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Abstract. Good scaling is an essential requirement for the good behavidmoany numer-
ical algorithms. In particular, for problems involving multivariate polynomials, a change
of scale in one or more variable may have drastic e ects on thelnestness of subsequent
calculations. This paper surveys scaling algorithms for systenad polynomials from the
literature, and discusses some new ones, applicable to arbitrgyglynomial constraint sat-
isfaction problems.
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1 Introduction

Good scaling is an essential requirement for the robust behaviol methods to solve sparse
linear systems, to nd one or all zeros of nonlinear systems, to soleptimization problems,
and to nd one or all solutions of constraint satisfaction problens. While the literature is
dominated by work on scaling linear systems, we got interested inadimg nonlinear systems
to improve the performance of our (currently still experimetal) GloptLab system Domes
[4, 5] for the solution of constraint satisfaction problems.

For problems involving multivariate polynomials, a change foscale in one or more variable
may have drastic e ects on the robustness of subsequent calcutats. Therefore, it is
important to have strategies for scaling polynomial systems. Aviesuch scaling algorithms
were discussed in the literature on polynomial system solving. Watson & Terry [21],
a scaling algorithm, minimizing the sum of squares of the expams of the coe cients is
given. In Morgan [14, Chapter 5], a slightly improved scaling algorithm is preséed.
(These methods are presented below in Section 3 and further dissed in Section 5.)

Unfortunately, these algorithms behave poorly on badly scalelthear problems. On the
other hand, a good nonlinear scaling algorithm should of coursdso perform well when
applied to linear problems. The linear scaling problem has relwed a lot of attention in
the literature. Important old works on linear scaling are byParlett & Landis [16] and
Curtis & Reid  [3].

In Olschowka & Neumaier [15], a new pivoting strategy for Gaussian elimination was
introduced. The idea was to precondition the coe cient matix of a linear system, so as
to obtain an equivalent scaled system with a matrix which is clost being diagonally
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dominant and hence well-scaled. The preconditioning is based solving a linear program
via a matching algorithm. It increases the accuracy of the sdion and reduces the need
for partial pivoting, thereby speeding up the solution process.

Theory and algorithms of the scaling algorithm inOlschowka & Neumaier [15] were
extended and adapted for preconditioning large sparse unsymmelinear systems byDuff

& Koster [7], with important applications in semiconductor device ad circuit simulations
(Schenk et al. [19]). A thorough experimental study of the bene ts of sch scaling-based
preconditioning was given inBenzi et al. [1]. Symmetrized maximum weight matchings
related to optimal scaling algorithms are used i&chenk & Gartner  [18] andHagemann

& Schenk [9] for solving highly inde nite, unsymmetric linear systems; tlere the reordering
and scaling is used as a preconditioner for incomplet®L T factorizations. As one can see
there is a great interest and numerous applications for prepcessing techniques based on
optimal scaling and associated matching algorithms.

When leaving the linear case, new considerations have to be reagince the nonlinear entries
should be weighted di erently than the linear ones. In the pres# paper, a new principle
for nonlinear scaling algorithms is presented which reduces the linear case to the linear
programming approach ofOlschowka & Neumaier  [15]; thus we hope to gain the same
bene ts for polynomial problems. The problem class treated that of polynomial constraint
satisfaction problems. This includes systems of polynomial edigmns; but there may be
fewer or more constraints than variables. The technique extda without problems to the
scaling of polynomial optimization problems. Indeed, we canlveays treat an objective
function as an additional constraint with an arti cial upper bound. A derivation of two
new algorithms based on the new principle is given in Section All algorithms discussed
are applied to a number of examples in Section 5 and comparedhweach other.

The new scaling algorithms are used as part of the global optirgtion environment Glopt-
Lab (seeDomes [4, 5]).

In the context of polynomial systemsKim & Kojima [12] also discuss scaling techniques.
However, these concern the improvement of the numerical stabylof auxiliary linear sys-
tems by scaling the latter, rather than scaling the coe cientsof the polynomials. There
are also strategies for scaling nonlinear eigenvalue probleoan be found inFan et al. [8],
Higham et al. [10] andHigham et al. [11]. Again, these have a di erent nature; they
exploit the scaling freedom in reducing polynomial eigenvs problems to larger linear
ones.

2 Problem speci cation

Notation. We shall use the following notation. No denotes the set of natural numbers
including zero, andR. the set of nonnegative reals. Inequalities on vectors are inpeeted
componentwise. Thejth row of a matrix A is denoted byA;., and the kth column by
A... IRY denotes thed{dimensional space of interval vectors. An interval vectox 2 IR¢



is a Cartesian product of closed real intervals, representing &#dunded or unbounded)
axiparallel box in RY. Thus each componenk; of x is a real closed interval, with

Xi = [ Xi]:

The values 1 and 1 are allowed as lower and upper bounds, respectively, to takerea
of one-sided bounds on variables.

We consider constraint satisfaction problems with general comaints C(x) 2 F and bound
constraints x 2 x. The m general constraint are interpreted as componentwise enclossr
Ci(x) 2 F; (i =1:::m). This includes equality constraints ifF; = [F;; F;] is a degenerate
interval, and inequality constraints if one of the bounds isnnite. F;, C F, if both

bounds are nite and C; = F; if the bounds are equal. Similarly, then bound constraints
are interpreted as enclosures; 2 x; with j =1:::n. Again, xed variables and one-sided

bounds on the variables are included as special cases.

mid(x) = (x + X)=2
denotes the midpoint of a boxx,

hxi = min (jx;; %))
denotes the mignitude and

jxj = max(ixij;j%i)
denotes the magnitude of an interval vectox.

In this paper, all constraints are de ned by polynomial exprssions in standard form as a
linear combination of monomials. All monomials occurring in sne general constraints are
collected together in a vector-valued functiomg(x) : R" ! RP with components

Y
a(x)x = X; fork=1:::p:
j=1

HereE 2 N§ " is a sparse matrix encoding the powers with which the variablegppear in
the monomials used. The corresponding polynomial coe cientare collected in a sparse
matrix A 2 R™ P, Thus the general polynomial constraint satisfaction problenwith n
variables andm constraints takes the form

x2x; Ag(x)2 F 1)
with g(x) as above, A2 R™ P, x 2 IR",andF 2 IR™.

The polynomial scaling problem  now consists in nding a constraint scaling vector
r 2 RT" and a variable scaling vectoc 2 R such that the scaled problem

X2 x; A%q(x) 2 F® with Aj = rijAkja(c)k; F}

= riF 2)

is well-scaled in an appropriate sense. Which properties cornste a well-scaled problem
is a somewhat ill-de ned matter, because it highly depends ormé applications and is not
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easily quanti able. Intuitively, a scaling algorithm should sanehow decrease large variations
between appropriately weighted sums of logarithms of the ca&énts of the matrix A; the
weights should re ect the expected size of the values of the namials.

Di erent intuitions about well-scaledness result in di erent algorithms for the construction
of the scaling vectors. This also makes it dicult to compare scahg algorithms. The
ultimate criterion of quality is de ned by the behavior of the application that uses a scaling
algorithms, and thus cannot be evaluated independently of éhapplication. Therefore it
is advisable to have di erent algorithmic choices that enalel users to choose the one most
suited to their case.

3 Known methods

This section presents the two methods found in the literaturegconverted to the problem
format and notation given in the previous section and discussesnse of their weaknesses.

3.1 Watson's Hompack algorithm

On page 20 ofwatson & Terry [21], an algorithm is given for scaling polynomial systems
F(x) =0, where

Xi Yo

Fi(x) = P X0 =

j=1 k=1
(In [21], m = n but their recipe trivially extends to the casen 6 m.) To nd the constraint
scaling vectorc = 10°€ and the variable scaling vector = 10" (with componentwise powers),
they minimize the scaling function

1 Xn i h o xn i 2
S(e;v) = > & +10g0jpij + Vi i ®3)
i=1 j=1 k=1

by nding the solution of r S = 0. In our problem representation (1), this amounts to nd
the minimum of x h i
1 2
S(e;v) = 5 e+ Lj +(Ev)
2(i;j)2|
with L = logqjAjjand | = f(i;j) ] Aj 6 0g. The index setsl; with n; := jl;j are
introduced because of the remark in [21] that all coe cientgy; = 0 should be omitted from
the calculations. The stationarity conditionr S = 0 results in an equation similar to [21]
page 20:
Gw=b (4)

e

with w = ; and

X X X
Gi=n; Gimss= Eis; Gm+si = Eis; Gm+sm+t = Eit Ejs
()21 ()21 ()21



X X
b = Lij; bhes= Li Ejs;
()21 ()21

wherel =1:::m,s=1:::n,t =1:::n. Finally the scaling vectors are found by computing
c=10°andr = 10V.

Remark. As shown in Section 5 the algorithm frequently fails when the niax E has a
regular structure: The matrix G is singular whenever for anyn <k 6 t the equation

X X
Ejk = Ejt
G2l G2l

holds for all (i;j) 2 |. For example, in the 4-dimensional linear problem wherg is the
4 4 identity matrix, the matrix

?é

3.2 Morgan's algorithm

1
1

1

P PP P OOO BN
P P PP OODMDO
P P PP ODNOO
P P PP MNOOO
NADRNDNPRP P PP
S NS NG N T T
S NS NG N T T
N

is singular.

The book Morgan [14] presents in Chapter 5 (pp. 107{119) two scaling algorithsnfor
polynomial systems of equations. The rst algorithm is calle@CLGEN and is very similar
to the one presented in the previous subsection. The second alguon, called SCLCEN , is
a modi ed version of SCLGEN , and takes the values of the bound constraints into account.

Though Morgan uses a slightly di erent notation, SCLGEN is a straightforward extension
of the method used in Hompack. Indeed, using the same notation asSubsection 3.1, the
objective function

Xn Xi h X P
S(e;v) = e +logojpi |+ Vil + 12 (%)
i=1 j=1 k=1

is nearly the same as (3), with an additional term
x oo X h X X0 i,

fy = e +logoipio +  Vk0jo & +logojpjed +  Vibjou
i=1 1 jO0gj 00 p; k=1 k=1



penalizing the variation in magnitude between the coe ciets of F;. The suggested solution
method, solving the equationr S = 0, is also the same. For our problem representation
(1), the method amounts to nding the minimum of

X h i X h i 5

S(e;v) = e+Lj+(Ev) + Lijo Ljo+(EV)jo (EV)jo ; (6)
(i )21 (it 0.);0“”'. ‘:)‘;) 21
17 <]

with Lj :=10g,4jAj j. This can be written as a linear least squares system, whose solatio
gives the scaling vectore = 10° and r = 10Y. Solvingr S = 0 just means solving the
normal equations, but other, more stable methods for solving ¢hleast squares problem can
be used.

Note that solving the least squares problem

minkGx bk; G2 RM(P*S) nm. 5 QMM o RM(PFS): g " (7)
could prove di cult because of the dimension ofG, if the number p of the monomials is
high. However this problem is reduced by the following facter

The matrix G is usually sparse. The dimension given in (7) is the worst case, dtiad
only whenG; 6 0 for all i andj.

In the normal equationsCx = G"h, the matrix C = G'G is onlynm nm.

Morgan's second scaling algorithnSCLCEN is a modi ed version of SCLGEN , which
uses the upper bound or the mean values of the baxto de ne the variable scaling. Let
us denote the selected bound information asthen SCLCEN de nes

Vi :=1ogjR fork=1;:::n;

(actually, Morgan does not use the absolute value, which undutestricts the applicability
of his method to variables which can take positive values) ane@places the second term,
of (5) with
X X h ineo X 2
r, = €o €oo+ |Og 10 _”?IOJ OJ_ + Vk(diojok dioq ock)
1099 m 1 o a5 IPioged oy

] ]
The new equation now depends only on the variable vectersincev is constant. Written
in our notation, the complete objective function takes thedrm
X h i, X h P
S(e) = e + Lij + ( EV)J' + €o €Eoot LiOJ'O Lioqoo+ ( EV)jo (EV)joo :

()21 (%5 9; (1% %9 2
iO iOO; jO jOO

The least squares problem for minimizings(e) now involves fewer variables (onlye) but
many more terms. However this method only computes the scalingctors for the con-
straints. The variable scaling is determined by the mean valuef the bound constraints.
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This could prove bad if some of the variables are unbounded dig bounding intervals are
very wide. The second problem is thaty :=log ;% is not de ned if & = 0, thus the algo-
rithm does not work for the very common constraintx; 0. Because of these problems,
SCLGEN is not tested in this paper.

4 The new methods

We now discuss new methods which give a good scaling for both &ineand nonlinear
systems.

We search for a constraint scaling vectar 2 RT' and a variable scaling vectoc 2 R} such
that the scaled matrix should have all entries bounded in absdkivalue by 1, with at least
one 1 in each row not consisting of zeros only. In particular, éhinequality

rijAja(Qk 1 (8)
holds and
r = !
' maxg jAikja(c)

if the denominator is nonzero. Since scaling is intended to xnagnitudes only, we can
relax this requirement by allowing the largest entries to b&©(1) instead of 1 and to choose
the scaling factors as powers of a xed, but arbitrary integeb > 1. To minimize rounding
errors, b should be a power of the basis in which the arithmetic is execute In terms of
this basis, we de ne

up :=logyri; v :=10g9,G
and
Bik == l0gyjAK];
and substitute them into (8) we obtain

A4
in b Bk ij Ej bO’
i=1
resulting in the inequality

X
u + ViEg = Ui+ (Ev)k  Bi: 9
j=1

We de ne the index setl = f(i;k) j Bi is nite g then by (9)
X X
(Ui + (EV)k) Bk 1 (10)
(izk)21 (izk)21

holds. Letd; be the number of (; :) 2 | and ¢ the number of (; k) 2 I, then by transforming
the left hand side of (10) we obtain
x xXp

dui+ q(Ev)k=du+qEv<1: (11)
i=1 k=1



If (8) holds, we may regard the expression
f(r;c):=du+ g Ev=d logr+ qElog,c (12)

as a measure of the quality of the scaling, in the sense that di ame scalings may be
considered equivalent if the values df(r; c) are the same, and better scalings have higher
values off (r;c). Therefore, we may take (12) as the objective function of aoptimization
problem with the conditions (9) (equivalent to (8)) as the castraints. This gives the linear
program

max d'u+ q'Ev

. (13)
st:  u+(Ev)x By foralli;k;

with an obviously nite maximum.

To obtain a reasonable bounding box and a good starting valuev° for the variable scaling
factors in our algorithms, we de ne the following constants. (He the function 'round’

rounds to the nearest integers as iMatlab , i.e., rounding in case of ambiguity to the
absolutely larger integer.)

b base,b >0

eps machine precision

"= eps min(1; 1=max(hxi); min(j xj)) minimal scaling factor

uj == max(hx;i;") additive scaling factor forx; (14)
ri = 1=min(jx;j;" %) multiplicative scaling factor for x;

v; := [round(log,u;);round( log,r;)] v; range interval

v) = round(V; V) initial value for r;:

4.1 A linear programming algorithm

Adding the bounds on the vectorv de ned in (14) to the linear optimization problem (13)
gives the linear program

max f(u;v):= d'u+ q Ev
st:  u+(Ev)x By foralli;k; (15)
V2V

The linear optimization problem (15) can be solved using a liae programming package
such as IpSolveButtrey  [2]). The linear program hasam+ n variables andk + g inequality
constraints, wherek is the number of nite, non-zero entries of the matrixB (maximum
mp) and g is the number of nite bounds inv. Solving the linear program successfully
results in a scaling vectory = (u;Vv)T. The variable scaling vectorc can be obtained by
computing g = b% forj =1 :::n and the constraint scaling vector from y by computing
ri=bifori=1:::m.

The optimization problem (15) may have an in nite number of naximizer. In this case it is
desirable that that the components of the maximizer are reasahly small. To achieve this,
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we introduce an additional postprocessing step, which solves #mer linear program. Let
¥ = (;¥) the solution of the the linear program (15). The postprocessingnear program

min ¢Ty

st: u+(Ev)x By foralli;k;
fluv) £(0;0)
y2y;

(16)

wherey = (u; V) and 8
2 [0;0] if =0
yi=_ [ 1 ;0] if $<0
[0;1] if 9> 0:

yields a solution of (15) whose entries are usually small enough lbe acceptable.

4.2 An iterative algorithm

If the number of nonzero entries ofA is large or if we have to scale a large number of
matrices, an iterative scaling method for approximately solwig the linear optimization
problem (13) may be preferable.

Since it follows from (9) thatu  u(v), where
Ui(V) = mli(n Ci with Cik = Bi (EV)k;

the objective in (13) is maximal foru = u(v). Therefore to solve (13), we have to maximize
the scaling function
f(v)= du(v)+ q Ev:

If we change thej th component ofv by setting

P=v+ |y, a7)
the change of the scaling function is given by
= f@0) f(v=du®@ uw)+ q'E;: (18)
with
U(O) = U(V + | :j) = an (Cik E Kj ): (19)
4.1 Algorithm:
First we initialize the n{dimensional vectorsu, r, v° and v as in (14). We set = 1,

v := v? and compute
e= qTE; Cik := Bik (EV)k; m; = mli<n Ci:

We iterate through the components of the vectow, while variablet counts the number of
unchanged components of since the last change ow has been made. For the component



1. If t > n terminate the iteration procedure.
2. 1If Vi + 2 Vj

(a) We setv:= v+ | .
(b) We computeéik =Ck Ey andrh; = min, Cy fori=1:::nandk=1: p.
By (18) and (19) we have = d"(th m)+ e;.
(c) If > 0 we acceptvand setv=4, C = €, m = fn andt = 0, then begin Step
2. anew for the same component of.
(d) If 0O we set = and
i if 0 we begin the process again for the samth component ofv.
ii. if < O we sett =t+1 and step to the (j +1)th component of v.

3. If < 0 we change the sign of and begin the process again for the same component
of v.

4. If 0 we change the sign of, increaset by one, and continue with the rst step,
using the ( + 1)th component of v.

After the termination of the above iteration we have a vectow from which the variable
scaling vectorc can be obtained by computing
G=b1;j=1:nm;
and the constraint scaling vector can be obtained by computing
=W i=1::1m:

4.2 Theorem. Algorithm 4.1 ends after nitely many steps.

Proof. Since we accept a new only if = f(®) f(v) > 0, implying that f (¥) > f (v),
the scaling function either increases, or it does not change iase we do not accept the new
vV=4.

Sincev 2 v is bounded,} = v; and the constant does not changey can only attain
a nite number of values. The termination criteriont > n in the algorithm guarantees
that if the value f (v) of the scaling function not change in the last steps the algorithm
terminates.

Putting all this together shows that f (v) increases monotonically, stays constant at most
n times in a row, and takes only nitely many distinct values. Theefore the algorithm
carries out a nite number of steps, and there is no possibility afycling. This shows that
the scaling algorithm is nite. u
Using the algorithm results in a scaled versioA® of the matrix A with

K = NijAkja(o)x:
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Since (;v) is an approximate solution of the optimization problem (13)with integral
entries, we haveAj 1 fori =1:::nandk = 1:::m, and, sinceu = u(v), for eachi
there is at least one index such that A5, > b . Thus the matrix will be well-scaled ifb
is not large.

In practice, it is reasonable to remove the variableg, where xy is narrow before the
computation of the scaling. We proceed as follows. L& be the list of indicesk with
Vi, = Y (which de nes the meaning ofxy being narrow) in increasing order. For indices
in K, vg is determined by the bounds, and can therefore be eliminatetbin the problem.
Thus the problem (1) changes into

22 % Aq(®) 2 F; (20)

with b= (x) ] 2 K, & = (xfkj Aj ). After that we remove all constant monomials(x?
for all k) from g(k) by bringing them to the left hand side by substituting them fromF
obtaining F and changingqto ¢. Finally we remove the constraints where all the coe cients
are zero, thereby possibly changing the dimension &f and F. Doing the above reduces
the computation time. Let v° be the starting value vector forv as in (14) and letV*be the
solution vector computed by scaling the reduced system (20). Thike solution vector of
the original system can be written as

vio(k) fork 2 K,

Vi = O‘j(k) fork 2 K,

wherei(k) denotes the position ofk in the list K, j (k) denotes the position ofk in the
increasingly sorted list complementary td< . Then the variable scaling vector i = b’ and
the constraint scaling vector isr = B,

5 Numerical examples

We illustrate the preceding algorithms with as number of exapies. In the following,
we refer to the algorithms presented in Subsections 3.1, 3.214and 4.2 by the names
Hompack, Morgan, ScaleLP  , and Scalelt , respectively.

The examples are chosen to illustrate di erent features; rst a Adly scaled nonlinear system
from the literature, followed by a reduced version of the same s¢m; then a badly scaled
linear system from the literature; nally a randomly generatel quadratic system and a
nearly degenerate problem are presented. The babis 10 is used in all calculations.

For the purpose of better understanding the examples below,stead a matrix A, we de ne

the exponent matrix of the problem (1) by
!

q(x)’
log;o(A)

and will usually give ex@) in place of A. The entries of exQ) with value 1 are indicated
by an

ex(A) =
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5.1 A badly scaled system from the literature

A real word example from the papemMeintjes & Morgan [13] a chemical combustion
system is presented ivVerschelde et al. [20]. In [20] it is advised to apply a scaling
algorithm to

Xo+2Xg+ Xg+2X19 10 °=0;

Xz+ Xg 3010°=0;

X1+ X3+ 2X5+2Xg+ Xg+ X109 5010°=0;

Xs+2x; 10°5=0;

0:5140437 10'xs x3=0;

0:1006932 10°s x5 =0; (21)
0:7816278 10°x; x2=0;
0:1496236 10%°xg  X1X3 =0;
0:6194411 10'xg X31X2 =0;
0:2089296 10'x1p x1x3=0
before solving it. Writing (21) in the form (1) results in the e)ponent matrix
0 1
X1 X2 X3 X4 X5 Xg X7 Xg Xg X0 1 X2 X3 X7 X1X3 X1X2 X1X3
0 0:3 0 03 5
0 0 4.5
0 0 0:3 03 O 0 43
0 0:3 5
7:3 0
7 0
15 0
6:8 0
7:2 0
15 0
without bounds on the variables and withF; =[0;0] foralli =1;:::;m

For this example,Meintjes & Morgan [13] suggest to scale usingompack , and indeed

both Hompack and Morgan perform well. Our methods give similar results and the
entries are especially small in the quadratic and in the biliree part of the scaled exponent
matrix, a property we would except after the application of agood scaling. We show the
results forHompack and Scalelt

The scaling problem solved with the methodHompack using the gradient equation (Sub-
section 3.1) results in the scaling factors

log,(xs)T :=( 46 1569 13 18 39 10 91 11 55)
log,(cs)T :==(1:1 23 062 23 73 7 15 68 7:2 5le );
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and the scaled exponent matrix
0

X1 X2 X3 Xg Xs Xg X7 Xg  Xo Xio 1 X3 X3 X3 X1X3X1X2X1X3
0:43 2.5 0:018 69 39
9:1 6:9 2:3
39 7.5 2:8 82 05 61 37
10 13 2.7
1.8 1.8
3.9 3.9
10 10
91 9.1
11 11
9:2 9:2
The scaling problem solved with the metho&calelt (Subsection 4.2) results in the
factors
log,(xs)" =( 4 3 3 7000000
log,(cs)T :==( 03 0 03 0:3 723 6 14 68 7 10)
and the scaled exponent matrix
0
X1 Xz X3 X4 XsXg X7 Xg Xg Xio 1 X2 X3X3 X1X3 X1X2X1X3
3.3 0 03 0 53
3 0 4:5
4.3 3:3 0 0O 03 03 46
7:3 0 53
0 0:71
1 0
11 0
0 0:18
0:21 0
4.7 0

13
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5.2 Reduced version of the same system

By removing the obvious slack variables from the system (21) arsetting b= 10 we obtain
the simpli ed example

X>+0:2013864 1@)(% +0:6194411 101x, + 0:4178592 1@X1X§ 10 °=0;

X3+ 0:1496236 1%%;,x; 3:010°=0;

X1 + X3+ 0:1028087 1832 + 0:2992472 18X+ (22)
+0:6194411 10x;x, + 0:2089296 18x;,x53 5:0 10 ° = 0;

X4 +0:1238882 1®%,;x, 10 °=0:

In this case the number of constraints is reduced to 5 and the nimar of variables to 4.
Writing (21) in the form (1) again results in the exponent matix

0 X1 X2 X3 X4 1 X2 X3 X2 XiX3 X1X2 X1X3 !
0 5 7.3 721 15
0 4:52 6:82 :
0 0 4.3 759 713 721 147
0 5 154

The scaling problem solved with the methodHompack using the gradient equation (Sub-
section 3.1) results in the scaling factors

log,(xs)" :=(0:49 112 033 3:47), log,(cs)" :=( 612 115 538 57% 016),

and the scaled exponent matrix

0 X1 Xo Xz X4 1 x2 X3 X3 Xi1X3 X1X2 X1X3 !
5 111 342 2.7 10
0:821 5:67 6:49
4.89 5.05 9:68 319 256 343 104
3.47 5 847

The scaling problem solved with the methodlorgan (Subsection 3.2) results in the scaling
factors

log,(xs)" :=( 6:48 605 657 102); log,(cs)" :=(5:16 577 556 G73);

and the scaled exponent matrix

0 X1 X2 X3 X4 1 X2 X3  XZ  XiXz  X1Xa  X1X3 !
0:887 0:162 0:362 0:156 Q052
0:799 1:25 0:451 :
0:92 1:.02 1:26 (0193 0:367 0239 0614
347 173 1:73
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The scaling problem solved with the methodScaleLP (Subsection 4.1) results in the
scaling factors

log,(xs)" :=( 7 7 7 15); log,(cs)" :=(6:02 7 832 146);

and the scaled exponent matrix

° X1 X2 X3 X4 1 x32 X3 X3 X1Xz  X1X2 X1X3 !
0:981 1:.02 0:683 0773 O
0 2:48 0:175
0:68 0:68 2:02 009 0554 0472 O
0:408 959 0

The scaling problem solved with the metho&calelt (Subsection 4.2) results in the scaling
factors

log.(xs)" :=( 1 0 4 15); log,(c)" :=( 7:3 1:82 6:21 146);

and the scaled exponent matrix

0 X1 Xo Xz X4 1 X2 X3 X3 XiX3 XXz = X1X3 !
7:3 123 0 1.09 132
5.82 6:35 0
721 102 1065 0:618 408 O 0:528
0:408 959 0

All methods seem to produce reasonable results. However, the scag&donent matrix pro-
duced byHompack still contains big entries in the quadratic and bilinear part indicating
a rather non-optimal scaling.

5.3 A linear example

The next example is a 4{dimensional linear systerAx = b, with matrix

1
1 a* a 1
8

0 1
1
4 4
A::%a a 1 a g; b::%1§:
a2 1 a® alo 1
1 a8 al% 1 1

The casea = 10° of this matrix was presented inRice [17] as an example of a di cult
to scale matrix. It was also used irOlschowka & Neumaier [15] to demonstrate the
excellent behavior of their LP-based linear scaling algorith. The optimal scaling vectors

c=(1; a% a* aandx’=(a’ a% a% a9’ (23)
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found in [15] (for a = 10°) result in the permuted and scaled matrix

a3 a® al

0
% a3 a6§.
a6 al all '

a3a8a1 1

The scaling problem solved with theHompack does not produce any useful results since
the matrix G is singular (see Subsection 3.1). If solved with the normal equa and
rounding errors the method results in the same scaling factors #he Morgan algorithm
discussed below.

The scaling problem solved with the methodlorgan (Subsection 3.2) results in the scaling
factors

log,(xs)" :=(7:31 506 406 431); log,(c)" :=( 719 919 102  9:69),

and the scaled exponent matrix

0 1
X1 Xo X3 X4

1:13 188 112 1.87

2:13 0:125 512 313
0:875 512 188 413
2:.37 338 438 5:37

The scaling problem solved with the methodScaleLP (Subsection 4.1) results in the
scaling factors
log,(xs)" :=( 4 6 8 10) logy(c)' :=(2 0 0  2);

and the scaled exponent matrix

0 1
X1 X2 Xz Xa
1 0 4 7
0 2 8 2
2 6 O 0
6 0 0 12

The scaling problem solved with the metho&calelt (Subsection 4.2) results in the scaling
factors
log,(xs)":==(3 0 0 1); log,(cs)" =( 4 7 9 10)
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and the scaled exponent matrix

0 1
X1 X2 3 X4
0O O 2 4
0 3 7 O
4 9 1 O

7 2 0 11

To verify which of the scalings are equivalent we can computée scaling measure de ned
by (12). The scaling vectors (23) from [15] and the scaling vext derived by the methods
ScaleLP and Scalelt all have the value of 122. This indicates that for this problem
the di erent methods lead to equivalent scalings.

Incidentally, this shows that, contrary to the statement madein [15, p. 13],A need not
have a unique best scaling when the dominant transversal is uniu

5.4 A nonlinear example

This example is a 3{dimensional quadratic problem, with

0 1
X1 X2 X3 X2 X1X2 X1X3 X1X2 X35 XoX3 X1X3 XoX3 X3

8423 8 0 8 6 2 5 1
exA):= R 0 6 5 0 2 9 7
7 7 4 5 8 3 3
1 7 4 2 4 6 7

g o O
~N N O
R~ W

0
9
6 1

Because of the symmetrical nature of the powers of the mononsathe methodHompack
(Subsection 3.1) cannot be applied since the matrix

0 1
12 0 0 0 7 7 7
0122 0 0 7 7 7
0 12 0 7 7 7

7

0

0O 012 7 7

7 7 7 196 196 19
7 7 7 196 196 19
7 7 7 196 196 196

N N N o

from (4) is singular.

The scaling problem solved with the methodlorgan (Subsection 3.2) results in the scaling
factors

log,(xs)" :=( 0:0397 0:00397 @21); log,(cs)" :=( 426 426 501  4:35);
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and the scaled exponent matrix
0 1
X1 X5 X3 X2 X1Xa2 X1X3  X1X2 X3 XoX3  X1X3  XoX3z X3

37 0:268 205 1:34 369 409 369 173 2:06 Q907 3:.06 0:843
43 0732 195 1:.34 431 191 0692 4:27 206 491 294 316
1:95 0982 28 109 394 216 106 0:0218 319 1:84 1:81 359
339 0649 286 343 161 282 0391 236 0141 182 286  2:93

The scaling problem solved with the methodScaleLP (Subsection 4.1) results in the
scaling factors

0g,(xs)T:=( 2 0 1) log(c)" :=( 6 6 7 6)

and the scaled exponent matrix
0 1
X1 Xz X3 XZ X1Xp X1X3 X1X2 X3 XoXg X1X3 XpX3 X3

o 2 5 7 0 9 0 0 5 4 6 5

8 1 1 7 8 3 3 6 5 O 0 1
2 1 6 7 0 3 5 2 0 7 5 8
7 10 9 2 2 4 4 3 3 0 7

The scaling problem solved with the metho&calelt (Subsection 4.2) results in the scaling
factors
log,(xs)" :=( 1 0 0) logy(cs)" :=( 7 8 8 7)
and the scaled exponent matrix
0 1

X1 X2 X3 X3 X1Xp X1X3 X1X2 X3 XoX3 X1X3 XoX3 X3
0O 3 5 6 0 8 0 1 5 3 6 4
9 3 2 7 9 3 4 8 6 O 1 1
2 2 6 6 0 2 5 3 0 6 5 7
7 2 0 8 2 1 4 5 3 2 0 6
If we have additional bound constraints 0
1
[1;2]
x:=%[2;3]&
[7;10]

the rst two methods result in the same scaling vectors but th&scaleLP and the method
Scalelt scaling vectors change to:

T
log;x*:= 0 0 1 ; log,C := 8 10 9 8

This is good for optimization problems because the tight bowhconstraints give us an
explicit knowledge about the variable scaling.
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5.5 A nearly degenerate problem

Our nal problem consists of a single constraint

AX2 + ANX X2 + 12X3X3  28X1X4+ (1 + N2)x53+ (6N 2)XoX3
(LON + 14)XoX4 +11X5  32X3X4 + 75X5 + 2%, + 2NX3 + 26 0:

We discuss the casbl =5 1(P. The Hompack scaling algorithm does not yield any scaling
factors because to numerical instabilities, but theMorgan algorithm yields seemingly
acceptable scaling factors

log,(xs)" :=( 0232 592 117  0:846) log,(c)' := 0:109
(Of course, neither of these algorithms were originally desigd for non-square problems.)
Using the ScaleLP method, we obtain good scaling factors

log,(xs)" :=(6 0 6 5); log,(cs)" := 133979

It turns out that the scaling makes an essential di erence in a gbal optimization technique
for box reduction described inDomes & Neumaier [6]. This technique is based on the
veri cation that a quadratic constraint is strictly convex, and a subsequent enclosure of the
ellipsoid describing the constraint by a box.

In the present example, the convexity veri cation phase faildue to the poor condition of the
Hessian matrix of the constraint (cond A = 102!). Note that the constraint is equivalent
to

(2x1+ NX2+3X3  7X)?+(Xy X3 SXg+1)2+(xz+ N +1)%+(x4+5)%> (N 1)
which is manifestly convex.

If we scale the variables according to the results @&caleLP before applying the box
reduction techniques, strict convexity is veri ed, and we ndthe bound constraints

x2 ( 14614421 [ 51¢;510];[ 310°10*; [ 10210737

for the originally unconstrained problem. (On the other handwhen scaling with the scaling
factors found by theMorgan algorithm, the convexity test still fails. This happens because
the linear part of the matrix scaled by using theMorgan method still contains big entries.)

5.6 Discussion

The numerical examples above show that the older scaling algbms designed for scaling
polynomial systems may perform poorly when applied to linear siems or to problems with
fewer constraints than variables. Due to some structural prohtes the methodHompack

using the gradient equation suggested iWVatson & Terry [21] even fails to obtain a
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scaling vector. For the linear example the results of the metdoMorgan can not be

trusted, due to the numerical instabilities reported byMatlab . Both of our algorithms

produce results which are equivalent to the optimal scaling @md in [15]. For nonlinear

examples the two other algorithms produce similar results, buboth ignore the bound

constraints. The alternative method ofMorgan algorithm uses bound information but in

a too naive way. Our methods are optimal for the linear case. Fthe nonlinear case each
algorithm suits, giving di erent scalings which could suit di erent applications. Computing

the number of operations needed to evaluate the objectiverfctions by the di erent methods

results in

Method Cost of function evaluation
Hompack | p(n 1)+3n,

Morgan p(n 1)+3np +4s
ScaleLP |p(n 1)+(n+ m+1)+3n,
Scalelt 2n+ n(m+ n+1)

wheren, denotes the non zero entries i and s .= g . Thus, for larger problems only

Hompack , ScaleLP or Scalelt are suitable, and for very large problem&calelt is
the only alternative.

Conclusion. In view of the stability problems for Hompack and Morgan , and their
breakdown for linear problems, for nonlinear problems with aymmetric structure, and for
problems with fewer constraints than variables, onlyScaleLP or Scalelt are suitable
as general purpose scaling methods. For very large problems, thigher complexity of
ScaleLP makesScalelt the method of choice.
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