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Abstract. In this paper, we analyze the numerical behaviour of a separable Augmented La-
grangian algorithm with multiple scaling parameters, different parameters associated with each dual-
ized coupling constraint as well as with each subproblem. We show that an optimal superlinear rate
of convergence can be theoretically attained in the twice differentiable case and propose an adaptive
scaling strategy with the same ideal convergence properties. Numerical tests performed on quadratic
programs confirm that Adaptive Global Scaling subsumes former scaling strategies with one or many
parameters.
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Introduction. This work is motivated by the need to improve the performance
of SALA, a separable Augmented Lagrangian algorithm proposed by Hamdi et al
[HMD97] for solving large-scale decomposable optimization problems. (SALA) is an
extension of the Proximal Decomposition method (see [MOD95]) and belongs to the
family of splitting algorithms like the method of Douglas and Rachford [LM79] and
the Alternate Direction Method of Multipiers (see [Fuk92, E ck89]). It is shown in
[MOD95] that the Proximal Decomposition leads to a separable regularization of the
dual function which induces in the primal space some block-coordinate Augmented
Lagrangian functions. A parameter can naturally be associated with the quadratic
terms of the Augmented Lagrangian (denoted hereafter by thescaling parameter
� > 0). The algorithm was shown to be very sensitive to the value of that parameter,
turning di�cult in practical situations to obtain the best c onvergence rate.

Furthermore, it was shown in [MDBH00] that, while � penalizes the primal cou-
pling constraints and greater values will accelerate the primal sequence,� � 1 penalizes
the dual sequence, so that a compromise value is expected to be optimal. This is the
reason why the parameter is no more a penalty parameter like in the classical Aug-
mented Lagrangian method, but a scaling parameter.

A �rst bound on the rate of convergence of the Douglas-Rachford's algorithm for
�nding a zero of the sum of two maximal monotone operators wasgiven early by Lions
and Mercier [LM79]. This bound was derived too in the scaled version of the Proximal
Decomposition method by Mahey et al [MOD95] and then improved when the optimal
situation was known to correspond to a compromise between accelerating the primal or
the dual sequences [MDBH00]. Complementary results on the theoretical convergence
rate of that family of algorithms have been also reported by Luque [Luq84]. In
his PhD thesis [Eck89], Eckstein has reported many numerical experimentations on
the Alternate Direction Method of Multipliers, exhibiting the characteristic spiralling
e�ect on the primal-dual iterates. Multidimensional scali ng was analyzed by Dussault
et al [DGM03] but the �rst experiments in the quadratic case have induced the belief
that the convergence rate could not be better than 1/2.

We are interested here in the numerical behaviour of SALA with a new scaling
strategy, quoted as the 'Global Scaling', with respect to any coupling constraints as
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well as to any subproblem. Moreover, practical implementation issues like the iterative
adjustment of the scaling parameters are also discussed in order to build a general
decomposition algorithm with global scaling.

After introducing SALA and its scaled version with multidim ensional scaling,
we propose in section 2 a global scaling strategy with di�erent parameters in each
subproblems. That strategy, sometimes called 'block-scaling', appeared in former
works by Eckstein [Eck94, EF90] or Kontogiorgis and Meyer [KM95], but it has not
been formally analyzed from a computational point of view. In order to analyze
its convergence properties, we use the formal setting of maximal monotone operators
leading to a new version of the Proximal Decomposition method with Global Scaling in
section 3. The asymptotic behaviour of the di�erentiable case shows that superlinear
convergence could be attained at least in theory, thus improving the bound of 1/2
observed in the case of a single parameter. The optimal rate is derived from the
gradient of the monotone operator, i.e. from the Hessian matrix when dealing with
optimization problems.

An adaptive scaling is introduced in section 4 to acceleratethe convergence in
the general case. Numerical results described in the last section compare the di�erent
updating rules on quadratic minimization problems with lin ear coupling constraints.

1. Algorithm SALA for convex separable problems. We are interested in
solving the following convex program de�ned on the product spaceRn = Rn 1 � : : : �
Rn p (we will use the notation h�; �i to denote the dot product in the corresponding
�nite dimension space).

8
>>>><

>>>>:

Minimize
pX

i =1

f i (x i )

pX

i =1

gi (x i ) = 0

(P1)

where f i are extended real valued convex functions supposed to be proper and
lower-semi-continuous (l.s.c) andgi are a�ne:

gi : Rn i ! Rm

x i 7! gi (x i ) = Gi x i � bi

Algorithm SALA tackles solving this problem via a decomposition-coordination
scheme which involves subproblems with local augmented lagrangian functions to be
minimized. Before introducing the method, we �rst reformul ate (P1) with the help
of the following subspace ofRmp :

A =

8
><

>:
y =

0

B
@

y1
...

yp

1

C
A 2 (Rm )p=

pX

i =1

yi = 0

9
>=

>;
(1.1)

referenced to as thecoupling subspace. If we allocate resource vectors to each term of
the coupling constraint yi = gi (x i ), or in a shortened way:

y =

0

B
@

y1
...

yp

1

C
A =

0

B
@

g1(x1)
...

gp(xp)

1

C
A = g(x)
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we get an embedded formulation of (P1) with a distributed coupling:
8
>>><

>>>:

Minimize
pX

i =1

f i (x i )

8i = 1 ; : : : ; p y = g(x)
y 2 A

(P2)

The Augmented Lagrangian function (of parameter � > 0) obtained by associat-
ing multipliers ui with allocation constraints yi = gi (x i ) is:

L � (x; y; u) = f (x) � h u; g(x) � yi +
�
2

kg(x) � yk2 (1.2)

where f (x) denotes
P p

i =1 f i (x i ). It decomposes into the sum:

L � (x; y; u) =
pX

i =1

L �;i (x i ; yi ; ui ) (1.3)

with:

L �;i (x i ; yi ; ui ) = f i (x i ) � h ui ; gi (x i ) � yi i +
�
2

kgi (x i ) � yi k
2 (1.4)

We suppose thatL � has a saddle point (�x; �y; �u). Consequently (P2) can be solved
through the maxi-minimization of L � . The classical method of multipliers �nds such
a saddle-point by alternating:

� the minimization of ( x; y) 7! L � (x; y; uk ) over Rn � A giving (xk+1 ; yk+1 )
� the multipliers update : uk+1 = uk � � (g(xk+1 ) � yk+1 )

This method is known not to take pro�t from the decomposable structure of the
problem. So as to exploit the separability of (P2), algorithm SALA (algorithm 1)
minimizes successively overx and y in a Gauss-Seidel fashion. The minimization in
x then decomposes into thep independent subproblems:

min
x i 2 Rn i

L �;i (x i ; yk
i ; uk

i ) (SPi )

which can be solved in parallel. Suppose now thatuk is in A ? for all k (this fact will
be veri�ed later), the dot product



uk ; y

�
is hence null for anyy 2 A and consequently

the minimization with respect to y reduces to �nding the closest vectoryk+1 in A to
g(xk+1 ) i-e the projection :

yk+1 = � A g(xk+1 ) (1.5)

with � A , � A ? denoting the projectors ontoA and A ? . Since the optimality conditions
for (P2) state that u 2 A ? , the �nal stage consists in a projected subgradient step:

uk+1 = uk + � � A ? g(xk+1 ) (1.6)

where the step length� is the parameter we used in de�nition (1.2). The projection of
g(xk+1 ) on A is equivalent to compute the amount of the coupling constraint violation:

r k+1 =
pX

i =1

gi (xk+1
i ) (1.7)

3



and then to equitably distribute it among the subproblems. The components of the
projected vector are then:

yk+1
i = gi (x

k+1
i ) �

1
p

r k+1 (1.8)

Observe that if we chooseyk=0 and uk=0 in their mutually orthogonal feasibility
subspacesA and A ? (we can take y0 = u0 = 0 for instance), then the updating for-
mulas (1.6), (1.7), (1.8) will provide sequences

�
yk

	
k

and
�

uk
	

k
staying respectively

in A and A ? . The latter subspace has the explicit formulation:

A ? =

8
><

>:
u =

0

B
@

u1
...

up

1

C
A 2 (Rm )p=u1 = : : : = up 2 Rm

9
>=

>;
(1.9)

At every iteration k, the knowledge ofuk reduces to the knowledge of its common
component valuevk = uk

1 = � � � = uk
p in (1.9) so the update step becomes:

vk+1 = vk �
�
p

r k+1 (1.10)

Algorithm 1 SALA : a Separable Augmented Lagrangian Algorithm

Require: � > 0; � > 0; y0 2 A ; v0 2 Rm

1: repeat
2: for all i = 1 ; : : : ; p do
3: xk+1

i :2 arg minx i f i (x i ) + �
2




 gi (x i ) � yk

i




 2

�


vk ; gi (x i )

�

4: end for
5: r k+1  

P p
i =1 gi (x

k+1
i )

6: for all i = 1 ; : : : ; p do
7: yk+1

i  gi (x
k+1
i ) � 1

p r k+1

8: end for
9: vk+1  vk � �

p r k+1

10: k  k + 1
11: until




 g(xk+1 ) � yk




 < �

2. Global scaling of SALA. SALA can be derived from the Douglas-Rachford
splitting scheme for the sum of two monotone operators [LM79]. In many numerical
tests performed on algorithms deriving from this method ([Eck89], [EB90], [Kon94],
[MDBH00], [MOD95], [RW91], [SR03]), the performance was observed to heavily
depend on the choice of� . This parameter actually behaves like a scaling parameter
between primal and dual sequences, driving the behavior of the algorithm. A too
small (respectively too huge) value of� will make the sequence too conservative with
respect to primal (respectively to dual) information from one iteration to other. In
both cases, the resulting algorithm will turn out to be slow. Thus, parameter � must
be tuned so as to balance the progress of primal and dual sequences.

A multi-dimensional scaling version of SALA is presented in[DGM03]. It consists
in setting � = 1 and to multiply the coupling constraints by an invertible scaling
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matrix M . We thus deal with the equivalent problem:
8
>>><

>>>:

Minimize
pX

i =1

f i (x i )

8i = 1 ; : : : ; p zi = Mg i (x i )
z 2 A

(P3)

The use of a matrixM provides more freedom for primal-dual balancing. However,
this scaling must be the same in every subproblem.

We present now an extension of this technique which allows the matrix to be
di�erent from one subproblem to an other. This extension will be called 'Global
Scaling'.

Instead of allocating yi = Mg i (x i ) with a common matrix M for all subproblems
in (P3), we can introduce matricesM i di�erent from each other for every i . We thus
use scaled allocationszi = M i gi (x i ) or z = Mg(x) with M denoting the invertible
bloc diagonal scaling matrix:

M =

0

B
@

M 1

. . .
M p

1

C
A (2.1)

To override the e�ect of this scaling, the concatenated scaled allocation vector z has
now to live in a subspace depending onM :

A M =

8
><

>:
z =

0

B
@

z1
...

zp

1

C
A 2 (Rm )p=

pX

i =1

M � 1
i zi = 0

9
>=

>;
(2.2)

and we get a new equivalent formulation of (P1):
8
>>><

>>>:

Minimize
pX

i =1

f i (x i )

8i = 1 ; : : : ; p zi = M i gi (x i )
z 2 A M

(P4)

Following the same approach as before, we can write the augmented lagrangian
function (of parameter � = 1) obtained by associating a multiplier w with the scaled
allocation constraint z = Mg(x):

L M (x; z; w) = f (x) � h w; Mg(x) � zi +
1
2

kMg(x) � zk2

which also decomposes into a sum:

L M (x; z; w) =
pX

i =1

L i;M i (x i ; zi ; wi ) (2.3)

with:

L i;M i (x i ; zi ; wi ) = f i (x i ) � h wi ; M i gi (x i ) � zi i +
1
2

kM i gi (x i ) � zi k
2 (2.4)

5



Applying the same Gauss-Seidel technique as in SALA, we obtain algorithm 2.
The minimization in x still consists in solving independent subproblems:

min
x i

L i;M i (x i ; zk
i ; wk

i ) (SP0
i )

The minimization with respect to z will reduce to the projection :

zk+1 = � A M Mg(xk+1 ) (2.5)

and the multiplier update will be:

wk+1 = wk + � A ?
M

Mg(xk+1 ) (2.6)

To project onto A M we use the fact that A M = ker(N ) with:

N =
�
M � 1

1 j : : : jM � 1
p

�

Consequently, the projectors ontoA M and A ?
M respectively are:

� A M = I � N > (NN > )� 1N (2.7)

� A ?
M

= N > (NN > )� 1N (2.8)

Algorithm 2 SALAGS : SALA with Global Scaling

Require: M i invertible i = 1 ; : : : ; p; � > 0;z0 2 A M ; w0 2 A ?
M

1: repeat
2: for all i 2 f 1; : : : ; pg do
3: xk+1

i :2 arg minx i f i (x i ) � h wi ; M i gi (x i ) � zi i + 1
2 kM i gi (x i ) � zi k

2

4: end for
5: r k+1  

P
i gi (xk+1

i )
6: for all i 2 f 1; : : : ; pg do
7: sk+1

i  M �>
i (

P p
i 0=1 M � 1

i 0 M �>
i 0 )� 1r k+1

8: zk+1
i  M i gi (xk+1

i ) � sk+1
i

9: wk+1
i  wk

i + sk+1
i

10: end for
11: k  k + 1
12: until kMg(x) � zk < �

The orthogonal subspace where the optimal multipliers liveis now

A ?
M =

8
><

>:
w =

0

B
@

w1
...

wp

1

C
A 2 (Rm )p=M >

1 w1 = : : : = M >
p wp

9
>=

>;
(2.9)

Compared to SALA, each component of vectorw will be di�erent from each other.
However, we have not to store all of thewi but only v = M >

1 w1 = : : : = M >
p wp. We

thus operate the change of variableu = M > w 2 A ? and just work with the common
component v as before. Following the dual way, we can also sety = M � 1z so as to
work with the real allocations i-e vectors corresponding directly to gi (x i ) instead of
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M i gi (x i ). This notably simpli�es the algorithmic procedure. Letti ng � i = M >
i M i ,

we denotekyi k
2
� i

= hyi ; � i yi i . We then obtain algorithm 3. Note that since M i is
invertible, � i must now be chosen symmetric positive de�nite.

Algorithm 3 SALAGS : SALA with Global Scaling (reformulation)

Require: � i ; i = 1 ; : : : ; p; � > 0;y0 2 A ; v0 2 Rm

1: repeat
2: for all i 2 f 1; : : : ; pg do
3: xk+1

i :2 arg minx i f i (x i ) +



 gi (x i ) � yk

i




 2

� i
�



vk ; gi (x i )

�

4: end for
5: r k+1  

P
i gi (x

k+1
i )

6: for all i 2 f 1; : : : ; pg do
7: yk+1

i  gi (xk+1
i ) � � � 1

i (
P p

i 0=1 � � 1
i 0 )� 1r k+1

8: end for
9: vk+1  vk � (

P p
i 0=1 � � 1

i 0 )� 1r k+1

10: k  k + 1
11: until




 gi (xk+1

i ) � yk
i




 2

� i
< �

Obviously, SALAGS generalizes SALA and SALA with multidimensional scaling
in the sense they respectively are obtained by the choices � =�I and:

� =

0

B
B
@

M
>

M
.. .

M
>

M

1

C
C
A

The convergence properties of algorithm 3 are going to be examined in the fol-
lowing section through the study of a more general algorithm. We will then be able
to prove convergence of SALAGS to a solution of (P2) at the end of the next section
with the help of monotone operator theory.

3. A more general setting : the proximal decomposition method. We
will see in section 3.2 that problem (P2) can be embedded in a larger class of monotone
inclusion problems. Algorithm SALA then appears as a by-product of a more general
algorithm ([MOD95]) namely the proximal decomposition method (PDM). We will
remind algorithm (PDM) in section 3.3 and present its scaledversion in section 3.4
before establishing a bound on the asymptotic convergence rate in the di�erentiable
case in section 3.6.

3.1. Finding an orthogonal primal-dual couple in the graph of a maxi-
mal monotone operator. A multivalued operator T : Rn � Rn is monotone if:

8y; y0 2 Rn ; 8u 2 T(y); 8u0 2 T(y0) hy � y0; u � u0i � 0

and it is maximal if its graph is not properly contained in the graph of another
monotone operator. Let A be a subspace ofRn . We consider the problem of �nding
a couple (y; u) such that

y 2 A (3.1a)

u 2 A ? (3.1b)

u 2 T(y) (3.1c)
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These conditions arise for instance as optimality conditions for convex minimiza-
tion problems of the form miny2A f (y) where T = @f is the subdi�erential of the
closed proper convex functionf .

We associate withT the following couple of resolvent operators:

P = ( I + T)� 1

Q = ( I + T � 1)� 1

Both P and Q are monotone and �rmly non-expansive i-e for all s; s0 2 Rn it holds:

hP s � P s0; s � s0i � k P s � P s0k2

hQs � Qs0; s � s0i � k Qs � Qs0k2

P and Q are single-valued. Moreover, the application:

Rn ! Rn � Rn

s 7! (P(s); Q(s))

is one-to-one from Rn to gr(T ) (the graph of T). These operators also have the
property that P + Q = I and N = 2 P � I = I � 2Q = P � Q is non-expansive
(i-e Lipschitz with constant 1) (see [Bre73] for more results on maximal monotone
operators).

3.2. Writing problem (P2) as a monotone inclusion problem. To trans-
form problem (P2) under the form of inclusion problem (3.1), we can de�ne theconvex
implicit function F which gives the optimal cost for a given resource allocationy:

F (y) = inf
x

f (x) s.t g(x) = y (3.2)

The original problem (P1) is now equivalent to minimize F over the coupling
subspaceA de�ned by (1.1) i-e:

Minimize F (y) (3.3a)

s.t y 2 A (3.3b)

still equivalent to �nd ( y; u) such that:

u 2 @F(y) (3.4a)

(y; u) 2 A � A ? (3.4b)

Now, if F is closed and proper, then (3.4) �ts with formulation (3.1).

3.3. Classical algorithm. The proximal decomposition method aims at solving
(3.1) by applying algorithm 4:

Algorithm 4 PDM : Proximal Decomposition Method

Require: (y0; u0) 2 A � A ?

1: sk := yk + uk

2: Compute (~yk+1 ; ~uk+1 ) := ( P(sk ); Q(sk ))
3: Compute (yk+1 ; uk+1 ) := (� A ~yk+1 ; � A ? ~uk+1 ).
4: k := k + 1
5: Go to 1
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Let denote J the operator:

J = � A P + � A ? Q

which maps sk to sk+1 . J satis�es the following property:
Proposition 3.1 ( [MOD95]). A couple (y; u) solves (3.1) iff there is s 2 Rn

such that:

s = Js (3.5a)

y = P s (3.5b)

u = Qs (3.5c)

Moreover, J is �rmly non-expansive of full domain ([MOD95]). Consequently the
sequence (sk ; yk ; uk ) converges to a solution of (3.5) for any starting values0.

If we apply this algorithm to � � 1
2 T � � 1

2 (which is clearly maximal monotone) and
A as de�ned in subsection 3.2, we then obtain algorithm SALA (algorithm 1).

Remark 3.1. We also could have defined:

~F (x; y) =

(
f (x); if g(x) = y

+ 1 ; else.
(3.6)

The problem then results in minimizing ~F over Rn � A the orthogonal of which is
f 0Rn g � A ? . We could thus obtain an additional proximal term in variable x in step
3 of algorithm 1 like in [Eck94].

3.4. Proximal decomposition with global scaling. We now present a scaled
version of PDM from which we will derive SALAGS. We prove that when T is di�er-
entiable, we are always (at less theoretically) able to obtain super-linear convergence.

We use an idea already met in [Eck94] which consists in operating a linear change
of variable. Let come back to our problem which consists in �nding a couple (y; u)
such that:

u 2 T(y) (3.7a)

(y; u) 2 A � A ? (3.7b)

Let M be an invertible matrix. We operate the change of variable:

z  My

w  M �> u

We denote A M = M A and A ?
M = M �> A ? . So (3.7) is equivalent to �nd M > w 2

T(M � 1z) with ( z; w) 2 A M � A ?
M or equivalently:

w 2 TM (z) (3.8a)

(z; w) 2 A M � A ?
M (3.8b)

with

TM = M �> T(M � 1:) (3.9)

But TM is itself maximal monotone, hence we get a scaled version of original problem
(3.7) with exactly the same structure. We can therefore apply PDM to solve it.
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Let denote PM = ( I + TM )� 1 and QM = ( I + T � 1
M )� 1 as well as:

JM = � A M PM + � A ?
M

QM (3.10)

which are the equivalent ofP; Q and J .

Algorithm 5 GSPDM : Globally Scaled PDM

Require: (y0; u0) 2 A � A ? , M invertible.
1: (zk ; wk ) := ( My k ; M �> uk )
2: sk := zk + wk

3: Compute (~zk+1 ; ~wk+1 ) := ( PM (sk ); QM (sk ))
4: Compute (zk+1 ; wk+1 ) := (� A M ~zk+1 ; � A ?

M
~wk+1 ).

5: (yk+1 ; uk+1 ) := ( M � 1zk ; M > wk ).
6: k := k + 1
7: Go to 1

Applying proposition 3.1, we get the:
Proposition 3.2. A couple (y; u) solves (3.1) iff there is s 2 Rn such that:

s = JM s (3.11a)

y = M � 1PM s (3.11b)

u = M > QM s (3.11c)

and asJM is �rmly non-expansive of full domain, the sequence (yk ; uk ) generated by
algorithm 5 thus converges to a solution of (3.11).

In term of original variables, step 3 is equivalent to �nd (~yk+1 ; ~uk+1 ) such that:

~uk+1 2 T(~yk+1 ) (3.12a)

M ~yk+1 + M �> ~uk+1 = My k + M �> uk (3.12b)

Combining (3.12a) and (3.12b) gives ~yk+1 as the unique solution of:

0 2 T(~yk+1 ) + M > M (~yk+1 � yk ) � uk

Steps 4 and 5 then writes:
�

yk+1

uk+1

�
=

�
M � 1PA M M

M > PA ?
M

M �>

� �
~yk+1

~uk+1

�
(3.13)

which is di�erent from directly projecting onto A � A ? .

3.5. Global convergence of SALAGS. The following proposition states the
convergence of SALAGS.

Proposition 3.3. If F is proper l.s.c, then the sequence
�

(yk ; uk )
	

k generated
by algorithm 3 converges to some (y; u) satisfying (3.8).

Proof. As noticed earlier, algorithm 3 is GSPDM applied to T = @Fwith de�ni-
tion (1.1) of A . If F is proper l.s.c, then so isF (M �) and U = @(F (M �)) is therefore
maximal monotone. From ([MOD95], p459) we obtain the convergence of

�
(zk ; wk )

	
k

generated by PDM to solve (3.8) and consequently the convergence of
�

(yk ; uk )
	

k
generated by GSPDM to solve (3.7).
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3.6. Asymptotic behavior in the differentiable case. Let algorithm 6 con-
verge to (s� ; z� ; w� ). We suppose that TM is di�erentiable at z� i-e TM (z� ) is a
singleton (namely f w� g) and there is a linear continuous transformation r TM (z� )
such that:

TM (z) � TM (z� ) + r TM (z� )(z � z� ) + o(kz � z� k)B

whereB is the unit ball of Rn . TM is di�erentiable at z� if and only if T is di�erentiable
at y� = M � 1z� and:

r TM (z) = M �> r T (y)M � 1 (3.14)

If T = @F, this corresponds to twice di�erentiability and �nite-val uedness ofF in a
neighborhood ofy� .

Di�erentiability of TM at z� implies di�erentiability of PM and QM at s� = z� + w�

and we have the following relations:

r PM (s� ) = ( I + r TM (z� )) � 1 (3.15a)

r QM (s� ) = I � (I + r TM (z� )) � 1 (3.15b)

r (PM � QM )(s� ) = 2( I + r TM (z� )) � 1 � I (3.15c)

Using the fact that 2PM � I = I � 2QM = PM � QM we rewrite:

JM = � A M PM + � A ?
M

QM =
1
2

I +
1
2

(� A M � � A ?
M

)(PM � QM )

=
1
2

I +
1
2

RA M (PM � QM )

where RA M = � A M � � A ?
M

is the re
ection across the spaceA M . So:

sk+1 =
1
2

sk +
1
2

RA M (PM � QM )sk (3.16)

Now, ass� is a �xed point of this operator, we can write:

sk+1 � s� =
1
2

(sk � s� ) +
1
2

RA M (PM � QM )sk �
1
2

RA M (PM � QM )s�

=
1
2

(sk � s� ) +
1
2

RA M

�
(PM � QM )sk � (PM � QM )s� �

Using the fact that ( PM � QM ) is di�erentiable at s� , we have:

(PM � QM )sk � (PM � QM )s� 2 r (PM � QM )(s� )(sk � s� ) + o(



 sk � s�




 )B

Denoting ek = sk � s� , we obtain:

ek+1 2
1
2

ek +
1
2

RA M r (PM � QM )(s� )ek + o(



 ek




 )B




 ek+1




 �

1
2

k(I + RA M r (PM � QM )(s� ))k



 ek




 + o(




 ek




 )

Finally when sk ! s� ,

lim
k !1

sup




 ek+1






kek k
�

1
2

k(I + RA M r (PM � QM )(s� ))k (3.17)
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By formula (3.15c), we notice that if r TM (z� ) = I (if T = @F, it means that F (M � 1�)
locally behaves like 1

2 k:k2 around z� ) then the convergence rate is lower than 1
2 .

Consequently, by formula (3.14), the knowledge a priori ofr T (y� ) and the choice
M = ( r T(y� ))

1
2 will make the algorithm applied to the scaled problem to converge

with a linear rate lower than 1
2 . A more detailed study of this fact can be found in

[LM07] in the quadratic case.
The value 1

2 actually corresponds to the relaxation factor used in recursion (3.16).
Super-linear convergence can therefore be achieved in thiscase if we set this value
to 0 (which consists in applying Peaceman-Rachford scheme instead of the Douglas-
Rachford one in [LM79]) or if we make it tend to 0:

sk+1 = � k sk + (1 � � k )RA M (PM � QM )sk

� k ! 0

Theses observations naturally led us to imagine an auto-adaptive scaling method
in which the parameter would ideally tend to M = ( r T(y� ))

1
2 .

We will proceed in two steps. We �rst prove in the next section that convergence
is preserved when the scaling parameter is allowed to vary ateach iteration and
converges quickly enough. Then we propose some heuristics to modify M which are
based on observations made here, in the di�erentiable case,but also applies whenT
is not di�erentiable.

4. Variable scaling matrix. We study in this section the method when the
matrix M is allowed to change at each iteration according to a sequence f M k gk
converging to an invertible limit M i-e algorithm 6:

Algorithm 6 Variable metric GSPDM

Require: (y0; u0) 2 A � A ? , f M k gk ! M
1: (zk ; wk ) := ( M k yk ; M �>

k uk )
2: sk := zk + wk

3: Compute (~zk+1 ; ~wk+1 ) := ( PM k (sk ); QM k (sk ))
4: Compute (�zk+1 ; �wk+1 ) := (� A M k

~zk+1 ; � A ?
M k

~wk+1 ).

5: (yk+1 ; uk+1 ) := ( M � 1
k zk ; M >

k wk ).
6: k := k + 1
7: Go to 1

Variable scaling parameter have already been introduced inthe litterature in
Douglas-Rachford splitting based methods. For instance in[KM95], a variable scaling
matrix is employed but the di�erence between two successivematrices must be posi-
tive semi-de�nite from some rank onwards. In [HYW00], [MDBH 00] or [HLW03] an
assumption on the speed of convergence of the scaling parameter is needed. However,
only the case of a one-dimensional scaling parameter is treated.

We propose here to use a sequence of matrix scaling parameter. We will prove
the convergence under hypothesis similar to the one in [HLW03], namely:

Assumption 4.1. Setting � k = M >
k M k , the sequence of scaling matrices f � k gk

satisfies:
i) � k is positive definite for all k

ii) � k ! � 1 positive definite
iii)

P + 1
k=0 k� k+1 � � k k < + 1

12



4.1. Convergence analysis of global scaling with a variable metric. We
focus on sequences:

sk = zk + wk

�sk = �zk + �wk

generated by algorithm 6. Let (y� ; u� ) be any solution of (3.1) andf � k gk the sequence
de�ned by:

� k = M k y� + M �>
k u�

We have for all k:

�sk = JM k sk

� k = JM k � k

so �rm-nonexpansiveness ofJM k gives:



 �sk � � k




 2

�



 sk � � k




 2

�



 �sk � sk




 2

(4.1)

The following lemma gives an asymptotic relation betweensk+1 and �sk as M k con-
verges.

Proposition 4.1. Under assumption 4.1, there is a sequence f � k gk such that
for all k:

(1 � � k )



 sk+1 � � k+1




 2

�



 �sk � � k




 2

(4.2)

and:
+ 1X

k=0

� k = S < + 1

Proof. We have in the one hand:



 sk+1 � � k+1




 2

=



 M k+1 (�yk � y� ) + M �>

k+1 (�uk � u� )



 2

=


�yk � y� ; � k+1 (�yk � y� )

�
+



�uk � u� ; � � 1

k+1 (�uk � u� )
�

because �yk � y� 2 A and �uk � u� 2 A ? and in the other hand:



 �sk � � k




 2

=



 M k (�yk � y� ) + M �>

k (�uk � u� )



 2

=


�yk � y� ; � k (�yk � y� )

�
+



�uk � u� ; � � 1

k (�uk � u� )
�

Substracting the second term from the �rst one gives:



 sk+1 � � k+1




 2

�



 �sk � � k




 2

=


�yk � y� ; (� k+1 � � k )(�yk � y� )

�
+



�uk � u� ; (� � 1

k+1 � � � 1
k )(�uk � u� )

�

=


�yk � y� ; � k+1 � � 1

k+1 (� k+1 � � k )(�yk � y� )
�

+


�uk � u� ; � � 1

k+1 � k+1 (� � 1
k+1 � � � 1

k )(�uk � u� )
�

�



 � � 1

k+1 (� k+1 � � k )



 


�yk � y� ; � k+1 (�yk � y� )
�

+



 � k+1 (� � 1

k+1 � � � 1
k )




 


�uk � u� ; � k+1 (�uk � u� )
�

� � k



 sk+1 � � k+1




 2
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where � k = max(



 � � 1

k+1 (� k+1 � � k )



 ;




 � k+1 (� � 1

k+1 � � � 1
k )




 ). Therefore:

� k �



 � � 1

k+1 (� k+1 � � k )





�



 � � 1

k+1




 k� k+1 � � k k

and:

� k �



 � k+1 (� � 1

k+1 � � � 1
k )






�



 (� k � � k+1 )� � 1

k






�



 � � 1

k




 k� k+1 � � k k

as,
� 



 � � 1
k




 	

k converges, it is consequently bounded and as� k � 0, it follows
that

P 1
k=0 � k converges.

Lemma 4.1. If assumption 4.1 holds, then the sequence
�

sk
	

k generated by
algorithm 6 is bounded.

Proof. Combining (4.1) and (4.2), we obtain for all k:

(1 � � k )



 sk+1 � � k+1




 2

�



 sk � � k




 2

(4.3)

There is a rankK and a constant� > 0 such that the partial product
Q l

k= K (1� � k ) �
� . Using recursively (4.3) from K until l we obtain:

 
lY

k= K

(1 � � k )

!



 sl � � l




 2

�



 sK � � K




 2




 sl � � l




 2

� � � 1



 sK � � K




 2

hence, the sequence
n



 sk � � k



 2

o

k
is bounded. Moreover, sinceM k converges, so

does
�

� k
	

k which entails boundedness of
�

sk
	

k .
Proposition 4.2. If assumption 4.1 holds, the sequence

�
sk

	
k generated by

algorithm 6 converges to a fixed point of JM .
Proof. Lemma 4.1 provides the existence of cluster points for the sequence

�
sk

	
k
.

Combining (4.1) and (4.2) gives for all k:

(1 � � k )



 sk+1 � � k+1




 2

�



 sk � � k




 2

�



 �sk � sk




 2

Summing up this relation until K , we get:

KX

k=0




 �sk � sk




 2

�



 s0 � z0




 2

�



 sK � � K




 2

+
KX

k=0

� k



 sk+1 � � k+1




 2

every term of the right hand side is bounded, hence the left hand side series is
bounded and




 �sk � sk




 2

! 0. So every cluster point (�s1 ; s1 ) of (�sk ; sk ) satis�es
�s1 = s1 . Moreover (�sk ; sk ) 2 gr(Jk ) for all k, and JM k graphically converges to
JM 1 so (�s1 ; s1 ) 2 gr(JM 1 ) and cluster points of

�
sk

	
k

are �xed point of JM 1 .
Let (y1 ; u1 ) the solution associated to a cluster points1 . The sequence� k =

M k y1 + M �>
k u1 converges tos1 . Let � > 0 and K a rank such that:

i)
�

� k
	

k � K � B (s1 ; � )
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ii) sK 2 B (s1 ; � )
iii)

Q l
k= K (1 � � k ) � � > 0 for all l � K

We have by i ) and ii ):



 sK � � K




 � 2�

using recursively (4.3) from K to l � K , we get:

lY

k= K

(1 � � k )



 sl � � l




 2

�



 sK � � K




 2

� 4� 2

by iii ), so:




 sl � � l




 �

2�
q Q L

k= K (1 � � k )
�

2�
p

�

and:



 sl � s1




 �




 sl � � l




 +




 � l � s1






�



 sl � � l




 2

+ �

� (1 +
2

p
�

)�

That is true for all � > 0 sosk ! s1 .

4.2. Adaptive scaling strategy. We propose in this section a family of strate-
gies to accelerate the convergence of SALA which is based on observations made in
the di�erentiable case in section 3.6 but applies in the general case.

Indeed, if the involved operator T were di�erentiable, we would be able to gain
knowledge about r T(y� ) as the algorithm progresses by using intermediate guesses
~yk and ~uk which satisfy :

~uk = T(~yk )

The di�erences between two iterates thus satis�es:

~uk+1 � ~uk = r T(~yk )(~yk+1 � ~yk ) + o(



 ~yk+1 � ~yk




 )

The idea is to use a matrix update so as to obtain a sequence of matrices ap-
proaching r T(y� ) as yk ! y� .

The procedures we propose in what follows consist in updating the scaling matrix
at each iteration by taking a convex combination (of coe�cie nt 0 < � k � 1) of the
current matrix � k with an other matrix D k we hope to be close tor T(~yk ).

� k+1 = (1 � � k )� k + � k D k (4.4)

In order that the sequence
�

� k
	

k satis�es assumption 4.1, we will impose the series
of term � k and D k to satisfy hypothesis of the following lemma:

Lemma 4.2 ( Convergence of the auto-adaptive scaling sequences). Let f � k gk a
sequence of matrices satisfying recursion (4.4). Let denote 0 < d k

1 � : : : � dk
m the m

eigenvalues of D k . If there exists 0 < d � �d < + 1 such that:

d � dk
1 � : : : � dk

m � �d
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and if the series of term � k � 0 converges:

+ 1X

k=0

� k = S < + 1

then f � k gk is positive definite and converges to a positive definite limit, moreover:

+ 1X

k=0

k� k+1 � � k k = S0 < + 1 :

Proof. Without loss of generality, we can choose [d; �d] containing the eigenvalues
of � 0. Then, the compact convex setB of symmetric matrices eigeinvalues of which
are in [d; �d] contains the sequencef D k gk along with � 0. As the update formula (4.4)
consists in making convex combinations inB, the whole sequencef � k gk is in B and
every � k is positive de�nite as well as the possible limit. Moreover, there exists a
constant C > 0 such that for every k:

� k+1 � � k = � � k � k + � k D k

k� k+1 � � k k � � k (k� k k + kD k k)

� C� k

so, we get
P + 1

k=0 k� k+1 � � k k = S0 2 R and as a consequence, the convergence of
f � k gk .

Remark 4.1. We could also have defined the recursion:

� k+1 = � (1 � � k )
k D � k

k (4.5)

in place of (4.4). Using the same arguments, we obtain that the sequence f ln(� k )gk is
in the set of matrices eigenvalues of which are in [ln(d); ln( �d)] obtaining the positive
definiteness of f � k gk and of its limit. Then, using the fact that the logarithm is
Lipschitz on every compact set, we also obtain the absolute convergence.

4.2.1. Single parameter update. If we restrict ourselves to a single real para-
meter i-e � k = � k I , one way to use second order information is to take pro�t directly
of the ratio:


 k =




 ~uk+1 � ~uk






k~yk+1 � ~yk k

In the general case, we have no idea about the boundedness off 
 k gk , so we can
consider an interval [
 ; �
 ] and use:

D k = (� [
 ; �
 ] 

k )I (4.6)

where � [
 ; �
 ] represents the projection onto [
 ; �
 ].

4.2.2. Subproblem parameter update. We can apply the same updating
policy but separately in each of the subproblemsi-e for i = 1 ; : : : ; p, we set:


 k+1
i =




 ~uk+1

i � ~uk
i









 ~yk+1

i � ~yk
i




 (4.7)
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and D k is the diagonal matrix:

D k =

0

B
@

(� [
 ; �
 ] 
 k
1 )I m

. . .
(� [
 ; �
 ] 
 k

p )I m

1

C
A

Remark 4.2. If Ti is strongly monotone of modulus ai and lipschitz with constant
L i then:

ai �




 ~uk+1

i � ~uk
i









 ~yk+1

i � ~yk
i




 � L i

and

min
i

ai �




 ~uk+1 � ~uk






k~yk+1 � ~yk k
� max

i
L i

therefore, the sequences 
 k and 
 k
i defined in (4.6) and (4.7) are automatically bounded

and we can relinquish projection onto [
 ; �
 ].

4.2.3. Component update. An other updating policy involving as many para-
meters as the dimension of the problem consists in computingfor all i = 1 ; : : : ; p; j =
1; : : : ; m the ratio:


 k+1
i;j =




 (~uk+1

i ) j � (~uk
i ) j









 (~yk+1

i ) j � (~yk
i ) j






Matrix D k will then be the diagonal matrix:

D k =

0

B
B
B
B
B
B
B
B
B
B
B
B
@

� [
 ; �
 ] 
 k
1;1

. . .
� [
 ; �
 ] 
 k

1;m

. . .
� [
 ; �
 ] 
 k

p;1

. . .
� [
 ; �
 ] 
 k

p;m

1

C
C
C
C
C
C
C
C
C
C
C
C
A

5. Numerical results.

5.1. Experimentations. We have generated quadratic problems with objective
functions f i (x i ) = 1

2 hx i ; Qi x i i + hci ; x i i for di�erent values of p and m and com-
pared performances of the method with and without updating strategies. We took
p 2 [2; 5; 10; 20] and m 2 [5; 10; 20] and ni = m. Coe�cients of b and c were drawn
log-uniformly in [ � 100; � 0:01][ [0:01; 100]. Qi were constructed by generating matri-
cesPi and vectors pi , coe�cients of which were drawn log-uniformly respectively in
[� 10; � 0:1] [ [0:1; 10] and [0:1; 1], and by setting Qi = P>

i Pi + diag(pi ). Coe�cients
of Gi were drawn uniformly between� 10 and 10.

We stopped the algorithm when



 ~yk+1 � yk




 2

+



 ~uk+1 � uk




 2

was lower than
p:10� 5 or when the iteration number exceeded 5000.

We used � k=0 = � 0I as a starting value, with � 0 ranging in [10� 3; 100]. The
updating strategy implemented is the one described in remark 4.1. We chose� k =
(k + 1) � 10

9 as averaging sequence.
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Updating rule
p m none Single Subproblem Component

2
5 39 41 48 37
10 78 74 74 89
20 93 81 81 86

5
5 61 81 53 59
10 77 83 80 88
20 104 101 99 110

10
5 85 102 104 127
10 126 141 135 152
20 126 161 149 178

20
5 150 178 143 160
10 187 256 191 200
20 181 268 236 244

Table 5.1
Best number of iterations obtained for � 0 2 [10� 3 ; 100] for di�erent updating strategies.

Updating rules
p m none Single Subproblem Component

2
5 � 415 17 9 21
10 � 2076 56 62 93
20 � 1776 60 56 58

5
5 � 2038 38 39 54
10 � 2129 37 31 58
20 � 2158 59 51 55

10
5 � 2104 72 39 54
10 � 2112 79 55 112
20 � 2129 180 123 354

20
5 � 2108 119 67 430
10 � 2081 251 133 320
20 � 2092 220 131 321

Table 5.2
Standard deviation of the number of iterations w.r.t � 0 for di�erent updating strategies.

5.2. Results. For each updating strategy, we launched the algorithm with sev-
eral starting values � 0 ranging in [10� 3; 100] and we reported in table 5.1 the minimum
number of iterations obtained. We can see that the best case is comparable what-
ever we use or not an updating strategy. However, the need to choose a good initial
value disappear. Table 5.2 shows the standard deviation of the number of iterations
with respect to the initial value � 0. The symbol 0 � 0 in the �rst column means that
the value is an underestimate because several launch ran over 5000 iterations. Al-
gorithms implemented with an updating rule are much less sensitive to the starting
value than the classical method. By way of example, we plotted for each updating
rule the number of iterations with respect to � k=0 in the casep = 20 and m = 10 on
�gure 5.1.

We can mention that updating strategy (4.4) has an asymmetric behavior with
respect to the starting parameter. Namely, scaling parameters are much better cor-
rected when the starting value is too low than when it is too high. It seems to be due
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Fig. 5.1 . Number of iterations of SALA for di�erent scaling updating s trategies.

to the di�culty to decrease the order of magnitude with expre ssion (4.4).

6. Conclusion. The main drawback of algorithm SALA lies in the di�cult
choice of the scaling parameter which is crucial to obtain a good numerical behav-
iour. We introduced here a generalization of the scaling method already initiated in
[DGM03] which allows for several independent parameters ineach subproblems. We
also proposed auto-adaptive techniques to tune them, underlying idea of which comes
from the di�erentiable case. Supporting numerical results show that while the per-
formance is not really improved in "the best case", the need to choose a good initial
parameter values vanishes at a negligible additional computational cost.

In the future, we plan to investigate the impact of auto-adaptive techniques when
applied to not such ideal problems, as for instance linear programs, both from a
theoretical and numerical point of view.
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