

If we now restrict this equationto leveli 1, the right-hand side at this level is now given
by Ririx and the residual equation at leveli 1 becomes

Hi 1()& 1= Hi 1()Risik  Ririxk E'ri 10 (3.14)

If the norm of this restricted residual is not large enough comparedwith the norm of the
residual at level i, i.e. if krj 1.0k <  krix k for some , < 1, then there is no advantage
in trying to solve the lower level system. In this case,we perform smoothing iterations
similar to those usedin classicalmultigrid methods. Otherwise, if

kri 1.0k Krix k; (3.15)

we then compute a solution e ; of the lower level residual equation (3.14). The corre-
sponding upper level step can now be recoveredby Sk +1 = Sik + Pie 1. This procedure
can be applied recursively, in that the solution of the residual equationin leveli 1 itself
can be computed recursively. At the coarsestlevel, which corresponds to the smallest
system and where recursion is no longer possible,the solution may be computed exactly,
for instance by using matrix factorization.

4 The Multi-lev el Mor e-Sorensen Algorithm

We now wish to dewelop an algorithm for the solution of (2.1) that follows the general
pattern of the More-Sorensenmethod but which, at the sametime, exploits the ideas
and techniques of multigrid. If the problem is convex and the multiplier is known, we
proposeto usea multigrid solver for the system (2.3), thereby exploiting the hierarchy of
level-dependert problem formulations described in the previous section. If the multiplier

is not known, we also face, as in the standard More-Sorensermethod, the task to nd

its value, again exploiting the multi-lev el nature of the problem. Thus, in addition to the
multigrid solution of (2.3), we must, asin Algorithm 2.1, nd a new value of if the step
computed as the solution of (2.3) does not satisfy our stopping conditions. Finding the
value of  may in practice be consideredas a two-stagesprocess.We rst needto nd a

lowerbound -  Osud that Hy( ) is positive-semide nite for all L. Assumingthat
= 0 doesnot solve the problem (in the senseof (2.5)), the secondis then to determine

L sud that
ksp( )ka = kHp( ) ‘gko= ; (4.16)

where we have simply rewritten (2.4) and (2.6) at level p, the topmost in our hierarchy.
In our multigrid cortext, we intend to exploit the restriction of that problem on the ith
level where

kSi( )ki = kHi( ) lgi ki= (4.17)

where, asin Gratton et al. (2007b),
ger N 1

M; R: Q% pP: g=Mg and kxk L kQixks:
=i+l ‘=p

The linear systemimplicit in (4.17) is then solved using the multigrid technique discussed
in the previous section.
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4.1 Exploiting the Level Structure to Find Bounds on
Consider ensuring positive-semide nitenessof Hy( ) rst. Our structure exploiting ap-
be positive-semide nite if H; 1( ) is not, as expressedby the following property.

Lemma 4.1 Let P 2 IR™ ™ * be a full (column) rank matrix. If | ::: L, are
the eigenvaluesof A 2 R™ " and | ' ::: 1,1 are the eigenvaluesof RAP 2

R" + " 1 where R= 1PT for some > 0, then we havethat

y b (4.18)
where qin is the smallest singular value of P.

Pro of. Using the extremal properties of eigenvalues (see Golub and Van Loan, 1983),
we seethat

i1 ) h; PT AP xi ) P x; AP xi . hy; Ayi
"*= mn —— > = mn ——" = min 22
x2IR" 1 x2IR" 1 y=Px
kxkz=1 kxka=1 kxka=1

But, sincekyk, = kP xk; min » We obtain that

i]_ 1_ min M min M min‘ Ignin W:':\YI - r2nin 'l
y=PXx min y=Px ky|(2 y2 IR kyk2
kxkz=1 kxkz=1

2

This property thus implies that the value of the multiplier neededto make H; 1( )
convex provides a computable lower bound on that neededto make H;( ) corvex. In
many casesof interest, the value of ,n is known and larger that one. This is for instance
the casewhen P is the linear interpolation operator in 1, 2 or 3 dimensions. However the
exact value dependson the level consideredand is typically costly to compute accurately,
which leadsus to considerthe simpler casewherewe only assumethat i, 1, in which
case(4.18) can be rewritten, at level i as

i
i1 1.
1 :

I

Once this lower bound is computed, the algorithm then proceedsto increase - (in a
manner that we describe below) if evidenceof inde niteness of H,( ) is found. We have
consideredtwo ways to obtain this evidence. The rst is to attempt to solve the system
Hp( )s= gfor the stepat level p by a multigrid technique, and to monitor the curvature
terms hd; H;( )di occurring in the smoothing iterations at ead level i. As soon as one of
theseterms is shown to be negative, we know from Lemma 4.1 that the lower bound -
must be increased. The secondis to use a multilev el eigervalue solver like the Rayleigh
Quotient Minimization Multigrid (RQMG) Algorithm (seeMandel and McCormick, 1989)
to compute %, the smallest eigervalue of H,,, assaiated with the eigenvector uf. The
RQMG algorithm solvesthe variational problem

by applying a smoothing strategy adapted to the Rayleigh quotient minimization at each
level i . The solution to this problem is an (upper) approximation to % which, if negative,
may therefore be usedto deducethe bound “ ?. Obsenethat the RQMG algorithm
(applied with su cien t accuracy) ensuresthat Hp( ) is, at leastin inexact arithmetic,
positive semide nite.
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In addition to the lower bound “ (which appliesto all levels), we compute an initial
upper bounds U for ead level i asin the More-Sorensenalgorithm (obsene that no
information can be obtained from lower levelsabout V). This therefore providesintervals

[ L; VY]for acceptable at ead leveli.

4.2 Updating in the Positiv e De nite Case

If L =0,H(0) is positive-de nite (in inexact arithmetic) and ks(O)k. , our problem
is solved. If this is not the case,our secondtask is then to adjust L sud that (4.16)
holds. We now describe this adjustment procedureat level i, our nal intention being to
solveit at level p.

Since we are looking for  that solvesthe secular equation (2.7), we can apply the
Newton method to this end aswe did in (2.8). However, in our case,the Cholesky factor
L for H( ) is only available at the lowest level. Fortunately, note that

kwk? = hw;wi = hL Is;L Isi=hms;L TL Isi=hs;(H()) !si:
Thus, if we compute y asthe solution to the positive-de nite system
H( )y =s(); (4.19)
the Newton step for the secularequation at the current level then takesthe form

ksk; ksk?
bs;yi

new _— +

(4.20)

Since we may not rely on factorizations for an exact solution of the system (4.19), we
therefore apply a multigrid method to solve for w. However, this solution may be consid-
ered as costly. An alternativ e option is to update by applying a secan method to the
secularequation, which gives

+ _ old .
= O O (4.21)

(Weuse oq = Y to start the iteration.)

As in the More-Sorenseralgorithm, if "% lies outside the interval, we choose inside
the interval. One way to do this is to take "V asthe half of the interval [ -; Y], which
corresponds to a simple bisection step. But we can expect better results by choosing to
follow (Mor e and Sorensen1979) and setting

hp [
new = max LU Ly (U Ly (4.22)

for 2 (0;1), which ensuresthat "V is closerto ‘.

4.3 The Complete Algorithm

We needto intro ducethree further commerts beforethe formal statemert of the algorithm.
We rst note that oncea restricted trust-region problem (4.17) hasbeensolved at level
i, this meansthat the corresponding can be usedas a lower bound for all higher levels.
No further updating of is therefore necessaryat this level and all lower ones, but we
may neverthelesscortinue to exploit level i in the multigrid solution of the linear systems
occurring at higher levels. The fact that a solution at level i has already been computed
is remenberedin our algorithm by setting the ag issolved ;. (For coherencewe de ne

Our secondcommert is that we still needto de ne stopping criteria for the multigrid
solution of (4.17). A rst criterion is obviously to terminate the iterations when the
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residual of the systemis su cien tly small. In practice, we chooseto stop the solution of
the systemas soon as

kri;k k = kgi Hi( )Si;k k r;
with " 2 (0;1). However, we might needto introduce a secondstopping rule. It may
indeedhappenthat, for acurrent (too small), the stepresulting from the systemhasai-
norm exceeding. It is of coursewastefulto iterate too longto discover, upon termination,
that we have to throw the solution away. In order to avoid this wasteful calculation, we
exploit the fact that the norm of the multigrid iterates is typically increasing as the
iterations proceed. Thus, if this norm exceeds by somethreshold D** , we decideto
terminate the iterativ e procesg(and subsequetly increase ). However, we must be careful
not to alter the lower and upper bounds on in this subsequeh update, becauseof the
possibleinaccuracy generatedby the early truncation of the system and the absenceof
any monotonicity guarantee (at variance with methods like truncated conjugate-gradierts,
see Steihaug, 1983). Unfortunately, it is also possiblethat no in the current interval
producesa su cien tly small step. In this case, grows and becomesarbitrarily closeto
its upper bound. We avoid this situation by increasingour threshold whenewer is within
of Y.
Finally, we have to propagate changesin  between levels. Thus, if we have just
updated and the old onewas , we have that

Hi( )=Hi( )+ ( IM;iQi: (4.23)

Similarly, taking into accourt that ead residual at level * is computed with respect to the
linear systemat level * + 1, one may verify that the residual update satis es

x -
fikes = fix + ( DE IM-Q Sk (4.24)

where s 11 is the current iterate computed in level °.

We now presert the complete multigrid algorithm for the solution of the trust-region
subproblem, the Multigrid More-Sorenser{MMS) Algorithm on 4.1 on the following page.
Note that for ead level i, we start by unsetting issolved ;.

Somecommerts on this algorithm are necessaryat this point.

1. The algorithm is called form the virtual level p + 1, after an initialization phase
which computes,onceand for all and for every level, the valuesof D* = (1+ ),
D =(1 ) andD** = ;D* forsome 2 (0;1). A level-dependert feasible
interval [ -; Y]isalsocomputedat this stage. The (global) lower bound ' is setto
the maximum between0 and the opposite of the approximation of the most negative
eigenvalue producedby the RQMG algorithm; the upper bound is calculated, for eath
level, exactly as for the More-Sorenseralgorithm (seeConn et al., 2000, page 192),
using the appropriate restrictions of the gradient and Hessianto the consideredlevel.
An initial valueof 2 [ l; Y]is nally computed using (4.22) before the call to
MMS proper.

2. We may essetially identify StepsO to 5 as a classicalmultigrid solver for a linear
systemwhenissolved ; is set. The remaining contain the update to the parameter,
broadly following the More-Sorensermethod.

3. As explainedin Section3, the linear system(2.3) is solved by computing a correction
at coarselevelsto the stepsalready computed at ner ones. Our restriction strategy
producesan algorithm analog to the application, in our nonlinear context, of the
Full Multigrid Sdeme (seeBriggs et al., 2000, page 42).

4. We have not speci ed the details of the smoothing procedurein Step 4. In our
expriments, we have usedthe Gauss-Seidelsmoother, a classicin multigrid solvers
(seeBriggs et al., 2000, page 10).
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Algorithm  4.1: [s; , ] = MMS( i, Hi, rio, , b, , Sio, issolved ;)

Step 0. Initialization.  Setk = 0.

Step 1. lteration Choice. If i = 1, goto Step 3. Otherwise, if (3.15) fails, go to
Step 4 (Smoothing iteration). Else, chooseto goto Step 2 or to Step 4.

Step 2. Recursiv e lteration. Call MMS recursively as follows:
@ 1 i 1]=MMS(i LHi 51 1,05 ; "5 0 gjissolved 1)

where r; 1.0 is computed as in (3.14). Compute Six+1 = Sik + Pie 1. . If
issolved ; is unset, i.e. this isthe rst time we perform a recursive iteration at
this level, set - = ; 1, choose 2 [ '; Y] using (4.22), update H;( ) using
(4.23) and rix +1 using (4.24) and setissolved ;. Goto Step 5.

Step 3. Exact lIteration. If issolved ;.1 is unset, call the More-Sorensenalgo-
rithm (2.1), returning with solution [si , i] = MS(Hi( ),ri0,, ), and set
issolved ;. Otherwise, just solve the system Hi( )s;. = rio exactly by
Cholesky factorization of H;( ) and return with solution (s;. ; ).

Step 4. Smoothing Iteration. Apply smoothing cycleson the residual equation
(3.13) yielding Sik +1, Setrik+1 = rixk + Hi( )(Sik+1 Sik) and goto Step5.

Step 5. Termination. If krix+1 k< " andissolved ;. is set, return six+1 and
Else,goto Step1if issolved .1 issetorif krix+1 k " andksix+1 ki D .

Step 6. Parameter update after full system solution.

If krix+1 k< " (andissolved i1 is unset),

Step 6.1: step threshold update. If Y < ;,setD*™ =2D*" .

Step 6.2: interior solution test. If = 0andksjx+1 ki < D*, orif 0
and D ksik+1 ki D7, return with solution s; = six+1 and ;=

Step 6.3: parameter and interv al updates. If ksix+1 ki > D*, set b =

If ksix+1ki < D ,set Y = . Computeanew 2 [%; Y]using

(4.20) or (4.21).

Step 6.4: reset the step. Setsix+1 = 0, rik+1 = ri.o, update H;( ) using
(4.23), and go to Step 1.

Step 7: Parameter update after incomplete system solution.
If kri;k w1 Kk r (and kSi;k +1 ki > D** ),

Step 7.1: parameter update. compute a new 2 [; Y] using (4.20) or
(4.21).

Step 7.2 reset the step. Setsik+1 = 0, rik+1 = ri.0, update H;( ) using
(4.23), and go to Step 1.
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5 Preliminary Numerical Exp erience

In this section we presert some numerical results obtained by two variants of the MMS
method applied in a trust-region algorithm (Algorithm BTR on page 116 of Conn et al.,
2000) for four dierent test problems involving three-dimensional discretizations. Some
of these problems were also tested in (Gratton et al. 2006) in their two-dimensional
formulation. All problemspreserted herearede ned onthe unit three-dimensionalcube Sz
and tested with a ne discretization of 63° variables, and we used4 levels of discretization.
The Laplacian operator is obtained from the classical 7-points pencil. The prolongation
operator is given by linear interpolation, and the restriction asits normalized (in the k k3
norm) transpose, thereby de ning ; = kPijki;. We briey review these test problems
below.

5.1 Optimization Test Problems

3D Quadratic Problem 1 (3D-1): A convex quadratic problem, where we consider
the three-dimensionalboundary value problem de ned by

u(x; y; z) f inS;
u(x; y;z) 0 on@s;

where f is chosenso that the analytical solution to this problem is u(x;y;z) = 8. This
giveslinear systemsAjx = Iy at level i where each A; is a symmetric positive-de nite
matrix. This problem is the typical model problem for multigrid solvers. Here, we want
to nd the solution to its variational formulation

oo Lr T
min =X ' ApX X :
2R 2" P %

3D Nonlinear Problem 2 (3D-2): Another convex quadratic problem, wherewe con-
sider the di erential equation

(1+ sin@3 x)?) u(x;y;z) f inSg
u(x; y;z) 0 on @5s;

wheref is chosensothat the analytical solution to this problem is

uxy;z) = x(1 x)y(@ y)zl 2):

This problem is again consideredin its variational formulation, asfor problem 3D-1.

Convection-Di usion problem (C-D): Here, minimize the variational formulation
of the following nonlinear partial di erential equation

@ a@ @
u Ru —+ —+ — +f(xy;2)=0; R = 20;
e'@’@ "0V
wheref (x;y;z) = 200x(1 x)y(1 y)z(1 z), overS; with Dirichlet boundary conditions

u= 0on @5;.

Boundary Value Problem (BV): This is a problem inspired by the one dimensional
two-point boundary value problem preseried in More, Garbow and Hillstrom (1981) and
is de ned by

us;t;z) = s(u(s;t;z) + t+ s+ z+ 1)3%

with
u(©O;t;z) = u(L;t;2) = 0, O<t< 1
u(s;0;z) = u(s;1;z2) = 0, 0<s<1;
u(s;t;0)=u(s;t;1)=0; O0<z< 1L
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Here, we look for the solution of the least squaresproblem

min k u(s;t;z) i(u(s;t;z)+t+ s+ z+ 1)%k3:
stz 2[0;1] ( )3 ) )’k

5.2 Numerical Results

We discusshere results obtained by applying the simple BTR trust-region method for the
minimization of these problems, in which the subproblem is solved® at ead iteration
by one of three multigrid variants of the More-Sorensenalgorithm. The rst variant
(MMS-secart) is the the MMS algorithm preserted in this paper, where we usethe secarn
approach (4.21) to solve the secular equation. The second(MMS-Newton) is the same
method, but using Newton's method (4.20) instead of (4.21). The third (naive MMS-
secar) is a simpler version of MMS-secart in which we do not useinformation on from
lower levels. In this variant, we solve the More-Sorensersystem(2.3) by multigrid instead
of using Cholesky factorization of the Hessian,but we only change at the topmost level.
This is equivalert to setting issolved ; for all levelsi < p+ 1. We update by using the
secat method on the secular equation, as described above. All runs were performed in
Matlab v.7.1.0.183(R14) ServicePadk 3 on a 3.2 GHz Intel single-coreprocessorcomputer
with 2 Gbytes of RAM, using the parameters
= 5 =01 '"=10€6; =10 % and , =001 Y ‘i
Our results are shown in Table5.1. In this table, # standsfor the weighted number of

-updates, where ead update is weighted proportionally to the dimension of the subspace
in which the update is performed. Similarly, # R stands for the weighted number of
restrictions performed by the algorithm. This last number indicates how many recursive
iterations wereusedto nd the solution of the linear systemover the courseof optimization.
The CPU reported (in seconds)is the averagetrust-region subproblem solution time over
all optimization iterations.

Naive MMS-secart MMS-secart MMS-Newton

# CPU #R | # CPU #R | # CPU #R

3D-1] 17.3 57(5) | 656 9.2 48(5) | 464| 75| 105(5) | 34.1

3D-2 | 17.2 6.1(6) | 858 11.2 53(7) | 72.8|11.1| 14.8(6) | 59.4

CD |17.3 69(6) | 733| 86 54(6) | 536| 79| 11.9(6) | 420

BV 41.0 | 434.4(18) | 474.4| 23.9 | 465.4(20) | 279.2| 30.3 | 452.7(18) | 313.6

Table 5.1: Results for three variants of the MMS method.

These results clearly demonstrate that the MMS-secart version of our algorithm per-
forms much better than the naive versionin terms of the number of -updatesrequired to
solve all the trust-region subproblemsin an optimization run. The conclusionin terms of
CPU time remains favourable for MMS-secart, even if care must be exercizedhere given
the inaccuracy of the Matlab timer. This suggeststhat information obtained at lower
levelsis, in fact, useful for the solution of the problem and should therefore be exploited.
We also note that MMS-Newton doesnot o er a signi cant advantage over MMS-secart.
Evenif less -updatesare neededto nd the solution, these updates are computationally
much more expensiwe than the simple secart onessince a linear system must be solved
by multigrid for in ead update, resulting in an overall slower algorithm. It is alsoimpor-
tant to note that the last problem is non-corvex, and thus requires much more time to
be solved. This is also due to the fact that, in this case,we have to compute an initial

L using an estimate of the smallest eigervalue of the Hessianin ead BTR iteration by
meansof the RQMG algorithm.

() We require the Euclidean norm gradient of the objectiv e function to be at most 10 © for termination.
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6 Conclusions

We have developed a new method for the exact solution of the trust-region subproblem
which is suitable for large scalesystemswhere the More-Sorensemmethod cannot be ap-
plied, for instancebecausedactorizations aretoo costly or impossible. This method exploits
the multigrid structure in order to extract curvature information from the coarselevelsto
speedup the computation of the Lagrange parameter assaiated with the subproblem.

We have preserted someadmittedly limited numerical experience,which showsthe po-
tential for the new method, both becauseit demonstratesthat sizeablethree-dimensional
applications can be consideredand becauseit outperforms a too naive multigrid imple-
mentation of the basic More-Sorenseralgorithm.
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