
ON THE INTEGRALITY OF THE UNCAP A CIT ATED FA CILITY
LOCA TION POL YTOPE

MOURAD BA•IOU AND FRANCISCO BARAHONA

Abstra ct. We study a system of linear inequalities associated with the uncapacitated
facilit y location problem. We show that this system de�nes a polytop e with integer
extreme points if and only if the graph does not contain a certain type of odd cycles.
We also derive odd cycle inequalities and give a separation algorithm.

1. Intr oduction

Let G = (V; A) be a directed graph, not necessarilyconnected,where each arc and
each node has a cost (or a pro�t) associated with it. We study the following version
of the uncapacitated facility location problem(UFLP), a set of nodes is selected,usually
called centers, and then each non-selectednode can be assignedto a center. The goal is
to minimize the sum of the costsof the selectednodesplus the sum of the costsyielded
by the assignment. The linear system below de�nes a linear programming relaxation.

X

(u;v )2 A

x(u; v) + y(u) � 1 8u 2 V;(1)

x(u; v) � y(v) 8(u; v) 2 A;(2)

0 � y(v) � 1 8v 2 V;(3)

x(u; v) � 0 8(u; v) 2 A:(4)

For each node u, the variable y(u) takes the value 1 if the node u is selectedand 0
otherwise. For each arc (u; v) the variable x(u; v) takes the value 1 if u is assignedto v
and 0 otherwise. Inequalities (1) expressthe fact that either node u can be selectedor
it can be assignedto another node. Inequalities (2) indicate that if a node u is assigned
to a node v then this last node should be selected.

Let P(G) be the polytope de�ned by (1)-(4), and let UF LP (G) be the convex hull of
P(G) \ f 0; 1gjV j+ jA j . Clearly

UF LP (G) � P(G):

In this paper we characterize the graphsG for which UF LP (G) = P(G). More precisely,
we show that UF LP (G) = P(G) if and only if G doesnot contain certain type of \o dd"
cycles. We also give a polynomial algorithm to recognizethe graphs in this class.

A version of the UFLP that is common in the literature is when V is partitioned into
V1 and V2. The set V1 corresponds to the customers,and the set V2 corresponds to the
potential facilities. Each customer in V1 should be assignedto an openedfacilit y in V2.
This is obtained by consideringA � V1 � V2, �xing to zero the variables y for the nodes
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in V1 and setting into equation the inequalities (1) for the nodes in V1. More precisely,
the linear programming relaxation for this caseis

X

(u;v )2 A

x(u; v) = 1 8u 2 V1;(5)

x(u; v) � y(v) 8(u; v) 2 A;(6)

0 � y(v) � 1 8v 2 V2;(7)

x(u; v) � 0 8(u; v) 2 A:(8)

We call this the bipartite case. Here we also characterize the bipartite graphs for which
(5)-(8) de�nes an integral polytope.

The facets of the uncapacitated facilit y location polytope have been studied in [9],
[8], [3], [4], [2]. In [1] we gave a description of UF LP (G) for Y -free graphs. The UFLP
has also beenstudied from the point of view of approximation algorithms in [5] [11] and
others. Other referenceson this problem are [7] and [10].

For a directed graph G = (V; A) and a set W � V , we denote by � + (W ) the set of
arcs (u; v) 2 A, with u 2 W and v 2 V n W . Also we denote by � � (W ) the set of arcs
(u; v), with v 2 W and u 2 V n W . We write � + (v) and � � (v) instead of � + (f vg) and
� � (f vg), respectively. If there is a risk of confusion we use � +

G and � �
G . A node u with

� + (u) = ; is called a pendent node.

A simple cycle C is an ordered sequence

v0; a0; v1; a1; : : : ; ap� 1; vp;

where

� vi , 0 � i � p � 1, are distinct nodes,
� ai , 0 � i � p � 1, are distinct arcs,
� either vi is the tail of ai and vi +1 is the head of ai , or vi is the head of ai and

vi +1 is the tail of ai , for 0 � i � p � 1, and
� v0 = vp.

By setting ap = a0, we associate with C three more setsas below.

� We denoteby Ĉ the set of nodesvi , such that vi is the head of ai � 1 and also the
head of ai , 1 � i � p.

� We denote by _C the set of nodesvi , such that vi is the tail of ai � 1 and also the
tail of ai , 1 � i � p.

� We denote by ~C the set of nodesvi , such that either vi is the head of ai � 1 and
also the tail of ai , or vi is the tail of ai � 1 and also the head of ai , 1 � i � p.

Notice that jĈj = j _Cj. A cycle will be called odd if p + j _Cj (or j ~Cj + j _Cj) is odd,
otherwise it will be called even. A cycle C with _C = ; is a directed cycle. The set of arcs
in C is denoted by A(C). We plan to prove that UF LP (G) = P(G) if and only if G has
no odd cycle.

If we do not require v0 = vp we have a path P. In a similar way we de�ne _P, P̂ and
~P, excluding v0 and vp. We say that P is odd if p + j _Pj is odd, otherwise it is even. For
the path P, the nodesv1; : : : ; vp� 1 are called internal .

If G is a connectedgraph and there is a node u such that its removal disconnectsG,
we say that u is an articulation point. A graph is said to be two-connected if at least two
nodesshould be removed to disconnect it. For simplicit y, sometimeswe usez to denote
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the vector (x; y), i.e., z(u) = y(u) and z(u; v) = x(u; v). Also for S � V [ A we usez(S)
to denote z(S) =

P
a2 S z(a).

A polyhedron P is de�ned by a set of linear inequalities, i.e., P = f x j Ax � bg. A face
of P is obtained by setting into equation someof theseinequalities. An extremepoint of
P is given by a facethat contains a unique element. In other words, someinequalities are
set to equation so that this system has a unique solution. A polyhedron whoseextreme
points are integer is called an integral polyhedron.

This paper is organizedas follows. In Section2 we give a decomposition theorem that
shows that one has to concentrate on two-connectedgraphs. In Section 3 we describe
sometransformations of the graph that are neededin the following section. Section 4 is
devoted to two-connectedgraphs. In Section 5 we study graphs with odd cycles. The
separation problem for the so-calledodd cycle inequalities is studied in Section 6. In
Section 7 we show how to test the existenceof an odd cycle. Section 8 is devoted to the
bipartite case.

2. Decomposition

In this section we consider a graph G = (V; A) that decomposesinto two graphs
G1 = (V1; A1) and G2 = (V2; A2), with V = V1 [ V2, V1 \ V2 = f ug, A = A1 [ A2,
A1 \ A2 = ; . We de�ne G0

1 that is obtained from G1 after replacing u by u0. We also
de�ne G0

2, obtained from G2 after replacing u by u00. SeeFigure 1. The theorem below
shows that we have to concentrate on two-connectedgraphs.

........

.......

........
........
........
.........

.........
..........

..........
............

..............
....................

.....................................................................................................................................................................................................................................................................................................................................................................
................

.............
...........

..........
.........
.........
........
........
........
........
........
...........

.......

........
........
........
........

.........
.........

..........
...........

.............
..................

...........................................................................................................................................................................................................................................................................................................................................................................
................

.............
...........

..........
.........
........
........
........
........
........
........
...............

..................................

G

u

.............................................
........
........
........
........
........
.........

.........
.........

..........
............

..............
....................

......................................................................................................................................................................................................................................................................................................................................................................
................

.............
...........

..........
.........
.........
........
........
........
........
........
...............................................

........

........
........
........
........
.........

.........
.........

..........
............

..............
....................

......................................................................................................................................................................................................................................................................................................................................................................
................

.............
...........

..........
.........
.........
........
........
........
........
........
..

G0
2

u0 u00

G0
1

Figure 1

Theorem 1. Suppose that the system

Az0 � b(9)

z0
�

� +
G0

1
(u0)

�
+ z0(u0) � 1(10)

describes UF LP (G0
1). Suppose that (9) contains the inequalities (1)-(4) except for (10).

Similarly suppose that

Cz00� d(11)

z00
�

� +
G0

2
(u00)

�
+ z00(u00) � 1(12)
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describes UF LP (G0
2). Also (11) contains the inequalities (1)-(4) except for (12). Then

the systembelow describes an integral polyhedron.

Az0 � b(13)

Cz00� d(14)

z0
�

� +
G0

1
(u0)

�
+ z00

�
� +

G0
2
(u00)

�
+ z0(u0) � 1(15)

z0(u0) = z00(u00):(16)

Proof. Let ( �z0; �z00) be an extreme point of the polytope de�ned by the above system. We
study two cases.

Case1: �z0(u0) = 0.

We have that �z0 2 UF LP (G0
1) and �z002 UF LP (G0

2). If �z0 is an extreme point of
UF LP (G0

1), we have to consider two sub-cases:

� �z0
�

� +
G0

1
(u0)

�
= 0.

If �z00is not an extreme point of UF LP (G0
2), �z00= 1=2� 1 + 1=2� 2, with � 1, � 2

in UF LP (G0
2), � 1 6= � 2. Since� 1

�
� +

G0
2
(u00)

�
� 1, � 2

�
� +

G0
2
(u00)

�
� 1, we have that

( �z0; �z00) = 1=2(�z0; � 1) + 1=2(�z0; � 2), with ( �z0; � 1) and ( �z0; � 2) satisfying (13)-(16),
a contradiction. Thus �z00is an extreme point and ( �z0; �z00) is an integral vector.

� �z0
�

� +
G0

1
(u0)

�
= 1.

This implies �z00
�

� +
G0

2
(u00)

�
= 0. If �z00is not an extreme point, �z00= 1=2� 1 +

1=2� 2, with � 1, � 2 in UF LP (G0
2), � 1 6= � 2. Since� 1

�
� +

G0
2
(u00)

�
= 0 = � 2

�
� +

G0
2
(u00)

�
,

we have that ( �z0; �z00) = 1=2(�z0; � 1) + 1=2(�z0; � 2), with ( �z0; � 1) and ( �z0; � 2) satis-
fying (13)-(16), a contradiction. Thus �z00is an extreme point and ( �z0; �z00) is an
integral vector.

Now we should study the situation in which �z0 and �z00are not extreme points.

We should have �z0 = 1=2! 1 + 1=2! 2, with ! 1, ! 2 in UF LP (G0
1), ! 1 6= ! 2. If

! 1

�
� +

G0
1
(u0)

�
= ! 2

�
� +

G0
1
(u0)

�
= �z0

�
� +

G0
1
(u0)

�
, we have ( �z0; �z00) = 1=2(! 1; �z00) + 1=2(! 2; �z00),

with (! 1; �z00) and (! 2; �z00) satisfying (13)-(16). A contradiction.

Now we assumethat

! 1

�
� +

G0
1
(u0)

�
= �z0

�
� +

G0
1
(u0)

�
� �

! 2

�
� +

G0
1
(u0)

�
= �z0

�
� +

G0
1
(u0)

�
+ �;

with � > 0.

Wealsohave �z00= 1=2� 1+1=2� 2, with � 1, � 2 in UF LP (G0
2), � 1 6= � 2. If � 1

�
� +

G0
2
(u00)

�
=

� 2

�
� +

G0
2
(u00)

�
= �z00

�
� +

G0
2
(u00)

�
, we obtain a contradiction as above. Thus we supposethat

� 1

�
� +

G0
2
(u00)

�
= �z00

�
� +

G0
2
(u00)

�
+ �

� 2

�
� +

G0
2
(u00)

�
= �z00

�
� +

G0
2
(u00)

�
� �;

with � > 0.
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We can assumethat � = � , otherwise we can change � 1 and � 2. Thus we have
( �z0; �z00) = 1=2(! 1; � 1) + 1=2(! 2; � 2), with (! 1; � 1) and (! 2; � 2) satisfying (13)-(16). A
contradiction.

Case2: 0 < �z0(u0).

We have that �z0 2 UF LP (G0
1) and �z002 UF LP (G0

2). Thus �z0 is a convex combination
of extreme points � i of UF LP (G0

1) that satisfy with equality every constraint that is
satis�ed with equality by �z0. Also �z00is a convex combination of extreme points � j of
UF LP (G0

2) that satisfy with equality every constraint satis�ed with equality by �z00.

We can assumethat � 1(u0) = 1 = � 1(u00). After putting together these two vectors
we obtain a 0-1 vector that satis�es with equality every constraint that is satis�ed with
equality by the original vector ( �z0; �z00), a contradiction. �

We have the following corollary.

Corollary 2. The polytope UF LP (G) is de�ned by the system(13)- (16) after identifying
the variables z0(u0) and z00(u00).

3. Graph Transf orma tions

First we plan to prove that if G has no odd cycle then UF LP (G) = P(G). The
proof consistsof assumingthat �z is a fractional extreme point of P(G) and arriving to
a contradiction. Below we give several assumptionsthat can be made about �z and G,
they will be used in the next section.

Lemma 3. We can assumethat �z(u; v) > 0 for all (u; v) 2 A.

Proof. Let G0 be the graph obtained after removing all arcs (u; v) with �z(u; v) = 0, and
let z0 be the vector obtained after removing all components �z(u; v) = 0. Then z0 is a
fractional extreme point of P(G0). �

Lemma 4. If 0 < �z(u; v) < �z(v), we can assume that v is a pendent node with
j� � (v)j = 1 and �z(v) = 1.

Proof. If v is not pendent or j� � (v)j > 1, we can remove (u; v) and add a new node v0 and
the arc (u; v0). Then we can de�ne z0(u; v0) = �z(u; v), z0(v0) = 1, and z0(s; t) = �z(s; t),
z0(r ) = z(r ) for all other nodes and arcs. Let G0 be this new graph. We have that the
constraints that are tight for �z are alsotight for z0, soz0 is an extremepoint of P(G0). �

Lemma 5. We can assumethat G consists of only one connected component.

Proof. Let G1 be a connectedcomponent of G. Let z1 be the projection of �z onto the
spaceassociated with G1. Then z1 is an extreme point of P(G1). �

Lemma 6. We can assumethat 0 < �z(u; v) < 1 for all (u; v) 2 A.

Proof. If �z(u; v) = 1 it follows from Lemma 3 that � � (u) = ; and � + (u) = f (u; v)g. Since
�z(v) = 1, Lemma 3 implies that v is pendent. It follows from Lemma 4 that �z(r; v) = 1
for all (r; v) 2 � � (v). Therefore � � (v) is a connected component of G. All variables
associated with this connectedcomponent take integer values. �

Lemma 7. We can assumethat G is either two-connected or it consists of a single arc.
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Proof. If G has an articulation point we can apply Theorem 1 to decompose G into
G1 and G2. If inequalities (1)-(4) de�ne UF LP (G1) and UF LP (G2), then a similar
systemshould de�ne UF LP (G). One can keepdecomposingas long as the graph hasan
articulation point. �

If the graph G consistsof a single arc it is fairly easyto seethat UF LP (G) = P(G),
so now we have to deal with the two-connectedcomponents. This is treated in the next
section.

4. Trea ting tw o-connected graphs

In this section we assumethat the graph G is two-connectedand it has no odd cycle.
Let �z be a fractional extreme point of P(G), we are going to assignlabels l to the nodes
and arcs and de�ne z0(u; v) = �z(u; v) + l(u; v)� , z0(u) = �z(u) + l(u)� , � > 0, for each arc
(u; v) and each node u. We shall seethat every constraint that is satis�ed with equality
by �z is also satis�ed with equality by z0. This is the required contradiction.

Given a path P = v0; a0; : : : ; ap� 1; vp. Assumethat the label of a0, l (a0) has the value
1 or � 1. We de�ne the labeling procedure as follows.

For i = 1 to p � 1 do

� If vi is the headof ai � 1 and it is the tail of ai then l(vi ) = l(ai � 1), l (ai ) = � l (vi ).
� If vi is the headof ai � 1 and it is the headof ai then l(vi ) = l(ai � 1), l (ai ) = l(vi ).
� If vi is the tail of ai � 1 and it is the headof ai then l(vi ) = � l (ai � 1), l (ai ) = l(vi ).
� If vi is the tail of ai � 1 and it is the tail of ai then l(vi ) = 0, l(ai ) = � l (ai � 1).

Notice that the labels of v0 and vp were not de�ned.

This procedurewill be used in four di�eren t casesas below.

Case 1. G contains a directed cycle C = v0; a0; : : : ; ap� 1; vp. Assumethat the head
of a0 is v1, set l (v0) = � 1, l (a0) = 1 and extend the labels as above.

Case 2. G contains a cycle C = v0; a0; : : : ; ap� 1; vp and _C 6= ; . Assumev0 2 _C. Set
l(v0) = 0, l(a0) = 1 and extend the labels.

The lemma below is neededto show that for v0, the constraints that were satis�ed
with equality by �z remain satis�ed with equality.

Lemma 8. After labeling as in Cases1 and 2 we have l(ap� 1) = � l (a0).

Proof. Case1 should be clear, so we have to study Case2. Let vj (0) ; vj (1) ; : : : ; vj (k) be
the ordered sequenceof nodesin _C, with vj (0) = vj (k) . A path in C

vj (i ) ; aj (i ) ; : : : ; aj (i +1) � 1; vj (i +1)

from vj (i ) to vj (i +1) will be called a segment and denoted by Si . A segment is odd (resp.
even) if it contains and odd (resp. even) number of arcs. Let ne be the number of even
segments and no the number of odd segments. We have that ne + no = j _Cj. We also
have that the parit y of p is equal to the parit y of no. Therefore no + j _Cj should be even.

The labeling has the following properties:

a) If the segment is odd then l(aj (i ) ) = � l (aj (i +1) � 1).
b) If the segment is even then l(aj (i )) = l(aj (i +1) � 1).
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Now we build an undirected cycle as follows. For every node vj (i ) we have a two
nodesu1

i and u2
i , we add an edgebetweenthem marked \blue". For every segment from

vj (i ) to vj (i +1) we have an edge from u2
i to u1

i+1 . If the segment is odd we mark the
edge\blue", otherwise we mark it \green". Start by giving the label l (u2

0) = 1 to u2
0.

Continue labeling so that if st is a blue edgethen l(t) = � l (s) and if the edgeis green
then l(t) = l(s). The label of u2

i corresponds to the label of aj (i ) and the label of u1
i+1

corresponds to the label of aj (i +1) � 1. There is an even number of blue edgesin the cycle,
therefore l(u1

0) = � l (u2
0). Thus

l(ap� 1) = � l (a0):

�

Notice that after the �rst cyclehasbeenlabeledasin Cases1 or 2, the propertiesbelow
hold, we shall seethat theseproperties hold throughout the entire labeling procedure.

Prop ert y 1. If a node has a nonzero label, then it is the tail of at most one labeled
arc.

Prop ert y 2. If a node has a zero label, then it is the tail of exactly two arcs with
opposite labels, and it is not the head of any labeled arc.

The lemma below shows a property of the labeling procedurethat will be usedin the
analysis of the next case.

Lemma 9. Let P = v0; a0; v1; a1; : : : ; ap� 1; vp be a path. Suppose that we set l(a0) and
we extend the labels, then the label of ap� 1 is determined by

� the orientation of a0,
� the orientation of ap� 1, and
� the parity of P.

Proof. Add a node t and the arcs �a = (t; v0) and ~a = (t; vp) to create a cycle. If the
cycle is odd subdivide ~a to make it even. Set l(t) = 0, l (�a) = 1 and extend the labels
as in Case2. It follows from Lemma 8 that the label of the arc before �a is � l (�a), this
determinesthe label of the previous arc and so on. �

Once a cycle C has beenlabeled as in Cases1 or 2, we have to extend the labeling as
follows.

Case 3. Supposethat l(v0) 6= 0 for v0 2 C, (v0 is the head of a labeled arc), and
there is a path P = v0; a0; v1; a1; : : : ; ap� 1; vp in G such that:

- v0 is the head of a0,
- vp 2 C,
- f v1; : : : ; vp� 1g is disjoint from C.

We set l(a0) = l(v0) and extend the labels. Case3 is neededso that any inequality (2)
associated with v0 that is satis�ed with equality, remains satis�ed with equality.

We have to seethat the label l (ap� 1) is such that constraints associated with vp that
were satis�ed with equality remain satis�ed with equality. This is discussedin the next
lemma.

Lemma 10. If vp is the head of ap� 1 then l(ap� 1) = l(vp). If vp is the tail of ap� 1 then
l(ap� 1) = � l (vp).
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Proof. Notice that v0 =2 _C, in Figure 2 we represent the possiblecon�gurations for the
paths in C betweenv0 and vp. In this �gure we show whether v0 and vp are the head or
the tail of the arcs in C incident to them. These two paths are denoted by P1 and P2.
Lemma 9 shows that we have to pay attention to their parit y and to the orientation of
the �rst and last arc.

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........

........
.......

........
........

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
....... .......

......................

.....................
.......
......................

.....................

v0

vp

(1)

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........

.......

........
........

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
....... .......

......................

.....................

(2)

v0

vp
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........

........
.......

........
........

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
....... .......

......................

.....................
.......
......................

.....................

.................
..........

..
........
........
.....

(3)

v0

vp
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........

.......

........
........

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
....... .......

......................

.....................

.................
..........

..
........
........
.....

(4)

v0

vp
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........

.......

........
........

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
....... .......

......................

.....................
.......
......................

.....................

.................
..........

..
........
........
.....

................
........
.....

.........
..........
..

(5)

v0

vp
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........

.......

........
........

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
....... .......

......................

.....................

................
........
.....

.........
..........
..

(6)

v0

vp
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........

.......

........
........

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.......

................
........
.....

.........
..........
..

.......
......................

.....................

.................
..........

..
........
........
.....

(7)

v0

vp

Figure 2. Possiblepaths in C between v0 and vp. It is shown whether
v0 and vp are the head or the tail of the arcs in C incident to them.

Considercon�guration (1), thesetwo paths should have di�eren t parit y. When adding
the path P, an odd cycle is created with either P1 or P2. So con�guration (1) will not
occur. The samehappenswith con�guration (2).

Now we discusscon�guration (3). Thesetwo paths should have the sameparit y. If vp
is the tail of ap� 1 then P createsan odd cycle with either P1 or P2. If vp is the head of
ap� 1 then P should have the sameparit y as P1 and P2. Then l(ap� 1) = l(vp).

The study of con�guration (4) is similar. The two paths should have the sameparit y.
If vp is the tail of ap� 1 then P createsan odd cycle with either P1 or P2. If vp is the
head of ap� 1 then P should have the sameparit y as P1 and P2, and l(ap� 1) = l(vp).

For con�guration (5) again the two paths shouldhave the sameparit y. If vp is the head
of ap� 1 then P should have the sameparit y as P1 and P2, and l(ap� 1) = l(vp). If vp is
the tail of ap� 1 then P should have the sameparit y as P1 and P2, and l(ap� 1) = � l (vp).

Also in con�guration (6) the paths P1 and P2 should have the sameparit y. If vp is
the tail of ap� 1 then P forms an odd cycle with either P1 or P2. If vp is the headof ap� 1
then P should have the sameparit y as P1 and P2, and l(ap� 1) = l(vp).

In con�guration (7) also the two paths should have the sameparit y. If vp is the head
of ap� 1 then P should have the sameparit y asP1 and P2, and l(ap� 1) = l(vp). If vp is the
tail of ap� 1 then P should have the sameparit y as P1 and P2, and l(ap� 1) = � l (vp). �

Basedon this the labels are extendedrecursively. Denote by G l the subgraph de�ned
by the labeled arcs. This is a two-connectedgraph, so for any two nodes v0 and vp it
contains a cycle going through these two nodes. Thus we can check if Case3 applies
and extend the labels adding each time a path to the graph G l . The two lemmasbelow
shows that Properties 1 and 2 remain satis�ed.

Lemma 11. Suppose that vp has a label di�er ent from 0. If vp is the tail of an arc in
Gl , then in Case3 it cannot be the tail of ap� 1. Thus Property 1 remains satis�ed.

Proof. There is a cycle C in Gl containing v0 and vp. Property 1 implies that v0 is
the head of at least one arc in C. We can assumethat vp is the tail of an arc in C.
Supposenot, let a be an arc in Gl whosetail is vp. Let u be the head of a. SinceGl is
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two-connected,there is a path Q from u to a node v in C with v 6= vp. The path Q only
intersectsC at the node v. We can add a and Q to C and remove the path in C from vp
to v that doesnot contain v0 as an internal node.

The cycle C can contain con�gurations (3), (4) and (6) of Figure 2. In these three
cases,the head of ap� 1 is vp. �

Lemma 12. Let w be a node in Gl with l(w) = 0, then in Case3 we have that vp 6= w.
Therefore Property 2 remains satis�ed.

Proof. Let a1, a2 be the two arcs in Gl having w as their tail. If vp = w, the cycle
C in Case3 must contain both arcs a1 and a2. But con�gurations (1) and (2) cannot
occur. �

Once Case3 has been exhaustedwe might have somenodes in G l that are only the
head of labeled arcs. For such nodes we have to ensurethat inequalities (1) that were
satis�ed as equality remain satis�ed as equality. This is treated as follows.

Case 4. Supposethat v0 is only the headof labeledarcs,and v0 is not pendent. Then
there is a cycle C in Gl and there is a path P = v0; a0; v1; a1; : : : ; ap� 1; vp in G such that:

- v0 2 C is the tail of a0,
- vp 2 C,
- f v1; : : : ; vp� 1g is disjoint from Gl .

We set l(a0) = � l (v0) and extend the labels. We have to seethat the label l (ap� 1)
is such that constraints associated with vp, that were satis�ed with equality, remain
satis�ed with equality. This is discussedbelow.

Lemma 13. In Case 4 we have that vp is the tail of ap� 1 and l(ap� 1) = � l (vp). Also
Properties 1 and 2 continue to hold.

Proof. The cycle C can correspond to con�gurations (1), (3) or (5) of Figure 2.

For con�guration (1), the paths P1 and P2 have di�eren t parities, thereforeadding the
path P would create an odd cycle.

Consider now con�guration (3). The paths P1 and P2 have the sameparit y. If vp is
the tail of ap� 1 then adding P to C would create an odd cycle. If vp is the head of ap� 1
we would have a situation treated in Case3 and con�guration (7).

Finally considercon�guration (5). If vp is the headof ap� 1 we would have a situation
treated in Case3 and con�guration (5). If vp is the tail of ap� 1, then P should have the
sameparit y as P1 and P2, thus l(ap� 1) = � l (vp). If vp was the tail of an arc in Gl we
would have a cycle like in con�guration (3). Adding P to this cycle would createan odd
cycle. Therefore vp was not the tail of an arc in Gl and Properties 1 and 2 continue to
hold. �

To summarize, the labeling algorithm consistsof the following steps.

� Step 1. Identify a cycle C in G and treat it as in Cases1 or 2. Set G l = C.
� Step 2. For as long as neededlabel as in Case3. Each time add to G l the new

set of labeled nodesand arcs.
� Step 3. If needed,label as in Case4. Each time add to Gl the new set of labeled

nodesand arcs. If somenew labels have beenassignedin this step go to Step 2,
otherwise stop.



10 M. BA •IOU AND F. BARAHONA

At this point we can discussthe properties of the labeling procedure. The labels are
such that any inequality (2) that was satis�ed with equality by �z is also satis�ed with
equality by z0. To seethat inequalities (1) that weretight remain tight, we useProperties
1 and 2:

� Any node that has a nonzero label is the tail of exactly one labeled arc having
the opposite label.

� If u is a node with l(u) = 0, then there are exactly two labeled arcs having
opposite labels and whosetail is u.

Finally we give the label \0" to all nodesand arcs that are unlabeled, this completesthe
de�nition of z0. Lemma 6 shows that inequalities (4) will not be violated. Sincenodesv
with �z(v) = 0 receive a zero label, and there are no nodesv with �z(v) = 1, we have that
inequalities (3) cannot not be violated. Any constraint that is satis�ed with equality
by �z is also satis�ed with equality by z0, this contradicts the assumption that �z is an
extreme point. We can state the main result of this section.

Theorem 14. If the graph G is two-connected and has no odd cycle then UF LP (G) =
P(G).

This implies the following.

Theorem 15. If G is a graph with no odd cycle, then UF LP (G) = P(G).

Theorem 16. For graphswith no odd cycle, the uncapacitated facility location problem
is polynomially solvable.

In somecasesone might want to �x to zero the variables y for someset of nodes,and
also set to equation someof the inequalities (1). This de�nes a face Q(G) of P(G). We
have the following corollary that will be used in Section 8.

Corollary 17. If G is a graph with no odd cycle then Q(G) is an integral polytope.

5. Odd cycles

In this section we study the e�ect of odd cyclesin P(G). Let C be an odd cycle. We
can de�ne a fractional vector ( �x; �y) 2 P(G) as follows:

�y(u) = 0 for all nodesu 2 _C;(17)

�y(u) = 1=2 for all nodesu 2 C n _C;(18)

�x(a) = 1=2 for a 2 A(C);(19)

�y(v) = 0 for all other nodesv =2 C;(20)

�x(a) = 0 for all other arcs.(21)

In Figure 3 we show two examples.The numberscloseto the nodescorrespond to the
y variables, and the numbers closeto the arcs correspond to the x variables.

Below we show a family of inequalities that separatethe vectors de�ned above from
UF LP (G). We call them odd cycle inequalities.

Lemma 18. The following inequalities are valid for UF LP (G).

(22)
X

a2 A(C)

x(a) �
X

v2 Ĉ

y(v) �
j ~Cj + jĈj � 1

2

for every odd cycle C.
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Figure 3. Fractional vectors associated with odd cycles.

Proof. From inequalities (1)-(4) we obtain

x(u; v) + x(� + (v)) � 1; for every arc (u; v) 2 C; v =2 Ĉ;

x(u; v) � y(v) � 0; for every arc (u; v) 2 C; v 2 Ĉ;

x(� + (v)) � 1; for v 2 _C:

Their sum gives

2
X

a2 A(C)

x(a)� 2
X

v2 Ĉ

y(v)+
X

v2 _C

x(� + (v)nA(C)) +
X

v2 ~C

x(� + (v)nA(C)) � jA(C)j � 2jĈj+ j _Cj:

which implies
2

X

a2 A(C)

x(a) � 2
X

v2 Ĉ

y(v) � j ~Cj + j _Cj:

dividing by 2 and rounding down the right hand side we obtain
X

a2 A(C)

x(a) �
X

v2 Ĉ

y(v) �
j ~Cj + j _Cj � 1

2

�

Now we can present our main result.

Theorem 19. Let G be a directed graph, then UF LP (G) = P(G) if and only if G does
not contain an odd cycle.

Proof. If G contains and odd cycle C, then we can de�ne a vector ( �x; �y) 2 P(G) as in
(17)-(21). We have

X

a2 A(C)

�x(a) �
X

v2 Ĉ

�y(v) =
j ~Cj + jĈj

2
:

Lemma 18 shows that �z =2 UF LP (G).

Then the theorem follows from Theorem 15. �

6. Separa tion of odd cycle inequalities

Now we study the separation problem: Given a vector ( �x; �y) 2 P(G), �nd an odd
cycle inequality (22), if there is any, that separates( �x; �y) from UF LP (G).

To solve the separation problem we write the inequalities as

2
X

a2 A(C)

x(a) +
X

v2 Ĉ

(1 � 2y(v)) � jA(C)j � 1;
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or X

a2 A(C)

(1 � 2x(a)) +
X

v2 Ĉ

(2y(v) � 1) � 1:

In order to reduce this to a shortest path problem several graph transformation are
required.

6.1. First Transformation. We build an auxiliary undirected graph H = (N ; F ). For
every arc a = (u; v) 2 A we create the nodes (u; a) and (v; a) in H . The �rst node is
called a tail node and the secondone is called a head node. The tail node is associated
with u and the head node is associated with v. We also create and edgebetween these
two nodes with the weight (1 � 2�x(u; v)) and give the label blue to this edge,also this
type of edgewill be called old. SeeFigure 4.

.............................
.........u v

1 � 2�x(u; v)
� �

Figure 4. Edge associated with the arc (u; v). It has the label blue and
is called old.

Now for every node v 2 V and every pair of nodes in H associated with v we create
an edgein H as follows. This type of edgeswill be called new. Let n1 and n2 be two
nodesin H associated with v, we distinguish two cases:

� At least one of them is a tail node. In this casewe add and edgebetweenthem
with weight zero and label black.

� Both n1 and n2 are head nodes. In this casewe add an edgebetweenthem with
weight 2�y(v) � 1 and we label this edgeblue. SeeFigure 5.
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0 �

�

2�y(v) � 10 �

�

Figure 5. New edges. In the �rst two casesthey have the label black,
in the last caseit has the label blue. Besideeach new edgewe show their
weight.

A cycle in H consisting of an alternating sequenceof old and new edgesis called an
alternating cycle. The separation problem reducesto �nding an alternating cycle in H
with an odd number of blue edgesand total weight lessthan one.

6.2. Second transformation. To �nd an alternating cycle in H with an odd number
of blue edges,we create a new graph H 0 = (N 0; F 0) as follows. For every node n 2 H we
make two copiesn0 and n00. Let n1n2 be an edgein H , we have two cases:

� If n1n2 is blue, we create the edgesn0
1n00

2 and n00
1n0

2 with the sameweight asn1n2,
and the samename (old or new).

� If n1n2 is black we createthe edgesn0
1n0

2 and n00
1n00

2 with the sameweight asn1n2,
and the samename (new).
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Then for every node n 2 H we �nd a shortest alternating path P from n0 to n00in H 0.
The �rst edgein the path should be new, and the last edgeshould be old. Supposethat
the weight of P is less than one, then for each node p 2 H such that p0 and p00are in
P we identify them. This gives a (non-necessarilysimple) cycle that is alternating, has
an odd number of blue edgesand has weight lessthan one. Notice that the derivation
of inequalities (22) doesnot depend upon the cycle being simple.

Sincethe edge-weights could be negative, to �nd a shortest alternating path we have
to modify Bellman-Ford algorithm for shortest paths as follows. Let s be a sourcenode.
Let f k

o (v) be the length of a shortest alternating path from s to v having at most k arcs,
whose�rst arc is new and whoselast arc is old. Let f k

n (v) be the length of a shortest
alternating path from s to v having at most k arcs,whose�rst arc is new and whoselast
arc is new. Thesevaluesare computed with the following formulas:

f k
o (v) = min

�
f k� 1

o (v); minf f k� 1
n (u) + duv j uv is oldg

	
;

f k
n (v) = min

�
f k� 1

n (v); minf f k� 1
o (u) + duv j uv is newg

	
;

f 0
o (s) = 0; f 0

n (s) = 1 ;

f 0
o (v) = f 0

n (v) = 1 ; for v 6= s:

This algorithm requires that the graph has no alternating cycle of negative weight,
this is shown below.

Lemma 20. The edgeweightscannot create a cycle of negative weight.

Proof. Supposethat
X

a2 A(C)

(1 � 2�x(a)) +
X

v2 Ĉ

�
2�y(v) � 1

�
< 0;

for somecycle C. This implies

2
X

a2 A(C)

�x(a) � 2
X

v2 Ĉ

�y(v) > jCj � jĈj;

but when deriving inequalities (22) we had

2
X

a2 A(C)

�x(a) � 2
X

v2 Ĉ

�y(v) � jCj � jĈj:

�

The complexity of this method is as follows.

Theorem 21. The separation problemfor inequalities (22) can be solved in O(jV j2jAj2)
time.

Proof. For the graph H = (N ; F ), we have jN j = 2jAj and jF j � jAj + jAjjV j. For
H 0 = (N 0; F 0), we have jN 0j = 4jAj and jF 0j � 2jAj + 2jAjjV j. For a particular value k,
computing the valuesf takesO(jF 0j) operations. Sincek � jV j. Applying this algorithm
for a particular sources takes O(jV j2jAj) operations. Sinceevery node of H should be
tried as a source,the entire proceduretakesO(jV j2jAj2) time. �
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7. Detecting odd cycles

Now we study how to recognizethe graphs G for which UF LP (G) = P(G). We start
with a graph G and a new undirected graph H = (N ; E) is built as follows. For every
node u 2 G we have the nodes u0 and u00in N , and the edgeu0u002 E. For every arc
(u; v) 2 G we have an edgeu0v002 E. SeeFigure 6.
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.......................
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.......................
.......

u v

u0

u00

v0

v00

Figure 6. Basic transformation to create the graph H .

Consider a cycle C in G, we build a cycle CH in H as follows.

� If (u; v) and (u; w) are in C, then the edgesu0v00and u0w00are taken.
� If (u; v) and (w; v) are in C, then the edgesu0v00and v00w0 are taken.
� If (u; v) and (v; w) are in C, then the edgesu0v00, v00v0, and v0w00are taken.

On the other hand, a cycle in H corresponds to a cycle in G. Thus there is a one to
one correspondenceamong cyclesof G and cyclesof H . Moreover, if the cycle in H has
cardinality 2q, then q = j _Cj + j ~Cj, where C is the corresponding cycle in G. Therefore
an odd cycle in G corresponds to a cycle in H of cardinality 2(2p + 1) for somepositive
integer p. SeeFigure 7.
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Figure 7. An odd cycle in G and the corresponding cycle in H . The
nodesof H closeto a node u 2 G correspond to u0 or u00.

In other words, �nding an odd cycle in G reducesto �nding a cycle of cardinality
2(2p + 1), for somepositive integer p, in the bipartite graph H .

For this question, a linear time algorithm was given in [12], a simple O(jV jjAj2) has
beengiven in [6], we describe it below.

First we should �nd a cycle basisof H and test if the cardinality of every cycle in this
basis is 0 mod 4. If there is one whosecardinality is 2 mod 4 we are done. Otherwise
consider the symmetric di�erence of two cycles whose cardinality is 0 mod 4. If the
cardinality of their intersection is even then the cardinality of their symmetric di�erence
is 0 mod 4, otherwise it is 2 mod 4. Since any cycle C can be obtained as symmetric
di�erence of a set of cycles in the basis, if the cardinality of C is 2 mod 4, then there
are at least two cyclesin the basiswhosesymmetric di�erence has cardinality 2 mod 4.
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Therefore one just has to test all elements of a cycle basisand the symmetric di�erence
of all pairs.

8. The bipar tite case

Now we assumethat V is partitioned into V1 and V2, A � V1 � V2, and we deal with
the system

X

(u;v )2 A

x(u; v) = 1 8u 2 V1;(23)

x(u; v) � y(v) 8(u; v) 2 A;(24)

0 � y(v) � 1 8v 2 V2;(25)

x(u; v) � 0 8(u; v) 2 A:(26)

We denote by �( G) the polytope de�ned by (23)-(26). Notice that �( G) is a face of
P(G). Let �V1 be the set of nodesu 2 V1 with j� + (u)j = 1. Let �V2 be the set of nodesin
V2 that are adjacent to a node in �V1. It is clear that the variables associated with nodes
in �V2 should be �xed, i. e. y(v) = 1 for all v 2 �V2. Let us denote by �G the subgraph
induced by V n �V2. In this sectionwe prove that �( G) is an integral polytope if and only
if �G has no odd cycle.

Let us �rst assumethat �G hasno odd cycle. As before,wesupposethat �z is a fractional
extreme point of �( G). The analoguesof lemmas3-6 apply here. Thus we can assume
that we deal with a connectedcomponent G0. Lemma 4 implies that any node in �V2 is
not in a cycle of G0. Therefore G0 has no odd cycle and P(G0) is an integral polytope.
Since�( G0) is a faceof P(G0), we have a contradiction.

Now let C be an odd cycle of �G. We can de�ne a fractional vector as follows:

�y(v) = 1=2 for all nodesv 2 V2 \ V (C);

�x(a) = 1=2 for a 2 A(C);

�y(v) = 1 for all nodesv 2 V2 n V (C):

For every node u 2 V1 n V(C), we look for an arc (u; v) 2 � + (u). If �y(v) = 1 we set
�x(u; v) = 1. If �y(v) = 1=2, then there is another arc (u; w) 2 � + (u) such that �y(w) = 1=2
or �y(w) = 1. We set �x(u; v) = �x(u; w) = 1=2. Finally we set �x(a) = 0 for each remaining
arc a. This vector satis�es (23)-(26), but it violates the inequality (22) associated with
C. So in this case(23)-(26) doesnot de�ne an integral polytope. Thus we can state the
following.

Theorem 22. The system (23)-(26) de�nes an integral polytope if and only if �G has no
odd cycle.

Theorem 23. The bipartite version of the UFLP is polynomially solvablefor graphsG
such that �G has no odd cycle.

This classof bipartite graphs can be recognizedin polynomial time as described in
Section 7.

Ac kno wledgmen ts. We are grateful to G�erard Cornu�ejols for pointing out to us
references[12] and [6].
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