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Abstract

Recently, Gowda et al. [10] established the Fischer-Burmeister (FB) complementarity func-
tion (C-function) on Euclidean Jordan algebras. In this paper, we prove that FB C-function
as well as the derivatives of the squared norm of FB C-function are Lipschitz continuous.
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1 Introduction

It is well-known that the scalar-valued FB function ¢ : R x R — R is specified by

#(a,b) :==a+b—+a2+1% a,beR, (1.1)

which is attributed by Fischer to Burmeister (see [5, 6, 7]). It is a complementarity function for
nonlinear complementarity problem (NCP)(called C-function or NCP function), that is,

$(a,b) =0 < a>0,b>0, ab=0. (1.2)

FB function has been much studied in the context of NCP, because it has nice properties, such as
strong semismoothness. Moreover, the squared norm of FB function has a Lipschitz continuous
gradient, which can be effectively employed in the algorithmic development, see, e.g., [3, 8, 13].

Recently, FB function has been generalized to solve the semidefinite complementarity prob-
lem (SDCP) and the second-order cone complementarity problem (SOCCP). For instance, Tseng
[21] (also see Borwein and Lewis [1]) proved that FB function is a C-function for SDCP, and
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Fukushima, Luo and Tseng [9] showed that this is true in the setting of SOCCP. It was proved
by Sim, Sun and Ralph [17] and Chen, Sun and Sun [2] that the squared norm of FB function
has a Lipschitz continuous gradient in the settings of SDCP and SOCCP, respectively.

Gowda, Sznajder and Tao [10] proposed the following (vector-valued) FB function on Eu-
clidean Jordan algebras as

q)FB(m)y) ::(E+y—($2+y2)%, (13)

(detailed description is in the next section) and showed that it is a C-function for symmetric
cone complementarity problem (SCCP) which is to find a vector x € J such that

re K, yekK, (x,y) =0, y=F(z), (1.4)

where J is a space of n-dimensional real column vectors, (7, (-,-),0) is a Euclidean Jordan
algebra, K is the symmetric cone in V (see Section 2), and F': J — J is a given continuously
differentiable mapping. SCCP provides a simple, natural, and unified framework for various
complementarity problems, such as NCP, SOCCP and SDCP. Because of wide applications in
engineering, management science and other fields, it has attracted much attention, see, e.g.,
[10, 11, 12, 15, 16, 20, 22]. Here, we say ® : J x J — J is a C-function (for SCCP) if it satisfies

O(z,y) =0 <= z€ K, ye K, (z,y) =0. (1.5)

Liu, Zhang and Wang [16] showed that the squared norm of FB function, Vpp : J x J — R,
defined by

Vrp(e,y) = 3 |@rp(e o) (16)

is differentiable. Motivated by all of the cited work above, a natural question arises:

Are the derivatives of the squared norm of FB function

Vrp (given by (1.6)) Lipschitz continuous?

We answer the above question in the affirmative. To do so, we establish useful inequalities
on the Lyapunov operator, employing the norm induced by the underlying inner product.

In Section 2 we establish the preliminaries and present some useful results about Lyapunov
transformation. We show that FB function is Lipschitz continuous in Section 3. Section 4
establishes that the derivatives of squared norm of FB function are Lipschitz continuous. We
conclude the paper in Section 5 and raise an open question.

2 Preliminaries

We review some results on Euclidean Jordan algebras (see for instance [4, 14]) and develop some
basic inequalities on Euclidean Jordan algebras.

A FEuclidean Jordan algebra is a triple (7, (-,-),0)(V for short), where (J,(:,-)) is a n-
dimensional inner product space over real field R and (z,y) — zoy: J x J — J is a bilinear
mapping which satisfies the following conditions:



(i) xoy=yox for all x,ye J,
(ii) zo(220y) =220 (woy) for all z,y € J where 2?:=zo0z and

(iii) (xoy,z) =(z,yoz) for all =z,y,z€ J.

We call x oy the Jordan product of x and y. In general, the Jordan product is not associative,
ie, (xoy)oz#xo(yoz)forall z,y,z € J. We assume that there exists an element e (called
the identity element) such that xoe = eox = z for all x € J. Define the set of squares as
K :={2? : z € J}. Tt is well-known that K is a symmetric cone in V, i.e., K is a closed,
convex, homogeneous and self-dual cone. For x € J, the degree of x denoted by deg(x) is the
smallest positive integer m such that the set {e,z,22,--- 2™} is linearly dependent. The rank
of V is defined as max{deg(z) : x € J}. In this paper, r will denote the rank of the underlying
Euclidean Jordan algebra. Let dim(J) denote the dimension of 7. Obviously, » < dim(J7).

Recall that an element ¢ € J is idempotent if ¢ = ¢ # 0. It is also primitive if it cannot be
written as a sum of two idempotents. A complete system of orthogonal idempotents is a finite
set {c1,ca, -+, ¢} of idempotents with ¢;oc; =0 (i # j) and Zle ¢; = e. A complete system of
orthogonal primitive idempotents is called a Jordan frame of V. Thus, for any element z € J,
we have the following important spectral decomposition theorem.

Theorem 2.1 (Theorem II1.1.2, [4]) Let V be a Euclidean Jordan algebra of rank r. Then

for every vector x € J there exist a Jordan frame {ci(z),co(x), -, ¢ (x)} and real numbers
A1(x), Aa(x), - -+, Ar(2), the eigenvalues of z, such that
= M(z)c1(z) + Aa(x)ea(z) + - - - + Ar(z)cr (). (2.1)

We call (2.1) the spectral decomposition of x.

Let x =" \j(v)c;j(z) and || - || be the norm on J induced by the inner product, i.e.,

]l = v/ (2, x) =

We have ||¢j(z)|| =1 for j € {1,2,---,r}.

Let g : R — R be a real-valued function. We define the vector-valued function G : J — J
as

G(x) ==Y g(N(@)e;(@) = g (@)er (@) + g(a(@))ea(@) + -+ + g\ (@))er (@),
j=1

which is a Léwner operator. In particular, taking ¢ := max{0,t}, we can define the projection

of x onto K as .

p =Y (Ai(@)4ci(@).

j=1
Note that = € K if and only if \;(z) > 0,Vi € {1,2,---,r}. Letting g(t) := v/t for t € Ry, we

define .
= Z\/)\j(x)cj(x) for x € K.
j=1

Therefore, FB function (1.3) and its squared norm (1.6) are well-defined.
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We next recall the Peirce decomposition theorem on the space J, where the Jordan frame
{c1,¢2,+ -+, ¢, } can be fixed beforehand.



Theorem 2.2 (Theorem IV.2.1, [4]) Let {c1,ca, -, ¢} be a given Jordan frame in a Euclidean
Jordan algebra V of rank r. Then J is the orthogonal direct sum of spaces Ji; (i < j), where
the subspaces Jij fori,j € {1,2,---,r} are defined by

1
Ji={xeJ:xo¢; =x} and Jij::{xej:xociZQx:xocj}, i# 7.

Furthermore,
(i) JijodJij C Jii + Jjj;
(i) Jijo i C Ji, if iFk;
(i) Jijo Ju = {0}, if {i,j} k. 1} =0.

Based on the result above and Lemma IV.2.2 in [4], we have the following connection between
||z o y|| and ||z|||ly||, which is useful in the subsequent analysis.

Lemma 2.3 Let x € Jij,y € Jy with i < j and k < 1. Then |z oy| < |z||y|. Furthermore,
=0 if {i, 5} (K, 1} = 9,
lzoyll”§ < sglzlPlyl>  di=k, j=1
= tllz|?lyl]*  otherwise.

Proof. Note that if {4, j} ({k,{} = O, then x oy =0. If x € J;;,y € Jj; with i, 7,[ all distinct,
by Lemma IV.2.2 in [4], |zoy||* = §[z[?|ly|[*>. We only need to prove the conclusion in the case
of z,y € J;;. By Theorem 2.2, x oy = §1¢; + acj, for some 1,02 € R. Thus, ||z oy||? = 67 + 2.
Meanwhile, by direct computation, we have

lzoyll® = (zoy,zoy)
= <516i + (520j, x o y>
= ((d1¢i + b2¢j) oz, y)

(01 + o)z y> (by Theorem 2.2)
- V02 + 05
< \f

Therefore, we conclude in this case that ||z o y||? < 3 ||z[*||ly[>. O

L\’)M—t
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Below we consider a very fundamental linear operator, Lyapunov transformation, and derive
some inequalities on it that will be useful to us.

For each z € J, we define the Lyapunov transformation (operator) L(x) : J — J by
L(x)y=zo0y, forallye J,

which is a symmetric operator in the sense that (L(z)y, z) = (y, L(z)z) for all y,z € J. Given
0 7& a = Z:Zl )\i(a)ci(a) with )\1(&) Z Z )‘|p(a)| >0 = )‘\p(a)l-‘rl = e = )\,«(a), where
p(a) :=={i: \i(a) > 0}, we define a subspace

lp(a)l
Jy = J(ep(a) 1) ={zeJ: T O ey = =z} with €o(a) ci(a (2.2)
=1



It is well-known that £, := L(a) is a one-to-one mapping from J, to J, and therefore it has an
inverse £;! on J,, i.e., for any = € J,, £, () is the unique d € J, such that a o d = x. Using
Lemma 20 in [10], any = € J, can be expressed as

lp(a)l
T = Z .’Eici(a) + Z Lij, (23)
i=1 1<i<j<]p(a)]

where z; € R and z;; € J;; with the given Jordan frame {ci(a), c2(a), -, cr(a)}. The following
proposition gives a formula for £;(z).

PI‘OpOSitiOH 2.4 Let 0 7é a = 2;21 )\i(a)ci(a) with /\1(a) > e 2 )‘\p(a)| >0 = )‘|p(a)|+l =
<o = A(a). Let J, and e be given by (2.2). Then every x € J, can be written as in (2.3)
and

p(a)

lp(a)]
_ x; 2

i=1 1<5<i<]p(a)|

=

In particular, £;'(a) = e (a) 15 the identity element in J,, and L74(a*) = a* T for k> 1.

©

Proof. As we noted before, the fact that every x € J, can be written in the form (2.3) is given
by Lemma 20 in [10]. Let d := £, !(x). Then

lp(a)l
d= Z dicl-(a) + Z djla
i=1 1<j<i<]p(a)]

for some d; € R and dj; € Jj. By Theorem 2.2, direct calculation yields that

a

—~
=

p(a)l lp(a)l
aod = Ai(a)dici(a) + Z Ai(a)ci(a) | o Z dji
; i=1

1<j<i<|p(a)|

.
I
—

S

2
s

=

lp(a)l
Ai(a)d;ci(a) + Z Z Ai(a)ci(a) | odj

I
™

i=1 1<j<i<]p(a)] \ =1
()]
Aj(a) + A
= Ni(a)dici(a) + Y Mdﬂ.
=1 1<j<i<]p(a)l
This together with a o d = x establishes (2.4). O

Likewise, for the above a and p(a), we define subspaces

Jg = J(ep(a),()) ={reJ:zo €o(a) = 0},
1 1 1
Ji = J(ep(a), 5) ={reJ:zo €o(a) = 51‘}

It is easy to see that J? = J(e — €(a); 1). Similarly, applying Lemma 20 in [10], any = € JY can

be expressed as
T

xr = Z azici(a) + Z l’ij,

i=|p(a)|+1 lp(a)|[+1<i<j<r



1
where z; € R and z;; € J;;. It is known that J is the orthogonal direct sum of spaces J,, Jd
and J? (see Page 62 of [4]). From Theorem 2.2, we obtain

= @ g di= D T = @ e (29)

1< <1< p(a)| 1<5<]p(a)],|p(a)| +1<I<r lp(a)|+1<j<i<r

1
Thus any x € J can be expressed as z = M) 4+ 2(2) + 29 where (M) € Ja,:p(%) € Jié and
1

1 1 1
20 ¢ J?. Observe that a o +(3) ¢ J&. Moreover, L, is a one-to-one mapping from Ji to JZ,
which is shown by the following.

Proposition 2.5 Let 0 # a = > i Ai(a)ci(a) with M\i(a) > - > Ngy > 0 = Ng@)+1 =
1
-+ =MA(a). Then everyy € Ji can be written as
y = > Yl (2.6)
1<j<|p(a)|;|p(a)|+1<I<r

and
2

Ec:l(y) = Z wyjlv (2.7)

1<j<]p(a)l,lp(a)[+1<I<r

where y; € Jj;.
1
Proof. By Theorem 2.2 and (2.5), every y € Ji can be written in the form (2.6). Let d :=

L, (y). Then
d= > djr,
1<j<lp(a)l,p(a)l+1<i<r

for dj; € Jj;. As in the proof of Proposition 2.4, we have
L (y) = > )\(cz)—2|—>\(yjl'
1<j<lp(@)]p()+1<isr He)
The desired conclusion follows from A;(a) = 0 for |p(a)|+1 <1 < r. O
Next, we consider some continuity property of Ec;l where a. := (a® + 826)%.
Proposition 2.6 Let 0 # a = > i Ai(a)ci(a) with M\i(a) > -+ > Np@) > 0 = Ng@)+1 =
-+ = A(a). Then for anyx € J, and y € Ja%, LYz +y) is well-defined and
L@ ty) =L @) + L. (v)-

Let a. := (a® + 826)%. Then
lim £z +9) = £z + ). (2.8)
E—>

Proof. The first part of the theorem is obvious by Propositions 2.4 and 2.5. For the second

1
part, since x € J, and y € J7, we can take z and y as in the forms (2.3) and (2.6), respectively.



Noting that a. = >_I_; Ai(ac)ci(a) with Xi(ae) = y/A2(a) + €2, and employing an argument
similar to the one in the proof of Proposition 2.4, we have

2
e = % D
=1 1<j<z§\p<a>| As(ae) + Mi(ae)

2
* Z VTRt
1<j<]p(a)l,|p(a)[+1<I<r Ajlae) + Aifae)

This together with the facts A\j(a:) = || for |p(a)|+1 <1 <r, (2.4) and (2.7) yields (2.8). O
We end this section by presenting various useful inequalities on £t

Lemma 2.7 Forx,y € J, let a.(z,y) := (2% +y? +626)% with € # 0. Then for every u,v € J,
we have

ezt @+ ou] <280l ||

e e @ o] <8Il and |7k, @ow)]| <lull

where B and 7y are positive constants only dependent on the rank of J, which can be taken as
B=r*and vy =3r2.

Proof. For x,y € J, define a := (1‘2+y2)% and let a = Y7, Ni(a)¢;. For u,v € J, by Theorem

2.2, we have
T = Z.T@Cl + Z X1, Zyzcz + Z Yijl,

1<j<i<r 1<5<I<r
u = § uic; + § Ujr, V= E vic; + § Vi,
1<5<i<r 1<5<i<r

where x;,y;, u;,v; € R and xj,yj, uj, vy € Jj. Note that ac(x,y) = (2 + 9% + 626)% =
S /A% (a) + €2¢; and a?(z,y) = 2? + y? + e%e. Thus,

AZ‘Q(CL)_|—€2 = <Ci,ag($,y)>
= {c;,2° + 7)) + &2
= (zocy,z)+ (yoc,y) +e2

1
= x?+y3+§ Z (jell® + [ly;ll®) + €2
1<j<i<rie{jl}

where the second equality holds by (¢;,e) = 1, the fourth follows from the facts that x o ¢; =
Tic; + %21§j<l§r,ie{j,l} xj; by Theorem 2.2 and

1 1
<w¢ci +5 > l‘jz,w> =z} + 5 > el

1<j<i<r ie{jl} 1<j<i<rie{jl}

This implies that

N (a) + &2 > max {|ail, ysl, |zl llysll, i € {5,13}, (2.9)



and for j #1,7,0 € {1,2,---,r} we obtain

V@) + €2+ N3(a) + €2 > max 2wzl 2lyall}

From Proposition 2.4, we have

9
ae(ay) (%) = Z ——it ) zji

)\2( )+52 1<j<i<r \/A?(a) +e2 + \/A?(a)Jre?

Thus, by Theorem 2.2, direct calculation yields

T T

_ T;Uj xX;
Easl(xyy) (.T) ocu = Z — ¢ + Z — C; ) © Z U1
i=1

A (a) + €2 i=1 \/A\2(a) + €2 1<j<I<r

r
+ <Z uicl-) o Z 2 T
=1

i<5tr P3(0) +22 4 N (a) -2

+ Z 2 T | o Z Uji

1<j<i<r \/Ai(a) +e2+ \//\%(a) + &2 1<j<l<r

r IS
x.u. x'

S P L > —

AN(a)+e2  mligia<melin 24/ A (a) + €2

r Us;

Y Z !

i=1 1<j<i<rie{jl} \/>‘ a) + % + \/>‘2 ) +e

2

DI

1<j<I<r 1<i<k<r \/)\?(a) +e2+ \//\f(a) + &2

Zj1 O Uik,

where the second equality follows from c¢; o uj = %uﬂ with ¢ € {j,1}. Therefore, we have

&7

_ d TiUj J Ly
ley@ed] £ S| a+y T |
i—1 M (a) + €2 i=1 1<j<i<ric{ji} || 24/ A2 (a) + &2
>
i=1 1<j<i<rie{jl} \/)\?(@) + 2 + \/)\%(a) + €2

DI

1<j<I<r 1<i<k<r \/)\2.(@) +e2+ \/)\%(a) +e2

ZImHZ SR TTES SN SR

=1 1<j<i<rie{j,l} =1 1<j<i<rie{j,l}

DI

1<j<i<r 1<i<k<r \/Ag(a) +e2 + \/)\f(a) +e

.le

le O Uik

IN

i

8

(2.10)



1 1
< rlull+ 57l = Dfluf +r(r = Dllul + 7 [r(r = DJ? [full,

where the second inequality holds by Lemma 2.3, the third by the fact |[u| > max{|u|, ||u;i|},
(2.9) and (2.10). Let 3> 7+ 3r(r — 1) + 1[r(r — 1)]%. Then

|ezten@on]| < Blul.

ac(z,y

Likewise, we have Hﬁa (@, )( )ouH < B|u||. Hence,

feste o] = it

Loy @ o] + [ £2000) @) 0| < 28l

Similarly, noting that

. 2
E;lx (v) = Z #Ci + Z Yjits
o) M)+t aidier V@) T2+ N (@) +

we obtain

lein@ea| < Bl

We next show ‘ L;:(x ) (xo u)H < 7y||u|| with « only dependent on r. Note that

T T T
rou = E TiuiC; + <§ xici> o g uj; | + ( g uici> o g Zji
=1 =1 =1

1<j<iI<r 1<j<i<r

+ Z Zj1 | © Z U1

1<j<i<r 1<j<I<r

= Zmzuzcz+ Z mj_i_xl Ujp + Z UJ—HM x4

1<5<i<r 1<5<i<r

+ Z Z Tij O Ug + Z Tj1 © Ujl

1<i<j<r 1<k<i<r,{i,j}#{k,l} 1< <i<r

T+ a2 u; + U
= Zmzuzcz+ Z (J Uj; + ]2 le>

1<j<i<r

+ E (xij O Ujk + Tjk © uij) + E X4 O Uy
1<i<j<k<r 1<j<i<r

By Theorem 2.2, we can write zj; o uj; = f} c] + f2 ¢; with f ) gl € R. Thus, by Proposition
2.4,

E(;l(fr,y) Z zpouj | = L ;al(fr,y) Z 1 CJ

1<j<i<r 1<j<I<r

> 1
1<j<i<r )\2 )+ 52 \/ a) + 82

3l




Observe that since ¢j o ¢, = 0, with 6;; := min {\/)\?(a) + €2, \//\l2(a) + 62}, we deduce

gl Jl ? gl ? Jl ?
H ———; + || = |—F———q| t||=—a
/i (a) + €2 \/ A (a) + €2 Aa) + €2 Af(a) + €
4 I

1 ” |
= o (1A'l + 15'al?)
gl
- QTHff ¢j+ fall®> (by ¢joc =0)
4l

1
97||33jz o uj?
gl

[y

= ||o—mj0uy

Hj J J
1 2

< ‘elle ||ujl||2 (by Lemma 2.3)
J

< il (61> Dl by 29))

< ul?

That is,

i i
i 2
¢+ all < flull
HMA?(&)—FSQ \/ A (a) + €2

Therefore, we have
jl jl
-1 1 2
Lolagy | 2o mrow ]| = | X 5 Gt = a
1<j<i<r 1<j<i<r \y/Aj(a) +¢ /A (a) + g2
jl jl
Z 1 c; + 2 Cl
/2 2 7 /2 2
1<j<I<r )\] (CL) +¢€ )\l (CL) +¢€

IN

i

1<5<I<r
1
= 57’(7‘ — 1)fJul]. (2.11)
Set & = > wiuic;i + Zl§j<l§r (x];xl ujr + u];ul $jl) + Zl§i<j<k§r (zij o ujk + Tjk © uij).

Note that by Theorem 2.2, (zj; o wjr + xj © ui;) € Ji. Similarly, by Proposition 2.4, we
have

.
SICID D R (515 5 )
i=1 y/ A\ (a) + €2 1<j<i<r \/)\jz(a) +e? + \/)\12(@) +e?
2
+ ) (@ij © wjk + jk © ugg) -

1<i<j<k<r \/)\%(CL) +e2+ \/)\%(a) + €2

10



Thus, we obtain from Lemma 2.3 and inequalities (2.9) and (2.10) that

r

1L @O < D lual + > (lwll + gl + fa) + > lagall + lluggl)
i=1 1<j<i<r 1<i<j<k<r

3
< rljull + 57’(7" — D|jul] + r(r — 1)|ul. (2.12)

So, combining the above inequalities (2.11) and (2.12), we have

‘5 o ,y)(xO“)H = o €+ 2 mitow
1<j<i<r
3
< [TIIUH +or(r=Dlul +r(r - 1) IIUH 3 Sr(r = Dl
= (3r% — 2r)||ul|.
Letting v > 372 — 2r, we obtain the desired inequality. O

3 Lipschitz continuity of FB function

In this section, we establish the Lipschitz contlnulty of FB C-function. For this purpose, we
need the following result about the derivative of 27 in int(K), the interior of K.

Lemma 3.1 The function 2% is smooth at every x € int(K). Moreover, it holds
1 )~ -
V(z2) = — for every z € int(K). (3.1)
Proof. Clearly, 27 is smooth at € int(K). For the second part of the lemma, suppose that

(x + h)% — 22 = Sh+ o(||h]]) for some linear operator S. Multiplying both sides of this equation
by (z + h)% + ZL‘%, we have

t\.’)\»—t

((x+h)2 +23)o((w+h)2 —a2) = ((z+h)3 +a2) o (Sh+o|h])).

Direct computation yields h = ((x + h)% + x%) o Sh+o(||h||) or h = 222 o (Sh) + o(||h]|), using
(z 4+ h)2 = 2% + Sh + o(||h||) and Sho Sh = o(|h|)). That is, h = £(222)(Sh) + o(||h])). Hence,
1

S = (E(Qx%))*l = M by the linearity of Lyapunov transformation. O
We now prove the Lipschitz property of (22 + yQ)%.
Lemma 3.2 The function (z? + yQ)% is globally Lipschitz continuous everywhere in J X J.

Proof. Fix z,y € J, let a(z,y) := (2® + yz)% and a.(z,y) := (22 + 9% +¢ e) for £ # 0. Note
that for any u,v € J,

|ac(z 4+ u,y + v) — a:(z,y)||
= ||a5(ac +u7y+ ’U) - ag(a:,y—i-’u) + CLg(l’,y +U> - as(x,y)H
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= H/ as(z+tuy+v)£(x+tu udt+/ Eag(z7y+w)ﬁ(y+tv)vdtH
= H/ aE(Htuyw)((az—i—tu)Ou dt+/ L, (my+tv)((y+tv) ov)dtH

< /‘ ag(x+tuy+v ((m—i—tu ou ‘dt+/ Hﬁa (my+tv)((y+t’l})ov)”dt

/ Y lulldt + / o] dt
0 0

Yl + ol)
< V29w, 0)ll,

IN

where the second equality holds by the Mean Value Theorem and Lemma 3.1, the first inequality
holds by Lemma 2.7 and ~ is only dependent on r, and the last inequality follows from the fact

lull + [lv]l < v2¢/Tull? + 0] = V2[[(u, v)||. Thus, we deduce
lac(z +u,y +0) —ac(z, )| < V27]|(u,0)].
The desired conclusion follows by taking & — 0 in the inequality above. (Il

As a consequence of the lemma above, we immediately obtain the Lipschitz continuity of FB
function.

Theorem 3.3 The FB function ®pp (given by (1.8)) is globally Lipschitz continuous every-
where in J X J.

4 Lipschitz continuity of the derivatives of Uyp

This section deals with Lipschitz continuity of the derivatives of the squared norm of FB C-
function. The main result is stated below.

Theorem 4.1 The derivatives of the squared norm of the Fischer-Burmeister function Vpp
(given by (1.6)) are Lipschitz continuous everywhere in J X J.

Our proof relies on four lemmas. First, we focus on £;!(x + y) o z where a = (22 + yz)%
in the subsequent analysis. Observe that ¢ may have eigenvalues that are zero. For the sake of
simplicity, we look at a “smoothed” counterpart a.(z,y). Let Sc(z,y) := L 1(93 ) (r+y)ox, we
have the following.

Lemma 4.2 Let u,v € J be given. Then for every x,y € J and € # 0 we have

[VoSe(z,y)]u= L, (@ +y)out L, o lu [ — 20,

o) @+ ) 0 L, (@ow)] o,

[VySe(z,y)]v =L,

o (xy)(x—i-y)ov—i—ﬁal( ) [U—2£;(xy)(m+y) oL~ 1( 7y)(yov)} oy.

Proof. Fix u € J. Set z := a.(x + u,y) — as(v,y) and w := 27 o u + u?. Noting that

ac(@ +u,y) = [(@+uw)? +y? + 2]7 = [(2 + ¢ + %) + 2w o u + w2,
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we have z = [a2(z,y) + w]% — as(z,y). Note that J,_(
n [16], it follows that

1
ﬁ < (z,y)

(wy) = J from (2.2). From Lemma 6.6(2)

(2z 0w+ u?) + o(||ul)) = 2L

ae(z,y) (33 © u) + O(HUH)

Thus z — 0 as u — 0 and z = O(||u||). Let

7= E;;(x,y)(x—i—y) and n+h:=L, L (x+u+y).

(zy)+z

It is easy to see that a.(z,y)on = z+y and [ac(z,y) + z]o(n+h) = x+u+y. So, ac(x,y)oh =
u—zon—zoh,or

h = Ea:(x Y) (u—zom)— Eael(CC y)(z oh).
Since z — 0 as u — 0 and z = O(||u||), h = 0 as u — 0 and hoz = o(||z||) = o(]Jul|). We deduce
E;:(x,y)(z oh)=o(|[ul]) and h =L 1(x y)(u —zon) + o(|lul).

Thus, direct calculation yields

Se(x +u,y) — Se(z,y)
= L 1(x+u y)(w +u+y)o(z+u)— E(:El(:p,y)
= (m+h)o(z+u)—nox

= nou+ho(zx+u)

(z+y)ou

= Lo pp@ty)out L, (u—zomn)o(z+u)+o(lull)o(z+wu)
= £}ty out Ll [u —2L @ty oLk, (o u)} o (z +u) + o(|Ju))
= Lo pEryout £, [u—200 @) e £, (@ow] ow+o(lul).

This establishes the formula for [V;S.(x,y)]u. The formula for [V,S.(x,y)]v follows from the
symmetry of x and y. O

Lemma 4.3 For every x,y,u and v € 7,
IVaSe (@, y)ull < pllull, — [[VySe(z, y)vl < pllvll
where p is only dependent on the rank of J, which can be taken as p = 12r'0 + 3r4.

Proof. Using Lemmas 2.7 and 4.2, we deduce

I1VaSe (e y)Jull = |

[,;61(% )(x +y)ou+ E_l( ) [ - 2L 1(35 y)(x +y)o L;l(x y)(x o u)} o xH

< ‘z;j(% (@ +y) ou’ Lohen [n=26 0 @+ oL, @ou) oxH
< 28l + 8 ||u - 227 )(x+y)o£;1(w o)

< 28]l + 8] pE+ec, @ou))

< 20l + 8 ( w(xou)H)

< 2Bljull + B(llull + 467lull),

where 3,7 are given as in Lemma 2.7. Therefore, by taking p := 33 + 4%y, we obtain that
I[V2S= (2, y)]ul < p|lul| with p only dependent on r and p = 12710 + 3r4 if 3 = r* and v = 3r2.
As in the proof of the last lemma, [|[V,S:(x,y)]v]| < p|lv| follows from symmetry. O

13



Now we are in a position to prove the Lipschitz continuity of £ (z +y) o x.
Lemma 4.4 L;'(z +y) ox is globally Lipschitz continuous for all z,y € J.

Proof. We first show that S.(z,y) = £}

o (2.) (x +y) o x is globally Lipschitz continuous for all
x,y € J. For every u,v € J,

Se(x +u,y+ U) - Se(xay) = Ss(x +u,y+ U) - Sa(x,y +v) + Se(x,y + U) - Ss(xvy)~

By Lemma 4.2, V,S:(x,y) is continuous in z. Thus, it follows by the Mean Value Theorem that
1
Se(x +u,y +v) — Se(z,y+v) = / [VeSe(z + tu,y + v)]udt.
0
By Lemma 4.3, it follows that ||[V;Sz(x + tu,y + v)]u|| < p|ju||. Hence,

1
1S:(@ + 1,y +v) = Sl y + V)| = \ / [vxse<x+tu,y+v>1udtH
0

1
< / I[VzSe(x + tu,y + v)]u|| dt
0

1
< /0 pllulldt = plul.

That is, ||Se(x + u,y +v) — Se(z,y +v)|| < p|lu|| with p only dependent on r.

Likewise, we have || Sz (z,y +v) — Sc(x, y)|| < p||v||. We therefore obtain that ||S:(z + u,y +
v) = Se(2, )| < pllull + [[vl}), or

-1

| (@ T uty )o@+ u) = £, @ +y) 0| < plllul + o).
Note that E;:(I y)(l‘ +y)ox — LY (x +y)ox as e — 0 by Proposition 2.6. Letting e — 0 in
the inequality above, we obtain the desired result. ]

Before proving Theorem 4.1, we need to recall a lemma by Liu, Zhang and Wang [16].

Lemma 4.5 (Lemma 6.7, [16]) Yrp(z,y) is differentiable at every (z,y) € J x J, and if
(,y) = (0,0), then Vo ¥pp(0,0) = V,¥pp(0,0) = 0; if (z,y) # (0,0), then

Vx\IIFB(xay) = E;l(a—x—y)o(w—a),
vy\IlFB(xay) = Egl(a—x—y)o(y—a),

where a = (x? + yz)%

Proof of Theorem 4.1 It is easy to see that
1 1 1
Wrp(n,y) = (o + o7 e) + S (@ + )% €) = (@ +y°) 2,2+ ),
Let R(x,y) := (2 + yQ)%, x +y). Then

R(z.y) = (@ + 4% 6+ 5z +9)% ) ~ Urn(a,y).
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Set a := (2% + y2)% By Lemma 4.5, it is straightforward to derive that

VoR(z,y) = z+(x+y)— VoVpp(z,y)
= 2et+y—L(a—z—y)ox+ L a—z—1y)oa
= 2z4+y—[LMa) - Lz +y)]oz+(a—z—y)
= Li'@ty)oat (@ 472,

where the third equality holds by £, '(a —z —y)oa = a—x —y, and the fourth by £ (a)ox = z.
Combining Lemmas 3.2 and 4.4, we conclude that V,R(x,y) is globally Lipschitz.

5

By symmetry in « and y, V,R(x,y) is also globally Lipschitz continuous. O

Final Remarks

In this article, we studied some properties of the Lyapunov operator, and using these properties
we established Lipschitz continuity of FB function and the derivatives of squared norm of FB
function.

Sun and Sun [18] showed that the FB function is strongly semismooth everywhere in the

cases of SDCP and SOCCP. However, it is not clear whether FB function ®rp (given by (1.3))
is strongly semismooth? We leave this question as a future research topic.
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