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LOWER BOUNDS FOR MEASURABLE CHROMATIC NUMBERS

CHRISTINE BACHOC, GABRIELE NEBE, FERNANDO MRIO DE OLIVEIRA FILHO,
AND FRANK VALLENTIN

ABSTRACT. The Lovasz theta function provides a lower bound for theoch
matic number of nite graphs based on the solution of a semitieprogram.
In this paper we generalize it so that it gives a lower boundtie measurable
chromatic number of distance graphs on compact metric space

In particular we consider distance graphs on the unit spfidrere we trans-
form the original in nite semide nite program into an in ¢, two-variable lin-
ear program which then turns out to be an extremal questiontalacobi poly-
nomials which we solve explicitly in the limit. As an appltean we derive new
lower bounds for the measurable chromatic number of theid®arh space in
dimensionsl(, ..., 24 and we give a new proof that it grows exponentially with
the dimension.

1. INTRODUCTION

The chromatic number of tha-dimensional Euclidean spaée the minimum
number of colors needed to color each pointR¥f in such a way that points at
distancel from each other receive different colors. It is the chromatimber of
the graph with vertex s€®" and in which two vertices are adjacent if they lie at
distancel from each other. We denote it byfR").

A famous open question is to determine the chromatic numbéneoplane.
In this case, it is only known that < (R?) < 7, where lower and upper
bounds come from simple geometric constructions. In thisxfthe problem was
considered, e.g., by E. Nelson, J.R. Isbell, P. Erdos, andi&tlwiger. For his-
torical remarks and for the best known bounds in other diimoesswe refer to
L.A. Székely's survey article [20]. The best asymptotievéw bound is due to
P. Frankl and R.M. Wilsori |9, Theorem 3] and the best asynptgiper bound is
due to D.G. Larman and C.A. Rogers [13]:

1+ o(1)1:2" = (R") = (3+ o(L)":

In this paper we study a variant of the chromatic numbeR®f namely the
measurable chromatic number. Theeasurable chromatic numberf R" is the
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smallest numbem such thatR" can be partitioned inttsn Lebesgue measurable
stable sets. Here we call a €&t [RT stableif no two points inC lie at distancel
from each other. In other words, we impose that the sets otpbiaving the same
color have to be measurable. We denote the measurable dicommber ofR"
by m(R"). One reason to study the measurable chromatic number ishtbat
stronger analytic tools are available.

The study of the measurable chromatic number started wilh Falconer!([8],
who proved that n(R?) = 5. The measurable chromatic number is at least the
chromatic number and it is amusing to notice that in caseraft shequality the
construction of an optimal coloring necessarily uses themaof choice.

Related to the chromatic number of the Euclidean space whiteenatic number
of the unit spher&” 1 = {x [R" : x-x =1} For—1<t< 1, we consider
the graphG(n;t) whose vertices are the points 8f ! and in which two points
are adjacent if their inner produkt: y equalst. The chromatic number @&(n;1t)
and its measurable version, denoted % (n;t)) and »(G(n;t)) respectively,
are de ned like in the Euclidean case.

The chromatic number of this graph was studied by L. Lovia§%, [in particular
in the case whehis small. He showed that

n< (G(n;t)) for—-1<t< 1,
(G(n;t)) =n+1 for—-1<t <-1=n:
P. Frankl and R.M. Wilsori [9, Theorem 6] showed that
1+ 0(1)(1:13)" < W(G(n;0) <2" L

The (measurable) chromatic number@®fn;t) provides a lower bound for the
one ofR": After appropriate scaling, every proper coloringRiT intersected with
the unit spher&" ! gives a proper coloring of the graf@(n; t), and measurabil-
ity is preserved by the intersection.

In this paper we present a lower bound for the measurablen@iro number
of G(n;t). As an application we derive new lower bounds for the medwara
chromatic number of the Euclidean space in dimensidhs: : ; 24 and we give a
new proof that it grows exponentially with the dimension.

The lower bound is based on a generalization of the Lovaa flanction, which
L. Lovasz introduced iri [14] to give upper bounds for thdogity number of nite
graphs. Using a basic inequality between the stability remamd the fractional
chromatic number, it also gives a lower bound for the chraomaitmber. Here we
aim at generalizing the theta functiondistance graph& compact metric spaces.
These are graphs de ned on all points of the metric space evtier adjacency
relation only depends on the distance.

The remaining of the paper is structured as follows: In $edd we de ne
the stability number and the fractional measurable chrimmmatmber and give a
basic inequality involving them. Then, after reviewing loMasz' original formu-
lation of the theta function in Sectidn 3, we give our gerigadion in Sectiorh X.
Like the original theta function for nite graphs, it gives aipper bound for the
stability number. Moreover, in the case of the unit spherean be explicitly
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computed, thanks to classical results on spherical hagaornihe needed mate-
rial about spherical harmonics is given in Sectidn 5 and ali@k formulation
for the theta function ofs(n;t) using basic notions from the theory of orthogonal
polynomials is given in Sectidd 6.

In Sectior ¥ we choose speci ¢ valuestdfor which we can analytically com-
pute the theta function d&(n;t). This allows us to compute the limit of the theta
function for the graplG(n;t) ast goes tal in Sectiori 8. This gives improvements
on the best known lower bounds fop,(R") in several dimensions. Furthermore
this gives a new proof of the fact that,(R") grows exponentially witin. Al-
though this is an immediate consequence of the result ofaakiFand R.M. Wil-
son (and also of a result of P. Frankl and V. Rddl [10]) andlmund of1:163" is
not an improvement, our result is an easy consequence ofétieods we present.
Moreover, we think that our proof is of interest because te¢hods used here are
radically different from those of P. Frankl and R.M. Wilsamighey can be applied
to other metric spaces.

In Section[® we point out how to apply our generalization tstatice graphs
in other compact metric spaces, endowed with the continaotisn of a compact
group. Finally in Sectiofi 10 we conclude by showing the refabetween our
generalization of the theta function and the linear prognamy bound for spherical
codes established by P. Delsarte, J.M. Goethals, and Jdé&l 4.

2. THE FRACTIONAL CHROMATIC NUMBER AND THE STABILITY NUMBER

LetG = (V;E) be a nite or in nite graph whose vertex set is equipped witla t
measure . We assume that the measure&/ois nite. In this section we de ne the
stability number and the measurable fractional chromatiolver ofG and derive
the basic inequality between these two invariants. In tlse cda nite graph one
recovers the classical notions if one uses the uniform meadiC) = |C]| for
Cc V1

Let L2(V) be the Hilbert space of real-valued square-integrabletioms de-
ned overV with inner product

z

(f;9) = y f(x)g(x)d (x)

for f;g [?(V). The constant functiod is measurable and its squared norm
is the numbe1;1) = (V). The characteristic function of a subsgtof V we
denote by ©:V - {0:1}.

A subsetC of V is called ameasurable stable sétC is a measurable set and if
no two vertices irC are adjacent. Thstability numberf G is

(G) =supq{ (C): C [Vlis a measurable stable ¥et

Similar measure-theoretical notions of the stability nembave been considered
before by other authors for the case in whi¢hs the Euclidean spad@” or the
sphereS" 1. We refer the reader to the survey paper of Székely [20] forem
information and further references.
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Thefractional measurable chromatic numbef G is denoted by (G). Itis
theinmumof 1+ ---+ | wherek = 0and 1;:::; k are nonnegative real
numbers such that there exist measurable stableCsets: ; Cy satisfying

C Ck =1-
1 L4+ ...+ K k=1:

Note that the measurable fractional chromatic number ofgtaphG is a lower
bound for its measurable chromatic number.

Proposition 2.1. We have the following basic inequality between the statiliim-
ber and the measurable fractional chromatic number of a gr@p= ( V; E):

1) (G) m(G)= (V):

So, any upper bound for(G) provides a lower bound for ,(G).

stable sets such thag ©t + ---+  Cx = 1. SinceC; is measurable, its char-
acteristic function €i liesinL2(V). Hence

(1+-+ ) (G = 1 (C)+ -+ « (C)
= 01;1)+...+ K ( Ck;l)
=(1;1)
= (V): 1

3. THE LOVASZ THETA FUNCTION FOR FINITE GRAPHS

In the celebrated paper [14] L. Lovasz introduced the tffigtation for nite
graphs. It is an upper bound for the stability number whick oan ef ciently
compute using semide nite programming. In this section exdew its de nition
and properties, which we generalize in Seclibn 4.

Thetheta functionof a grthG = g(v; E) is de ned by

#(G) = max v y2v K(xy):
I§< [CRY V is positive semide nite

K(x;x)=1;
x2V
K(xy)=0if {xy} LE :

Theorem 3.1. For any finite graphG, #(G) = (G).

Although this result follows from [14, Lemma 3] and [14, Them 4], we give
a proof here to stress the analogy between the nite casehenthore general case
we consider in our generalization of Theorem 4.1.

(2)

Proof of Theorerf8.1 LetC [Vlbe a stable set. Consider the characteristic func-
tion ©:V - {0;1} of C and de ne the matrik [RY V by

K (xy) = ﬁ Cx) C(y):
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P P
NoticeK satis es the conditions i {2). Moreover, we have,,, oy K(X;y) =
IC|, and sa#(G) = [C]. —1

Remark 3.2. There are many equivalent definitions of the theta functRussible
alternatives are reviewed by D.E. Knuth[it2]. We use the one §f4, Theorem
4].

If the graphG has a nontrivial automorphism group, it is not dif cult toese
that one can restrict oneself [d (2) to the functighsvhich are invariant under the
action of any subgroup of Aut( G), whereAut( G) is theautomorphism group
of G, i.e., it is the group of all permutations df that preserve adjacency. Here
we say thaK is invariant under if K(x; y ) = K(x;y) holds for all [

d allx;y L[\. If moreover acts transitively onG, the second condition

v K(X;x) =1 is equivalent tK (x;x) = 1=|V| for all x V.

4. A GENERALIZATION OF THE LOVASZ THETA FUNCTION FOR DISTANCE
GRAPHS ON COMPACT METRIC SPACES

We assume thaV¥ is a compact metric space with distance functtbn We

moreover assume that is equipped with a Borel regular measurdor which

(V) is nite. Let D be a closed subset of the imagedfWe de ne the graph
G(V; D) to be the graph with vertex set and edge seE = {{x;y} : d(x;y) [
D}.

The elements df ?(V xV) are calleckernels In the following we only consider
symmetrikernels, i.e., kernelK with K (x;y) = K (y;x) for all x;y M. We
denote byC(V x V) the subspace of continuous kernels. A keke[ LF(V x V)
is calledpositiveif, fé)r %II f CLR(V),

y KOGy (9)f ()d (x)d (y) =0

We are now ready to extend the de nitidd (2) of the LovaszdHanction to the

raphG(V;D). We de ne
graphG(V; D) -

#(G(V;D)) = sup vy K{xy)d (x)d (y):
I% [CIV x V) is positive

3)
K(x;x)d (x)=1;
%

K (x;y) =0 if d(x;y) :
Theorem 4.1. The theta function is an upper bound for the stability numier,
#(G(V;D)) = (G(V;D)):

Proof. Fix " > O arbitrarily. LetC [CM be a stable set such tha{C) =

(G(V;D)) —". Since is regular, we may assume th@tis closed, as oth-
erwise we could nd a stable set with measure closer (&(V; D)) and use a
suitable inner-approximation of it by a closed set.
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Note that, sinc& is compact and stable, there must exist a number0 such
that|d(x;y) — | > forallx;y [CQand [O. Butthen, for small enough
> 0, the set

B(C; )= {x M:d(x;C) < }
whered(x; C) is the distance from to the closed set, is stable. Moreover, notice

thatB (C; ) is open and that, since itis stabldB (C; )) < (G(V;D)).
Now, the functionf : V - [0; 1] given by

f(x)= Y.max{ —d(x;C);0}
for all x [CMis continuous and such the{C) = 1 andf (V \B(C; ))=0. So
the kernelK given by

1
K(xy) = mf () (y)
for all x;y [Mlis feasible in[(B).
Let us estimate the objective valuekf Since we have

(;f)=< (B(C; )) = (G(V;D))
and 7 7
Vf(X)f (y)d (x)d (y) = (C)>=( (G(V;D)) —")%

we nally have
Z Z

: 2
KOGy (9d ) > ((GV:D) —7)

(G(V;D))

and, since' is arbitrary, the theorem follows. 1

Let us now assume that a compact groupcts continuously oW, preserving
the distanceal. Then, ifK is a feasible solution fof{3), so (x;y) B K(x; y )
forall [1 Averaging on leads to a -invariant feasible solution

z

K(xy) = rK(><: y )d;

whered denotes the Haar measure omormalized so that has volumel.
Moreover, observe that the objective valu&ofs the same as that & . Hence we
can restrict ourselves ifil(3) to-invariant kernels. If moreoveY is homogeneous
under the action of , the second condition if](3) may be replacedkbgx; x) =
1= (V) forall x [\
We are mostly interested in the case in whitks the unit spher&" ! endowed

with the Euclidean metric dR", and in whichD is a singleton. 11D = { } and

2=2 —2t,sothatd(x;y) = ifandonlyifx -y = t, the graphG(S" ;D) is
denoted byG(n;t). Since the unit sphere is homogeneous under the action of the
orthogonal grou(R"), the previous remarks apply.
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5. HARMONIC ANALYSIS ON THE UNIT SPHERE

It turns out that the continuous positive kernels on the sphave a nice de-
scription coming from classical results of harmonic anialysviewed in the this
section. This allows us the calculation#fG(n;t)). For information on spherical
harmonics we refer to [1, Chapter 9] and|[22].

The unit spher&" 1 is homogeneous under the action of the orthogonal group
O(R") = {A [R" ":A'A = 1,}, wherel, denotes the identity matrix. More-
over, it is two-point homogeneous, meaning that the orlfit®(@R") on pairs of
points are characterized by the value of their inner pradlibe orthogonal group
acts onL?(S" 1) by Af (x) = f(A x), andL?(S" 1) is equipped with the
standardO(R")-invariant inner pg)duct

@ (Go)= 10909 (9

for the standard surface measure The surface area of the unit spheré js =
(1;1) =2 "2=( n=2).

It is a well-known fact (see e.d. [22, Chapter 9.2]) that thaceC(S" 1) of
continuous functions decomposes under the actioD(&") into a Hilbert space
direct sum as follows:

(5) C(S" 1) = Ho [Hy [Hp [t;
whereH  is isomorphic to thé®O(R")-irreducible space

X @ 0
—f =0
_, @%

of harmonic polynomials im variables which are homogeneous and have degree
k. We seth = dim(Harm ) = "% 1 — "k 3 The equajity in(5) means
that everyf [C[S" 1) can be uniquely written in the forn = ﬁzo Pk, Where

px [CHy, and where the convergence is absolute and uniform.

Theaddition formula(see e.g.[[1, Chapter 9.6]) plays a central role in the char-

of Hy and for any pair of pointg;y [SI' ! we have

X he (-
(6) ei (X)ei () = P& (x-y);

i=1 on
where Pk(; ) is the normalized Jacobi polynomial of degreavith parameters
(; ), with Pk(; )(1) =1 and = (n — 3)=2. TheJacobi polynomialsvith
parameter§; ) are orthogonal polynomials for the weight functidn—u) (1+
u) onthe interva[—1;1]. We denote bPk(; ) the normalized Jacobi polynomial
of degreek with normalizationPk(; )(1) =1.

In [17, Theorem 1] I.J. Schoenberg gave a characterizatidheocontinuous

kernels which are positive ard(R")-invariant: They are those which lie in the

cone spanned by the kerndlsy) 3 Pk(; )(x -y). More precisely, a continuous
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kernelK LCTIS" ! x S" 1)is O(R")-invariant and positive if and only if there
exist nonnegative real numbdrg, f 1;::: such thakK can be written as

R G )
(7) K(x;y) = kP (X y);
k=0

where the convergence is absolute and uniform.

6. THE THETA FUNCTION OFG(n;t)

We obtain from Sectiohl4 in the case= S" 1, D = { 2—2{}, and =
O(R"), the following characterization of the theta function o traphG(n;t):
z Z

#(G(n;t)) = max K (x;y)d! (x)d! (y) :
gn—1 gn—1

K CC(S" ' xS" 1)is positive
(8) K is invariant unde©O(R");

K (x;x)=1=!, forallx CSI" !,

K(xy)=0ifx-y=t:

(It will be clear later that the maximum above indeed exjsts.
Corollary 6.1. We have
Fn=#(G(n; 1)) = H(G(n;t)):

Proof. Immediate from Theorein 4.1 and the considerations in S&2tio 1

A result of N.G. de Bruijn and P. Erdos|[5] implies that the@matic number
of G(n;t) is attained by a nite induced subgraph of it. So one might demif
computing the theta function for a nite induced subgraphGgh;t) could give a
better bound than the previous corollary. This is not the @swe will show in
Sectior 10D.

The theta function for nite graphs has the important prépehat it can be
computed in polynomial time, in the sense that it can be agprated with arbi-
trary precision using semide nite programming. In the éaling two subsections
we are concerned with the computability of the generalira(B).

6.1. Primal formulation. First, we apply Schoenberg's characterizat{dn (7) of the
continuous kernels which a®(R")-invariant and positive. This transforms the
original formulation [(8), which is a semide nite programmgi problem in in n-
itely many variables having in nitely many constraintstarthe following linear
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programming problem with optimization variablgs
#(G(n;t)) =max ! 2fq:
fy=0fork=0;1;:::;

x G )
9) 1:kPk’ (1)=1=ly,
k=0
R .
fPC ) =0 ;
k=0
where =(n—3)=2
To obtain [9) we simpli ed the objective function in the folwing way. Because
of the orthogonal decompositidnl (5) and because the sueshacontains only the
constant functions, we have
z Z

fPS (x-y)d! (x)d! (y) = ! 2fg:
ST 8" =g

We refer to[(9) as thprimal formulationof #(G(n; t)).

6.2. Dual formulation. A dual formulationfor (@) is the following linear pro-
gramming problem in two variableg andz; with in nitely many constraints:

min  z;=!y :
(10) 2Pg W)+ 2Py =1
2P0 )+ zPS () = 0fork=1;2;:::

It is easy to check that weak duality holds betwdédn (9) and, (4@ that the
value of any feasible solution of the dual formulation gieesupper bound for the
value of any feasible solution of the primal formulation ahds an upper bound
for #(G(n;t)). Indeed, leffo;f1;::: be a feasible solution t¢](9) arm; z; be a
feasible solution td (10). Then,

. ps .
PO YW+ £ PE ()

z1=lhn= 1279
k=0 k=0
G ) G ) R G ) G )
= fo(zaPy’ (1) + zPy* (1)) + fe(ziP “(1)+ zP, (1))
k=1
E!rzlfoi

Simplifying (10) usingP{’ ? = 1 andP{’ ’(1) = 1 we nally obtain the
equivalent problem

min z=!,:
(ll) Z, + th!r%;

7, + thk(; dty=o0fork=1:2;::: :
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Now, the following theorem characterizes the minimum/[of)(1Moreover, we
have strong duality between the primal formulation and thal tbrmulation.

Theorem 6.2. Let m(t) be the minimum oIPk(; )(t) fork = 0;1;::: Then the
optimal values of{@) and (10) are equal to

m(t)

#(G(n;t)) = ! nW—l:

Proof. We rst claim that the minimumm(t) exists and is negative. Indeed, if
P{ )(t) = 0forallk = 1, thenz; = 0 andz = ! 2 would be a solution fo{10)
of value0. But this is a contradiction, since by weak duality any fbEssolution
of (10) has value at leagf(G(n;t)) = (G(n;t)) > 0. So we know that for some
k=1,P{ (t) < 0. This, coupled with the fact th@&" ’(t) goes to zero ak
goes to in nity (cf. [1, Chapter 6.6] or [19, Chapter 8.22)ypves the claim.

To compute the optimal value df (11), one may use the geomapproach to
solve linear programming problems of two variables. Thestraints

2+ 2P0 ) =0 k=1;2::3;

correspond to half planes through the originR#. The strongest of these con-

straints is the one for WhiCﬁ’k(; )(t) is as small as possible. In this case the
optimal solution is given by the intersection of the two 8ne

z7+ m(t)z=0 and z3+z =12
so that the optimal value iIs, - m(t)=(m(t) — 1).

Now, letk be such thain(t) = Pk(;:. )(t). Consider the optimization variables
f of the primal formulation which are zero everywhere with éxeeptiond ¢ =
m(t)=(! n(m(t) — 1)) andfyc= —1=(! ,(m(t) — 1)). This provides a feasible
solution to [9) of value , - m(t)=(m(t) — 1). From the weak duality relation, it is
also an optimal solution. 1

Example 6.3. The minimum oPk(; )(0:9999)for = (24 — 3)=2is attained at
k = 1131 and its value is—0:00059623: :

We end this section with one remark about the proof of Thed@éin The fact
thatm(t) is negative can also be seen as a statement about orthogdyradmials.
Then, it is more natural to argue as follows: lkebe the smallest degree so that
Pk(; )(t) has a zero in the intervdil; 1]. The existence of suchlafollows from
[19, Theorem 6.1.1]. Because of the interlacing propem Sectionl7), we have

Pk(; )(t) < Ointhe casé’k(; )t) 50, ande(le)(t) < OwheneverPk(; (1) =
0. Moreover, the absolute value 9&(: )(t) goes to zero ak tends to in nity

(see[1, Chapter 6.6] or [19, Chapter 8.22]). These two fangsther imply the
existence and negativity ofi(t).
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7. ANALYTIC SOLUTIONS

In this section we compute the value
m(t)=min {PC (t):k=0;1;::}

for speci c values ot. Namely we choostto be the largest zero of an appropriate
Jacobi polynomial.
Key for the discussion to follow is thmterlacing propertyof the zeroes of

orthogonal polynomials. It says (cf. [19, Theorem 3.3.Bfttbetween any pair of

consecutive zeroes 6 ) there is exactly one zero &', .

ing orderingt{; ” <t { ). We shall need the following collection of identities:

apl ) dpC ) _
12) (@1-u?) dEZ —(2 +2)u gu rk(k+2 +1)PS )=0;
13) (DR - = PE ),
(14) (-)F( +DPE D(-uy=(k+ +1PL (),
dP(' ) ( +1 +1)
(15) 2 +2)—k—=k(k+2 +PL1H "D,
(16) (2 +2)pk(; +1)=(k+2 +2)Pk( +1; +1)_kPk( Jlrl; +1);
a7 2k + 2 +2)Pk( +1; ):(k+2 +2)Pk( +1: +1)+ kPk( 1—1; +l);
G G )
- P -P
(18) (k+ +1)Pk( +1'):( +1) k 1_uk+1.

They can all be found in 1, Chapter 6], although with diffsr@ormalization.

Formula[12) isl[1, (6.3.9)]{(13) and (14) are [1, (6.4.28]B) is [1, (6.3.8)],[(1b)
is [1, (6.4.21)]; [1Y) follows by the change of variables3 —u from (18) and

13), (14); (18) isl[1, (6.4.20)](18) and (13]), (14).

( +1 +1)

Proposition 7.1. Lett = t, ,x ;™ be the largest zero of the Jacobi polynomial
P TH Y. Thenm(t) = PU ().

Proof. We start with the following crucial observation: From{16is a zero of the
derivative oﬂ3k(; ). Hence itis a minimum cﬁ’k(; ) because it is the last extremal
value in the interval—1; 1] and becausé’k( b +1)(1) =1, whence (usind(15))
P )(u) is increasing oft; 1].

Now we prove thaPk(; )(t) < Pj(; )(t) for allj € k where we treat the cases
j <k andj >k separately.

It turns out that the sequen(e'éj(; )(t) is decreasing fof < k. From [18),

the sign oij(; (1) — Pj(le )(t) equals the sign oPJ-( *1)(1). We have the
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inequalities

(+1) (+1) (+1 +1)
4 =t 1<tk 1k 1 = C

The rst one is a consequence of the interlacing propertyonF{17) one can

deduce thaP{ ; ’ has exactly one zero in the intenfiaf 7 ;2;t{ 17 ]

since it changes sign at the extreme points of it, and by ntmemgumenp( )
has a zero left toﬁ LD Thustl B <8 TP =t Sot lies right to the
largest zero oP( ) and hencer( b )(t) > 0 which shows than(; )(t) -
Pl (t) > Oforj<k .
Let us consider the cage k . The inequality([1, (6.4.19)] implies that
(19) foralj>k, P 2t <Pl el 1Y)

The next observation, which nishes the proof of the Iemrea;tated inl, (6.4.24)]
only for the case =0:

(20) forallj =0, mln{P( )(u) u CJQ; 17} = p( )(t( +1; +1))
To prove it consider
i +2 +1) du

Applying (I2) in the computation aj’shows that
@ +2)u dPl ) 2

W= 52 +D

The polynomialg®takes positive values df; 1] and hencey is increasing on this
interval. In particular,

ol T i) <gf T Y forali=j —1withtl T Y =0

which simpli es to
P( )(t( +1 +1))2 < P( )(t( +1 +1))2

g(w) = P dw)?+

+1) )

Sincetj( "Ill are the local extrema (ﬁj(’ , we have proved (20). 1

8. NEW LOWER BOUNDS FOR THEEUCLIDEAN SPACE

In this section we give new lower bounds for the measurahienchtic number
of the Euclidean space for dimensiobg : ::; 24. This improves on the previous
best known lower bounds due to L.A. Székely and N.C. Worrf2dd. Table[8.1
compares the values. Furthermore we give a new proof thah#esurable chro-
matic number grows exponentially with the dimension.

For this we give a closed expression fion;; ; m(t) which involves the Bessel
functionJ of the rst kind of order = (n — 3)=2 (see e.qg.[[1, Chapter 4]).
The appearance of Bessel functions here is due to the fadhihdargest zero of

the Jacobi polynomiaPk(; ) behaves like the rst positive zefjo of the Bessel
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functionJ . More precisely, it is known |1, Theorem 4.14.1] that, foe fArgest

zeroty, " Y =cos i of the polynomialP{ " *P,

(21) k'|ll’_'T_11 k k = J +1
and, with our normalization (cf._|1, Theorem 4.11.6]),

- G ) u _ J (u)
(22) k!|ITl Py cosk =2 ( +1) <

Theorem 8.1. We have

J (G +1).

(4 +1)

Proof. The asymptotic formula for the Jacobi polynomialsi[19, Trieeo 8.21.8]
converges uniformly in every open interval containefH; 1], hence the function
m(t) is continuous in the open intervgt-1; 1) as then locally it can be written as
the minimum of nitely many continuous functions. Hence,Psopositiod 7.1l and
by the fact that the zera§ %3 1 tend tol,

imm®=2 ( +1)

; — i G ) F1 +1)y,
tIllmlm(t)— |I<I|r1n Pew Mt 1k 1)

We estimate the difference

J (4 +1)

G

; 1; 1
PO T -2 (+)

that we upper bound by

O ) —RE ) codd

+ I;,k(; ) CosJ 5 ( +1)J ( +1) :

k ( +1)
The second term tends €ofrom (22). De ne 1 byt % 7 =cos 1. By

the mean value theorem we have

Pk(; )(t( +1; +1))_Pk(; ) COSJ +1

k 1.k 1 k
k +1
< max cos — cos——=
u2[ ;11 du k 1 k
G ) :
- dPy jo+1 .

k ’

wherel  denotes the interval with extremeg 1 andj“T”. Then, with [21),

max max| sin K 1—
u2[ 1;1 du 2|k| |

j +1 S I I

k1T T T KT KTT T k(k—12)

(K= 1) k1= )+

v _ 1
kk—1) ° k
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and forall [T}
, J o+1 j +1 1
< < - - —Q - = —
Isin |<] =52+ -2 =0 o
From (15),
G )
dP,
max K (K3

u2[ 1;1] du
Hence we have proved that

Jim POl T ) —p8 ) cosJ—l:1 =0: 1
Corollary 8.2. We have
(J +1)
RY=1+ _ :
R = s DR G 0l
where =(n—3)=2. —1
We use this corollary to derive new lower boundstior 10;:::;24. We give
them in Tablé 8]1. Fon = 2;:::;8 our bounds are worse than the existing ones

and forn = 9 our bound is35which is also the best known one.

best lower bound new lower bound
n | previously known for (R") for m(R")
10 45 48
11 56 64
12 70 85
13 84 113
14 102 147
15 119 191
16 148 248
17 174 319
18 194 408
19 263 521
20 315 662
21 374 839
22 526 1060
23 754 1336
24 933 1679

TABLE 8.1. Lower bounds for ,(R").

We can also use the corollary to show that our bound is expi@hém the di-
mension. To do so we use the inequalities (cf. [1, (4.14.49] @3, Section 15.3,

p. 485])
j +1>] >
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and (cf.[1, (4.9.13)]) v
b X)|<1= 2

to obtain
(i +1) . V3 .
2 ( +1)13 (G +)l 2 (+1)°

vV
and with Stirling's formula( +1) e 2 we have that the exponential
termis §  [(1t165)".

9. FURTHER GENERALIZATIONS

In this section we want to go back to our generalizatidn (3peftheta function
and discuss its computation in more general situations tharmne of the graph
G(n;t) encountered in Sectidn 6. We assume that a compact graefs continu-
ously onV. Then, the computation only depends on the orthogonal decsition
of the space of continuous functiols(23).

9.1. Two-point homogeneous spacedrirst, it is worth noticing that all results in
Sectior 6 are valid — one only has to use the appropriate zmighomials and
appropriate volumes — for distance graphs in in nite, twairg homogeneous,
compact metric spaces where edges are given by exactly stiamck. If one con-
siders distance graphs in in nite, compact, two-point hgermeous metric spaces
with s distances, then the dual formulation is an in nite lineaogmamming prob-
lem in dimensiors + 1.

9.2. Symmetric spaces.Next we may consider in nite compact metric spatés
which are not two-point homogeneous but symmetric. Sineesgface of continu-
ous functionL (V) still has a multiplicity-free orthogonal decompositioneogets
a linear programming bound, but with the additional congilan that one has to
work with multivariate zonal polynomials. The most promibhease of the Grass-
mann manifold was considered by the rst authorlinh [2] in theiext of nding
upper bounds for nite codes.

9.3. General homogeneous space$:or the most general case one would have
multiplicities my in the decomposition (V) which is given by the Peter-Weyl
Theorem:

(23) C(V)=(Ho1 = Hbhm,) CHqy 2 CHEy,) L

whereHy. are -irreducible subspaces which are equivalent whenever tisei
index coincides. In this case one uses S. Bochner's chaizatien of the con-
tinuous, -invariant, positive kernels given inl[4, Section Ill] totgde primal
formulation of# which yields a true semide nite programming problem.
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10. RELATION TO DELSARTE'S LINEAR PROGRAMMING BOUND

That it is possible to treat all two-point homogeneous spaimultaneously is
similar to the linear programming bounds for nite codes whivere established
by P. Delsarte in_[6] and put into the framework of group repregations, which
we use here, by G.A. Kabatiansky and V.I. Levenshteiri_in.[11] this section
we devise an explicit connection between these two bounds. cbnnection be-
tween the linear programming bound and the theta functional@ady observed
by R.J. McEliece, E.R. Rodemich, H.C. Rumsey Jr_in [16] amt&pendently by
A. Schrijver in [18] in the case of nite graphs.

As we already pointed out in Remdrk B.2, there are many altemways to
de ne the theta function for nite graphs and it is somewhatsterious that they all
give the same. For our generalization we used the de nitigargin [14, Theorem
4] to give an upper bound for the measure of any stable sé{mt). Now we
generalize the de nition given in_[14, Theorem 3] to give gwpar bound for the
maximal cardinality of a nite stable set in the complemehtlee graphG(n;t).
This is the graph on the unit sphere where two points are axdfaghenever their
inner product is not equal to Similarly we could also in the following consider
the graph on the unit sphere where the points are adjacemew@etheir inner
product is at most. In this way we recover the linear programming bound and
shed some light on the connection between these two denstio

Let G = (V;E) be a nite graph. By taking the automorphism grofipt( G)
into account, de nition[[14, Theorem 3] becomes

#G)=min : K [CR' VY is positive semide nite
K is invariant undeAut( G);
K(x;x)= —1forallx [V,
K(xy)= —1if {x;y} CH :

(24)

In other words#(G) is the smallest largest eigenvalue of any positive semiie n
matrix K CRY Y with K (x;y) = 1 whenevex = y or {x;y} [CE. This gives
an upper bound for the cardinality of any stable set in themgement ofG, i.e.,
the graph with vertex satf in which two vertices are adjacent whenever they are
not adjacent irG.
Now we generalize (24) for the graf@(n;t) by de ning
#G(n;t)=min  : K CC(S" !xS" 1)is positive
K is invariant unde©O(R");
K(x;x)= —1forallx CSI' 1,

K(xy)=—-1lifx-y=1:

(25)

Proposition 10.1. LetC [CSI' ! be a subset of the unit sphere such that every
pair of points inC has inner product. Then its cardinality is at mogt(G(n;t)).

Proof. Let K be a kernel satisfying the conditions in125). Then, by theitpaty
of the continuous kernd{ it follows by [4, Lemma 1] that for any nonnegative
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integgrm, y pointsx(;:::;Xm 3" 1, and any real numbens;;:::;um, we
have L, L; K (xi;xj)uiu; = 0. In particular,
X X X
0< K(d= Ko+ K(d=<ICIK(co—|C|(C|—1);
(c;cH2c2 c c&cH
so that|C| — 1 = K (c; ¢ and the statement follows. 1

The valuest(G) and#(G) are related by the identi(G)#(G) = |V|if Gisa
nite, homogeneous graph[([14, Theorem 8]), and by the imditpu#(G)#(G) =
|[V]if Gis an arbitrary nite graph ([14, Corollary 2]). Using thersa arguments
as in the proof of Theorefn 8.2 one shows #H&E(n;t)) = ( m(t) — 1)=m(t). So
we have

#(G(N; 1) #(G(n;t)) = !p:

It follows immediately from the de nitions tha#(H) < #(G(n;t)) for any nite
induced subgraphl of G(n;t), since one can extract a feasible solution#0H )
from any feasible solution fa¢(G(n;t)). Hence, as we noticed after Corollaryl6.1,
we cannot improve the bound on the measurable chromatic ewuofG(n;t)
given in Corollary 6.11 by computing the theta function of ateninduced subgraph
of it.

We nish by showing how the linear programming bound can b&imed from
(25). Consider the graph on the unit sphere where two poigtsat adjacent
whenever their inner product lies betwee andt. Using Schoenberg's charac-
terization [[T) the semide nite programming problem](25npli es to the linear
programming problem

inf . fo=0,f1=0;::;
s

(PO )= -1
0

* 1

fPL (u) = —1forallu CFL;t] :
0

=
If

P .
We can strengthen it by requiring &:ofkpk(' )(u) < —1forallu #1;t]. By
restrictingf o = 0 the in mum is not effected. Then, after simpli cation, we tge
the linear programming bound (cf./[3, (7)])
h S
inf{1+ fr: f1=0f,=0;:::;
k=1

f RS (u) < —1forallu CFLH] ;
k=1

yielding an upper bound for the maximal number of points @nuhit sphere with
minimal angular distancarccost.
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