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Abstract

In this paper we present an infeasible interior-point algorithm for solving linear optimiza-
tion problems. This algorithm is obtained by modifying the search direction in the algorithm
[8]. The analysis of our algorithm is much simpler than that of the algorithm [8] at some
places. The iteration bound of the algorithm is as good as the best known iteration bound
(@) (n log %) for ITPMs.
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1 Introduction

Interior-point Methods (IPMs) are now among the most effective methods for solving linear op-
timization (LO) problems. For a survey we refer to recent books on the subject [9, 11, 13]. One
may distinguish between IPMs according to wether they are feasible IPMs or infeasible IPMs
(ITPMs). Feasible IPMs start with a strictly feasible interior point and maintain feasibility dur-
ing the solution process. It is not trivial to find an initial feasible interior point. One method
to overcome this problem is to use the homogeneous embedding model by introducing artificial
variables. Such a homogenous self-dual was presented first by Ye et al.[14] for LO, and further
developed by Andersen and Ye, etc. in [1, 9, 12].

*The research of the third author is supported by National Natural Science Foundation of China (No. 10117733)
and Shanghai Leading Academic Discipline Project (No. J50101).



ITIPMs start with an arbitrary positive point and feasibility is reached as optimality is ap-
proached. The choice of the starting point in IIPMs is crucial for the performance. Lustig [3]
and Tanabe [10] were the first to present IIPMs for LO. The first theoretical result on primal-
dual ITPMs was obtained by Kojima, Meggido and Mizuno [2]. They showed that an infeasible-
interior-point variant of the primal-dual feasible IPM studied in [6] is globally convergent. The
first polynomial-complexity result was obtained by Zhang [15] who proved that, with proper ini-
tialization, an IIPM has O (n2 log %)—iteration complexity. Shortly after that, Mizuno [5] proved
that the Kojima-Meggido-Mizuno algorithm also has O (n2 log %)—iteration complexity. Mizuno
[5] and Potra [7] presented two primal-dual IIPMs with O (nlog 1)-iteration complexity which
is the best known iteration bound for ITPMs. Roos [8] presented the first primal-dual ITPM that
uses full-Newton steps for solving the LO problem. He also proved that the complexity of his
algorithm coincides with the best known iteration bound for ITPMs.

In this paper we consider primal-dual LO problems in the following the standard form:
(P) min {c’z: Az =b, x>0},
and the dual problem is given by
(D) max {bTy: ATy +s=c, s>0},

where A € R™*" b,y € R™ and ¢, z,s € R" and w.l.o.g rank (A) = m. The vectors z, y and s
are the vectors of variables. As usual for [IPMs we assumed that the initial iterates (:170, Y, so)
are as follows:

xozsozcea yozoa M0:C27 (1)
where 10 is the initial parameter and ¢ > 0 is such that
27 + 5%l <G, (2)

for some optimal solution (x*,y*,s*) of (P) and (D). In the rest of this paper we use some
notations like r) and r? which defined in [4, 8] as the initial residual vectors:

rg = b—Ax" =b—(Ae (3)
0 = e— ATy — ¥ = ¢ — Ce. (4)

Using (xO)T 59 = n¢?, the total number of iterations in the algorithm of [8] is bounded above by
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Up to a constant factor, the iteration bound (5) was first obtained by Mizuno [5] and it is still
the best known iteration bound for IIPMs.

To describe the motivation and contribution of this paper we need to recall the main ideas
underlying the algorithm in [8]. For any v with 0 < v < 1 we consider the perturbed problem
(P,), defined by

(P) min{(c—urg)Tx:Ax:b—Vrg, mEO},



and its dual problem (D, ), which is given by

c

(D) max{(b—urg)Ty:ATy+s:c—1/r0 820}.

Note that if v = 1 then z = 20 yields a strictly feasible solution of (P,), and (y,s) = (y°, s°)
a strictly feasible solution of (D,). Due to the choice of the initial iterates we may conclude
that if v = 1 then (P,) and (D,) each have a strictly feasible solution, which means that both
perturbed problems then satisfy the well known interior-point condition (IPC). More generally
one has the following lemma (see also [8, Lemma 3.1]).

Lemma 1.1 (Theorem 5.13 in [13]) The perturbed problems (P,) and (D,) satisfy the IPC
for each v € (0,1], if and only if the original problems (P) and (D) are feasible.

We assume that problems (P) and (D) are feasible. By this assumption, Lemma 1.1 implies that
the perturbed problem pair (P,) and (D, ) satisfy the IPC, for each v € (0, 1]. This guarantees
that the following system

b— Az = wvrd, x>0 (6)
c—ATy—s = wvr? s>0 (7)
rs = pe. (8)

has a unique solution, for every u > 0. If v € (0,1] and p = v¢? we denote this unique solution in
the sequel as (z(v), y(v), s(v)). As a consequence, x(v) is the u-center of (P,) and (y(v), s(v))
the p-center of (D,). Due to this notation we have, by taking v = 1, (z(1), y(1), s(1)) =
(xo, y07 80) = ((e’ 07 Ce)'

Like [4, 8] we need to measure proximity of iterates (z,y,s) to the p-center of the perturbed
problems (P,) and (D,). To this end we use 0(z, s; 1) as the quantity to measure closeness to
u-centers, which is defined as follows.

where vi= [ —. 9)

1
O(x,s;u) :==9d(v) := 5 |v—wv .

Initially we have z = s = (e and p = ¢2, whence 6(z, s; 1) = 0. In the sequel we assume that at
the start of each iteration, §(z, s; 1) is smaller than or equal to a (small) threshold value 7 > 0.
So this is certainly true at the start of the first iteration.

Now we describe one iteration of our algorithm. Suppose that for some v € (0, 1] we have z, y
and s satisfying the feasibility conditions (6) and (7) and such that

e's=np and o0(z,s;p) <7, (10)
where 1 = v(2. First we reduce v to vt = (1 —0)v, with 6 € (0,1), and find new iterates 7, y/
and s/ that satisfy (6) and (7), with v replaced by v*. As we will see, by taking 6 small enough
this can be realized by one so-called feasibility step, to be described below soon. So, as a result
of the feasibility step we obtain iterates that are feasible for (P,+) and (D,+). Then we apply
a limited number of centering steps with respect to the pT-centers of (P,+) and (D,+). The
centering steps keep the iterates feasible for (P,+) and (D,+); their purpose is to get iterates
zt, y* and st such that (27)" st = nut, where pt = v¢2 and §(z*,st;pt) < 7. This
process is repeated until the duality gap and the norms of the residual vectors are less than
some prescribed accuracy parameter &.



Primal-Dual Infeasible IPM

Input:
Accuracy parameter ¢ > 0;
barrier update parameter 6, 0 < 6 < 1
threshold parameter 7 > 0
parameter ¢ > 0.
begin
z:=Ce; y:=0; s:=(e; v=1;
while max (z7s, [|[b— Az||, ||c — ATy —s||) > e do
begin
feasibility step: (z, y, s) := (z, y, s) + (Afz, Aly, Afs);
p-update: p:= (1 —0)y;
centering steps:

while 0(z,s;u) > 7 do
(@, y, 8) := (2, y, ) + (Az, Ay, As);

endwhile

end
end

Figure 1: Algorithm

Before describing the search directions used in the feasibility step and the centering step we give
a more formal description of the algorithm in Figure 1. For the feasibility step in [8] search
directions Az, Afy and Afs are (uniquely) defined by the system

ANz = Bur) (11)
ATA Ty + ATs = ourf (12)
sAz+2ATs = pe—us. (13)

It can easily be understood that if (x,y,s) is feasible for the perturbed problems (P,) and
(D,) then after the feasibility step the iterates satisfy the feasibility conditions for (P,+) and
(D,+), provided that they satisfy the nonnegativity conditions. Assuming that before the step
d(z, s; ;1) < 7 holds, and by taking # small enough, it can be guaranteed that after the feasibility
step the iterates =/, y/ and s/ are nonnegative and moreover (5(a:f,sf;u+) < 1/\/5, where
ut = (1 —@)u. So, after the u-update the iterates are feasible for (P,+) and (D,+) and p is
such that §(z, s; u) < 1/v/2.

In a centering step the search directions Ax, Ay and As are the usual primal-dual Newton



directions, (uniquely) defined by

AAz = 0, (14)
ATAy+As = 0, (15)
sAx +xAs = pe—us. (16)

Denoting the iterates after a centering step as ™, y™ and s™, we recall from [9] the following
result.

Lemma 1.2 If§ := §(x, s;u) < 1, then the primal-dual Newton step is feasible, i.e., v+ and st
are nonnegative, and (a;+)T st =npu. Moreover, if 6 := §(x,s; 1) < %, then 6(xt,st;p) < 62
As discussed in [4, 8], by using centring steps we get iterates that satisfy z”s = nu and
§(x,s; ) < 7, where 7 is (much) smaller than 1/v/2. By using Lemma, 1.2, the required number of
centering steps can easily be obtained. Because after the y-update we have 6 = §(x, s; ) <1/ V2,
and hence after k centering steps the iterates (z,y, s) satisfy

6(z, 851) < <%>2k

This implies that at most

1
log, <log2 §> = log, (log, 64) < 3. (17)

centering steps are needed.

In this paper, we modify the feasibility step by replacing the equation (13) by the equation
A +zAl = (1 —0) pe — xs. (18)

This modification makes the analysis new and much simpler than the analysis of the algorithm
in [4, 8]. The iteration bound is as good as that in [4, 8] which is essentially the same as the
best iteration bound for IIPMs.

To conclude this section we briefly describe how the paper is organized. Section 2 is devoted to
the analysis of the feasibility step, which is the main part of the paper. The analysis presented
in this section differs from the analysis in [4, 8]. The final iteration bound is derived in Section
3. Some concluding remarks can be found in Section 4.

Some notations used throughout the paper are as follows. ||-|| denotes the 2-norm of a vector.
For any = (x1; x2; ---; zp) € R", xpyin denotes the smallest and xp,x the largest value
of the components of z. Furthermore, e denotes the all-one vector of length n. We write
f(z) = O(g(x)) if f(z) < ~yg(z) for some positive constant .

2 Analysis of the feasibility step

Let x, y and s denote the iterates at the start of an iteration, and assume 6(x, s; 1) < 7. Recall
that in the first iteration we have d(z, s; ) = 0.



2.1 Effect of the feasibility step; choice of ¢

As established in Section 1, the feasibility step generates new iterates =/, y/ and s/ that are
feasible for the new perturbed problem pair (P,+) and (D,+). A crucial element in the analysis
is to show that after the feasibility step d(z/,s/;ut) < 1/4/2, i.e., that the new iterates are
within the region where the Newton process targeting at the u™-centers of (P,+) and (D,+) is
quadratically convergent.

Defining
il = UAfx’ il = vAf37 (19)
x 5

with v as defined in (9). Now using (18) and xs = puv? we may write
alsl =as+ (sAfx + a:Afs> + A aAN s = pTe+ AlanTs = ((1 —0)e+ d};d{;) . (20)
Lemma 2.1 The new iterates are certainly strictly feasible if (1 —6)e + dldl > o.

Proof: Note that if 2/ and s/ are positive then (20) makes clear that (1 — 6)e + did! > 0.
In the same way as Lemma 4.1 in [8] the converse can be proved. Thus we have that 2/ and s/
are positive if and only if (1 —0)e + d%dép > 0. Thus the lemma follows. O

Corollary 2.2 The iterates (xf cyl, st ) are certainly strictly feasible if

(dgdg <(1-9).
Using (19) we may also write
di
ol = x+Afx:$+xT:%(v+d£) (21)
sdf; s
sf = s+ Als=s+ » :;(v—l—d{;). (22)

To simplify the presentation we will denote d(z, s; 1) below simply as J. Recall that we assume
that before the feasibility step one has § < 7. In the sequel we denote

Vgl + Jlad |12, (23)

v), and moreover,

N =

w) =

This implies [|df|| < 2w(v) and ||df|| < 2w
()" at < ] ot < 5

|z, < ]|

Lemma 2.3 Let 0 = V%Tﬁ a <1 forn > 2. The iterates (xf, yf, sf) are strictly feasible if
w(v) < 3.

—~

df

dar

xT

! 2(

2) < 2w(v)? (24)

dfdf dl|| < 2w(v)? (25)

Proof: Letw < % and 6 = \/%, a < 1forn > 2. Then (25) implies that ‘ d;{df;

By Corollary 2.2 this implies that the iterates (:Ef cyl, st ) are strictly feasible. O




Lemma 2.4 One has

4
12 w(v) 2%
) S T a6 - 20 (26)
Proof: By definition (9),
1 e xf st
foofo ) = I — f_ = I —
5(3:,s7u)—5(v)—§Hv—vf , where v/ = e
After division of both sides in (20) by ut we get
ne n(a-oedal) il al
(U) = /[" :€+m (27)
By using the definition of the § (vf ) we have
1 -1]12 1 ~1 2\ 12 1 2 2
N2 — Z || — (of . f (o < Z -1 — ()2
s/ = 3o = ()7 = |07 (e @) = e e el

We proceed by deriving bounds for the last two norms. First we consider the second norm:

()] - |
< g
- 2w(v)?
< 2O

where we used (27) for equality and (24) for the second inequality. For estimate of H (vf )_1H

. o
we may write,

<sz)2 = 1+%

> 1-

where we used (25) for inequality. We therefore have, using the last inequality,

-2 1-6
<vlf) ém.

Hence,

which completes the proof. O



Since we need to have & (vf ) < %, it follows from Lemma 2.4 that it suffices if

w(v)? < 1
1-60)1—-6-2w)?) ~— 2
Due to Lemma 2.3 we decide to choose
«
l=—, o<l 28
o (28)
Then, for n > 5, one may easily verify that
1
w) <= = s < —. 29
() <3 o)< = (29)

We proceed by considering the vectors dl and d more in detail.

2.2 An Upper bound for w (v)

One may easily check that the system (11)-(13), which defines the search directions Afz, Afy
and AJs, can be expressed in terms of the scaled search directions d;{ and df; as follows.

Adl = ur), (30)
ATATfy +d! = vus?, (31)
d+df = 1—-0)p ! —v, (32)
where
A=AV7IX, V = diag (v) and X = diag (z). (33)

Let us denote the null space of the matrix A as £. So,
L:= {§€R":A§:0}.

Obviously, the affine space {5 ceR": A¢ = 01/7‘2} equals dl + £. Note that due to a well-
known result from linear algebra the row space of A equals the orthogonal complement £ of L.
Therefore, (31) shows that the affine space {01/113‘17‘8 +AT¢ : ¢ e Rm} equals dl + £+, Since
LNLt = {0}, it follows that the affine spaces d£ + L and d£ + £+ meet in a unique point. This
point is denoted below by g. We now recall a lemma from [8] which gives an upper bound for
w (v).

Lemma 2.5 (lemma 4.4 in [8]) Let q be the (unique) point in the intersection of the affine
spaces d£ + L and d{ + L. Then

w(v) < \/llal + (lall + 25(0))2.

From (29) we know that in order to have § (v/) < %, we should have w (v) < 4. So, due to
Lemma 2.5 this will hold if ||¢|| satisfies

lall + (llqll +26 (v))* < (34)

B~ =



2.3 Upper bound for ||q||

From Lemma 2.5 we know that ¢ is the (unique) solution of the system
Ag = 91/7”8,
AT¢ +q = Ovus 0.
We proceed to derive an upper bound for ||g||. Before doing this we choose the initial point in
the usual way as defined in (1) and (2).

Lemma 2.6 Let (2%, y°, s°) be an initial point as defined in (1) and (2), we have

lall < (lllly +1lsll1) (35)

C Umin

Proof: By using similar arguments as in Lemma 4.7 in [8] we obtain the following result:

Virllall < HV\/HD(E—SO)H2+ ID=1 (2 —29)]?, (36)

where Z, y and § satisfy

Az = b,
ATg+5 = o (37)

and

D = diag <$3;> . (38)

We are still free to choose Z and § such that they satisfy in system (37). We use & = z* and
5 = s* with 2* and s* as defined in (2). Then we have

0<2’—z=2a"—2"<(le, 0<s"—35<Ce

It follows that

_ 2
1D =" < Dl
< ez - i
- Vi p o
C2 T 2 C2
< S| 2= e (39)
H || Umin HVhin
where we used matrix D as defined in (38). In the same way it follows that
1 2 ¢?
1D (7 = 2" < =2 Il (40)
min

Substitution (39), (40) and pu = vu® = v(¢? into (36) implies that

2 2
VAl +1ls]™

Using ||z]|* + ||s||* < (|||, + |Is]l,)? in the last inequality we have

qll <
lall < 7 —

lgll < (lly =+ Nislly)

C Umin

proving the lemma. U



2.4 Some bounds for ||z, and ||s|, and vy, ; choice of o and 7

Let = and (y, s) be feasible for (P,) and (D,), respectively. We need to find an upper bound
for ||z||; + ||s]|; and lower bound for smallest component, named vpin, of vector v as defined in
(9). For finding an lower bound on v,y we recall Lemma I1.60 from [9] without further proof.

Lemma 2.7 (Cf. Lemma I1.60 in [9]) Let 6 = (v) be given by (9). Then

% <wv; <p(9), (41)

where
p(8) =0+ V1+ 62 (42)

Lemma 2.8 Let x and (y, s) be feasible for the perturbed problems (P,) and (D,) respectively
and (xo, Y, 80) as defined in (1). Then for any primal-dual optimization solution (z*, y*, s*),
we have

v(2Ts®+sT2") = sTx+0? (sO)T Y (43)

+ v(l-v) ((so)Tx* + (mO)T s*) —(1-v)(sTa* +aTs").

Proof: Let
¢ = z—va®—(1-v)a",
"=y’ - ()Y
s = s—vs"—(1-v)s"

From (3), (4) and definition of the perturbed problems (P,) and (D, ), we can see easily that

A’ = 0
ATy/+s/ — 0’

which shows that z’ belongs in the null-space and s’ is in row-space of matrix A which implies
that 2’ and s" are orthogonal, i.e.,

(x/)Ts/ =(z—va’ - (1-v) x*)T (s—vs" —(1—v)s*) =0.

By expanding the last equality and using the fact (:E*)T s* = 0 we obtain the desired result. [J

Lemma 2.9 Let x and (y, s) be feasible for the perturbed problems (P,) and (D,) respectively
and & (v) be given as (9) and 2° = s¥ = e, where ¢ > 0 is a constant such that ||z* + s*|| < ¢
for some primal-dual optimal solution (z*, y*, s*). Then we have

ol + lislly < (p(6)* +1) nc. (44)

where p (§) is as defined in (42).

10



Proof: Since z, s, z* and s* are nonnegative, Lemma 2.8 implies that
aTs% 4 sT20 < STT:U +v (sO)T:EO +(1-v) <(30)T:17* + (:EO)T 8*) . (45)
Since 9 = s° = e and |z* + s*||, < ¢, we have
(a:O)T s* + (sO)Ta:* = (el (2% + %) < Ce (||a* + 5% ) = C|J7* + 5%, (eTe) < ni

Also by using (mO)T 5% =n(¢? in (45) we get

T T2
2704 5T < 204 2 = p(e) +n¢? = ¢ (e"v?) +n¢?,
v v
where for the last equality we used v = % and pu = (2. By using Lemma 2.7 in the last

o
inequality we obtain

aTs? 5720 < <p (6)* + 1) n¢2.

Since 29

= 50 = (e we have
2T+ sTa" = ¢ (eTa +eT's) = C (|||, + [Is]];) -

Hence it follows that
ol + llslly < (p(9)* +1) nc,

which proves the lemma. O

Substituting (41) and (44) into (35) we obtain
lal <n0p () (1+p(6)).
Now we choose
= . 46

Since § <7 = % and p (0) is monotonically increasing with respect to J, we have

Il <000 0) (1407) <np(5) (145(5)) =258000.

Using 0 = Ty n the last inequality we obtain

lall < 2.586 n o _ 2.586 vV 2n «

V2n 2
In order to have § (v/) < %, by (34) we should have [|¢||* + (||g|| + 26 (v))* < 1. Therefore,
since § (v) < 7 = %, it suffices if ¢ satisfies lql® + (gl + %)2 < 1. So we have § (v/) < % if

llg|| < 0.455. Since ||q|| < %, the latter inequality is satisfied if we take

a=—= (47)



because
0.91 1
_—

3.6571 — 5’
According to (28) this gives the following value for 6:

1

0= .
5v2n

(48)

3 Iteration bound

In the previous sections we have found that if at the start of an iteration the iterates satisfy
d(x,s;p) < 7, with 7 and 6 as defined in (46) and (48), then after the feasibility step and the
p-update the iterates satisfy 6(z,s; ut) < 1/V/2.

According to (17), at most

1
logs <10g2 §> = log, (log, 64) = 3

centering steps suffice to get iterates that satisfy §(z,s;ut) < 7. So each iteration consists of
one feasibility step and 3 centering steps. In each iteration both the duality gap and the norms
of the residual vectors are reduced by the factor 1 — 0. Hence, using (xO)T s¥ = n?, the total
number of iterations is bounded above by

L max {nc® [|rg]], [|rell}

1
HOg €

Since
1

0= ——-,
5v2n

the total number of inner iterations is bounded above by

s {nc?, [ 2]}
13

20v2nlog

Note that the order of this bound is exactly the same as the bound in [4, 8]. In the following
we state without further proof our main result.

Theorem 3.1 If (P) and (D) have optimal solutions x* and (y*, s*) such that ||x* + s*||, < C,
then after at most
rell}

)

max {n(2,

a

20v2nlog

€
iterations the algorithm finds an e-solution of (P) and (D).

Due the theorem above we know that if there exist z* and (y*, s*) such that satisfy (2), the
algorithm finds an e-solution. One might ask what if this condition is not satisfied. From Lemma
2.6 we have that under assumptions (1) and (2) during the course of the algorithm ||¢|| < 0.455.
So, if during the excursion of the algorithm ||g|| > 0.455, then we may conclude that there exist
no optimal solutions (x*, y*, s*) such that satisfy

[2% + 5% < ¢

12



4 Concluding remarks

We analyzed an algorithm with full-Newton steps for LO which differs from the algorithm
presented in [4, 8] in the definition of the feasibility step. In the system of the feasibility step
the equation (13) is replaced with:

sA z + AT s = (1 - O)pe — xs,
whereas the feasibility step in [8] was determined by
sA z + 2N s = pe — ws,
and in [4] was
sA x4+ zATs = 0.

The analysis for the feasibility step presented in Section 2 differs from the analysis in [4, 8]. The
iteration bound of the algorithm is as good as the best known iteration bound for ITPMs.

Another topic for further research is the extension of the algorithm presented in this paper to
symmetric cone optimization.
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