A FIRST-ORDER SMOOTHED PENALTY METHOD FOR COMPRESSED SENSING

N. S. AYBAT* AND G. IYENGAR'

Abstract. We propose a first-order smoothed penalty algorithm (SPA) to solve the sparse recovery problem min{||z||1 :
Az = b}. SPA is efficient as long as the matrix-vector product Az and ATy can be computed efficiently; in particular, A need
not have orthogonal rows. SPA converges to the target signal by solving a sequence of penalized optimization sub-problems,
and each sub-problem is solved using Nesterov’s optimal algorithm for simple sets [18, 19]. We show that the SPA iterates
x) are e-feasible, i.e. ||Azy — b|l2 < € and e-optimal, i.e. | ||zk|l1 — ||z*]1] < € after @(e_%) iterations. SPA is able to
work with £1, 2 or {5 penalty on the infeasibility, and SPA can be easily extended to solve the relaxed recovery problem
min{[lz]1 : [| Az — bll2 < e}.

1. Introduction. In this paper we design a new first-order penalty-based algorithm for solving the
£1-minimization problem

min
zER"

z||1 subject to Az = b, (1.1)

where (1-norm |z|; = i, |(i)|, z(i) denotes the i-th component of the vector z, b € R™, z € R",
A € R™*™ and the number of equations m < n. This problem can be reformulated into a linear program (LP)
and therefore, can, in theory, be solved efficiently.

LPs of the form (1.1) have recently attracted a lot of attention since they serve as the basis for a new
signal processing paradigm known as compressive sensing (CS) [4, 5, 6, 8]. The goal in CS is to recover a
sparse signal x from a small set of linear measurements or transform values b = Az. Ordinarily the sparse
signal would have to be recovered by solving the NP-hard £y-minimization problem

min ||y subject to Az =b, (1.2)
zeER™

where the ¢y norm ||z|lo = Y.~ 1(x(i) # 0). Recently, Candes, Romberg and Tao [4, 5, 6] and Donoho [8]
have shown that when the target signal = is s-sparse, i.e. only s of the n components are non-zeros, and the
measurement matrix A satisfies some regularity conditions, the sparse signal can be recovered by solving the
LP (1.1) with probability 1 — O(e~7™) for some v > 0 when the number of measurements m = O(sIn(n)).
Thus, in theory, the sparse signal can be recovered very efficiently.

However, in practice, solving the LP (1.1) is hard. This is because the constraint matrix A is large and
dense, and the LPs are often ill-conditioned. Thus, general purpose simplex-based LP solvers are not able
to efficiently solve (1.1). In typical CS applications, the problem dimension is large — n ~ 10°; therefore,
general purpose interior point methods that require factorization of an m x n matrix are not practical for
solving LPs that arise in CS applications.

The measurement matrix A in CS applications has a lot of structure that can be exploited by special
purpose algorithms. In many applications A is a partial discrete cosine transform matrix, i.e. measurement
b = Ax is the value of the discrete cosine transform (DCT) of the signal x for a small set of frequencies.
Consequently, Az and ATy can be computed very efficiently using the Fast Fourier Transform (FFT). In
other applications A is a partial wavelet matrix; once again Az and ATy can be computed efficiently by
using forward and inverse wavelet transforms. A number of different recently proposed algorithms exploit
this structural fact to efficiently solve (1.1). One class of these algorithms solve (1.1) in the Lagrangian form:

i Az — b2 1.
;Ielﬁgx\l\wllﬁll x — b3 (1.3)

Figueiredo, Nowak and Wright [17] propose the GPSR algorithm that uses gradient projection method with
Barzilai-Borwein steps to solve (1.3). Hale, Yin and Zhang [9, 10] propose solving (1.3) using fixed point
continuation (FPC) algorithm that embeds soft-thresholding (IST) algorithm [13] in a continuation strategy.
Wen, Yin, Goldfarb and Zhang [21] improve the performance of FPC by adding an active set (AS) step.
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Yin, Osher, Goldfarb and Darbon [22] solve (1.3) using Bregman iterative regularization. In this algorithm
one solves a sequence of problems of the form

, 1
min Alzl + 5| Az = fil)3, (1.4)

where fj, are obtained by suitably updating the measurement vector b. This method utilizes FPC for solving
the unconstrained subproblems (1.4). GPSR, FPC and FPC-AS only converge to the optimal solution of
(1.3). There are no known continuation schemes that ensure that these algorithm converge to the solution
of (1.1). Bregman iteration based methods [22] provably converges to the optimal solution of the basis
pursuit problem (1.1); however, the convergence rate is unknown.

Other algorithms for the ¢;-minimization problem include an iterative solver in an interior-point frame-
work [16], and an accelerated projected gradient method [14]. In [7], Van den Berg and Friedlander
adapt the nonmonotone spectral projected gradient algorithm to efficiently solve the LASSO subproblem
U(t) = {||[Az — b||3 : ||| <t} and then update the LASSO parameter ¢ using a Newton step to solve the
relaxed ¢1-minimization problem

min ||z,

st Az —b||2 <e. (1.5)

The algorithm in [7] provably converges to the optimal solution of the relaxed problem (1.5); however, the
convergence rate is unknown.

In this paper we propose a new first-order smoothed penalty algorithm (SPA) to solve the sparse recovery
problem min{||z|; : Az = b}. SPA employs Nesterov’s optimal gradient method for non-smooth convex
optimization [19] to solve the penalized subproblems. While this paper was being prepared for submission,
we became aware of a technical report by Becker, Bobin and Candés [20] where they independently propose
a new algorithm NESTA for solving the the relaxed ¢;-minimization problem (1.5) and, by setting ¢ = 0,
the ¢;-minimization problem (1.1), which is also an adaptation of Nesterov’s optimal gradient method for
non-smooth convex functions [19] to solve (1.5). NESTA computes an e-optimal solution for (1.5) in O(1)
Nesterov updates, where each update involves computing the gradient of suitably smoothed version of the
¢, norm ||z||; and solving an optimization problem of the form

L
. T ,
min et =z —2z } y
{z:]| Az—b||2<e} { ) | I3 (1.6)

See [19] and Section 2 for details on the smoothing and the update optimization problem. When A7 A is an
orthogonal projector, i.e. the rows of A are orthonormal (as is the case when A is a partial Fourier or DCT
matrix), solving (1.6) requires one to compute one matrix-vector multiplication of the form Az and one of
the form ATy, and is, therefore, very efficient in the CS context. However, when AT A is not orthogonal
projector (as is the case when the measurement matrix A corresponds to a partial non-orthogonal wavelets
transform or the partial pseudo-polar Fourier transform that arises in the context of CT imaging [1]) the
complexity of the update step is O(n?) and is, therefore, prohibitive for practical applications. NESTA can
be embedded in a continuation scheme that allows one to compute a solution with any desired accuracy.

In this paper we propose a new first-order sequential penalty algorithm (SPA) to solve the CS decoding
problem (1.1). This algorithm was, in part, motivated by the fact that a direct application of the Nesterov
non-smooth optimization to (1.1) (as in NESTA) results in a very expensive update step. SPA solves (1.1)
by iteratively solving a sequence of optimization problems of the form

min {llz]ly + [ Az = b2},

where A \, 0. The updates in Nesterov algorithm for solving the sub-problem involves computing the

gradient of a suitably smoothed version of the function \g|/z||; + ||[Az — b||2 and solving an unconstrained

sub-problem of the form min, {ch—i— % lz— =23 } Since each sub-problem is unconstrained, optimally solving

them is as simple as taking a simple gradient step z = z — %c. (In Section 4 we present a slightly modified

version of SPA where the update step has O(nln(n)) complexity but the overall performance is superior).
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We show in Section 2 that the complexity of computing gradient of a smoothed version of Al|z||; + || Az — |2

is dominated by the time of computing Az, and can, therefore, be computed efficiently in the CS context.

Since we penalize the infeasibility by the appropriately smoothed version of ||Az — b||2, the iterates with

small infeasibility are penalized harsher in SPA as compared to algorithms employing the smooth penalty

||Az — b||2, and, therefore, we expect SPA to converge faster, especially when the tolerance on feasibility is
small.

The main contributions of this paper are as follows.

(a) We show that SPA converges to an optimal solution a* of (1.1), i.e. «* € argmin{||z|; : Az = b}. See
Theorem 2.1 and Corollary 2.2 for details. In order for the algorithm to be efficient, we only require that
the matrix-vector product Az and ATy be computed efficiently; in particular, we do not require that A
has orthonormal rows. This implies that our algorithm can be used to recover compressed CT scans [1]
where AT A is not an orthogonal projector.

(b) We show an explicit bound on the degree of sub-optimality | ||zx|l1 — ||2*||1| for any iterate x. Thus, the
user can stop the algorithm at any iteration k with guarantee on the sub-optimality. See Theorem 2.4
for details. Using this result we also establish a convergence rate for the algorithm. We show that there
exist a priori fixed parameter settings such that, for all small enough e, the iterates x; computed by
our algorithm are e-feasible, i.e. ||Azg — blla < ¢, and e-optimal, | |lzx|l1 — ||z*||l1] < €, after O(e~2)
iterations, where the complexity of each iteration is O(nln(n)). See Theorem 2.5 for details.

(¢) The SPA algorithmic framework is very flexible. One can change the penalty ||Az—b||2 to either || Ax—b||,
or ||Az — b||o without affecting any aspect of the theoretical or practical performance. The framework
easily extends to the relaxed recovery problem min{||z|; : || Az — b||, < €}, where p =1, 2, c0.

As noted earlier, NESTA [20] can be embedded in a continuation scheme that computes feasible e-optimal
iterate in O(e~1) iteration, where the the complexity of each iteration is O(nIn(n)) when AT A is orthogonal
projector and O(n?) otherwise. Thus, the worst case complexity of NESTA is superior to SPA when AT A is
orthogonal projector. However, since the Nesterov update in SPA is a simple gradient step, we expect that
in practice SPA will be competitive with NESTA even in the special case. Our numerical results reported
in Section 5 do lend credence to this hypothesis.

The rest of the paper is organized as follows. In Section 2 we motivate SPA and discuss its convergence
properties. In Section 3 we discuss extensions of the algorithm to the related optimization problems. In
Section 4 we discuss some implementation details that significantly improve the practical performance of
algorithm. In Section 5 we discuss results of our numerical experiments.

2. A smoothed penalty method for ¢;-minimization. We assume that A has full row rank. Con-
sequently, AT has full column rank. We propose solving (1.1) by solving a sequence of penalized problems
of the form

min {Afle] + Az — bl]>} (2.1)

with A \, 0. Since P(z) = ||Ax — b||2 is an ezact penalty function for the feasible region of (1.1), there
exists A* > 0 such that the optimal solution z* of (1.1) is optimal for (2.1) for all A < A\* < co. However,
both ||z||; and P(x) are non-smooth convex functions of z; consequently, sub-gradient based optimization
methods for (2.1) are likely to perform poorly. We propose an algorithm that computes an optimal solution
for ¢;-minimization problem (1.1) by solving an appropriately “smoothed” version of (2.1). The smoothing
and the algorithm builds on the work of Nesterov [19]. Since we solve a smoothed version of the penalized
optimization problem (2.1), we are not guaranteed that the optimal solution * of (1.1) is a solution of the
smoothed optimization problem for some A > 0.
Since [|z][1 = max(y. o<1} {u’ 2}, we smooth ||z, by setting

fuw) = max_ {oTu—Ejul3},

" {usfjullo<1}

where p > 0. The optimal w for a particular z is given by

uy (i) = sign(a(i)) min{ xf?' : 1} L i=1,....n, (2.2)
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where

1 x>0,
sign(zx)=¢ 0 z=0,
-1 z<0.

The smoothed penalty function f,(z) = > .| H,(x(i)), where
v 0<|yl<n
H,(y) =< 2w = Il =1 (2.3)
g lyl =%, n<lyl

denotes the Hiiber penalty function used in robust statistics [12]. The function f,(x) is convex with a
Lipschitz continuous gradient V f,(x) = u, with the Lipschitz constant L;J: =

"
We smooth the penalty function P(x) by setting
v
P,(x) = max {Am—bTw——wT }:Hl, Az —b||2), 2.4
(@) = max_ {(4e =00~ L w)} = B, (J4z - b]2) 2:4)
for v > 0. The optimal value of w for a particular x is given by
At [Az —bll2 < v,
Wy = (2.5)
ﬁ, |[Az — blla > v.

Note that |Jw,||2 = min{1,v~!||Az — b||2}, and when ||w,|]2 < 1 we must have w, = v~!(Az —b).

The function P, (z) is convex and has Lipschitz continuous gradient VP, (z) = ATw, with the Lipschitz

2
constant LT = %, where [|Allz = maxgy,<1,o)a<1}{t” AV} = Omax(A), Where omax(A) denotes the

largest singular value of A.

One can smooth f(z) (resp. P(x)) using any strongly convex function h(u) (resp. g(w)) for which the
maximization problem defining f,(z) (resp. P,(x)) can be solved in closed form. We chose h(u) = 1||u/|3
(resp. g(w) = 3|lw||3) because u, (resp. w,) has a very simple structure which allows us to establish
convergence results easily. See [19] for details of the smoothing.

We propose to solve (1.1) by solving a sequence of smoothed penalized on problems of the form

min { A, (@) + Pu(a)]. (2.6)
The outline of the Smoothed Penalty Algorithm (SPA) is displayed in Figure 2.1 (see Figure 4.1 for more
implementation details). This is the version we use for the establishing the theoretical properties of the
algorithm. The algorithm takes as input the sequence of multipliers {(uk, Vi, Ay Tk)} Kez, In Section 4 we
describe how we set these multipliers in practice.
THEOREM 2.1. Let {x € R™ : k € Z,} denote the sequence of iterates generated by the Smoothed
Penalty Algorithm (SPA) displayed in Figure 2.1 when
(i) Smoothing parameter for ||z||1: ur \, 0
(ii) Smoothing parameter for P(x): v \, a >0
(i4i) Penalty multiplier: Ak "\, 0
(iv) Approximate optimality parameter: 1, \, 0 such that ;—’Z — 0.
Then, {x € R™: k € Z,} is a bounded sequence. Let T denote any limit point of {xy : k € Zy}. Then T is
an optimal solution of the ¢1-minimization problem (1.1).
Remark 2.1. The notation v \, 0 (resp. i /' n) denotes that the sequence {7y} is monotonically
decreasing (resp. increasing).
Proof. Let xj = argmin,cpn Qr(x) denote the unconstrained minimizer of Q(x) and let v denote any
vector satisfying Av = b. Then

Qr(zy) < Qr(v) = A fu, (v) < Axllvl1, (2.7)
4



OUTLINE OF SMOOTHED PENALTY ALGORITHM

input: multipliers {(Mk; Vi, Ak Tk) }keZ+
k—0
while (Stopping Criterion not true)
do
k—k+1
. A2
Let Qi(z) = A fu, () + Py (z), 2} = argming g {Qr(z)} and Ly, = ;\Ti + %
1 Starting from xj_1 use Nesterov optimal gradient algorithm to compute xy,
2
such that Qx(zx) < Qr(2}) + 57+
return z;

F1G. 2.1. Outline of Smoothed Penalty Algorithm (SPA)

where the first inequality follows from the fact that z} = argmin,cpn Qr(x), the equality follows from the
fact that when Av =b, P,(v) =0 for all ¥ > 0, and last inequality follows from the fact that f,(z) < ||z|:
for all 4 > 0. Since the smoothed function f,, (z) > ||(EH1 EiZ | the smoothed penalty function P, (z) > 0

for all v > 0, and Step 1 ensures Qx(zx) < Qr(z}) + 2L , it follows that

2
mc - wEn_ - . pn
loells < fun @) + 557 < AT Qulan) + - < A7 (Qulai) + 2L) B <ol 5+ 557, 28)

where the last inequality follows from the bound in (2.7). Since pr \, 0, Ax \, 0, 7/ \p — 0, and Ly — oo,
(2.8) implies that the sequence {xj},>1 has a limit point. Let Z denote any limit point of this sequence and
let IC denote a subsequence such that limgex T = T.

It is easy to check that @ is convex with a Lipschitz continuous gradient with the Lipschitz constant
L. For any such function

1
EIIVQk(x)Hg < Qr(w) — Qr(y).

Therefore, Step 1 implies that ||VQx(zx)|l2 < 7%. The gradient VQy.(zx) = Arur + ATwy where uy, satisfies
(2.2) with & = x, and p = pg, and wy, satisfies (2.5) with = 5 and v = vy. Therefore,

IVQi(xi)ll2 = [Avur + AT wila < 7.
Thus, it follows that
1A will2 < (7 + Aellugllz) < (7 + Axv/),
where the last inequality follows from the fact ||ug|2 < v/n. Hence,

lim || AT w2 = 0.
kek

Since || - ||2 is a continuous function, and AT is assumed to have a full column rank, it follows that
lim || A" =0=[|AT li =0=1l =0.
ATl =0 = AT g el = 0= g e
Thus, 3B > 0 such that |Jwg|ls < 1 for k € KN {l : I > B}. Recall that (2.5) implies that ||wg||2 =

min{1, v, || Azy, — b|2} and when |lw|[x < 1, we must have wj = Vik(Aa:k —b), ie. Axp —b = vpwg.
Consequently, limgex wi = 0 and limg, v, = a > 0 together imply

Az =b, (2.9)

i.e. every limit point of the iterate sequence {xy}r>1 is feasible. Note that this proof works for any finite
a > 0, i.e. we don’t need to force the penalty parameter vy — O.
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Next, we show that Z is a Karush-Kuhn-Tucker (KKT) point, and is, therefore, optimal. For all k& > 1,
IV fie (@k)[loo = |luk|loo < 1. Therefore, there exists a vector g € R™ and a subsequence Ky C K such that

li =q. 2.10
Jm e =g (2.10)

Since limgex, o = T and (2.10) holds, it follows that
(i) = { sign(z(i)) [2(d)] # 0,
i

€[-1,1] 5;(2):0.

Therefore, g € O||z||1 |z=z- Let 0 = _)\“;’“. Since the gradient VQi(z) = Apui + ATwy we have that
ATO = uy — %kVQk(;vk). Since AT has full column rank, 0, = (AAT) 71 A(uy, — )\—iVQk(xk)) From Step 1
it follows that ||VQg(zk)|l2 < 7 and 3= — 0; therefore, limy %}Ex’“) = 0. Therefore, (2.10) implies that
0 = limgex, Ok exists and

g=ATh. (2.11)

From (2.9) and (2.11), it follows that Z is a KKT point for the ¢;-minimization problem (1.1). Since ||z||; is
convex, the optimization problem (1.1) is a convex programming problem with equality constraints. Hence
KKT conditions are sufficient for optimality and we can conclude that Z is an optimal solution for (1.1). O

In compressive sensing exact recovery occurs only when min{||z||; : Az = b} has a unique solution. The
following Corollary establishes that SPA converges to this solution.

COROLLARY 2.2. Suppose the {1-minimization problem min{||z|; : Ax = b} has a unique optimal solu-
tion. Let {x : k € Z+} denote the sequence of iterates generated by the Smoothed Penalty Algorithm (SPA)
displayed in Figure 2.1 when

(i) Smoothing parameter for ||z||1: pr \, 0
(i1) Smoothing parameter for P(xz): vy \,a >0
(11i) Penalty multiplier: A \, 0
(iv) Approximate optimality parameter: 1, \, 0 such that ;—Z — 0.
Then limy_, o0 T = * where x* = argmin{||z||; : Az = b}.

Note that Theorem 2.1 and Corollary 2.2 will continue to hold even if we only ensure ||VQx(zr)|l2 < Tk,
provided the iterates {xj}rez, are eventually bounded. In Section 4 we use this fact to develop a modified
version of SPA that has superior practical performance. Theorem 2.1 and Corollary 2.2 continue to hold
when we penalize the infeasibility by the ¢; or the ¢, norm. Therefore, the version of SPA that uses ¢; or
{+ penalty also recovers the optimal solution.

We use the Nesterov optimal gradient algorithm [18] to compute the iterates . To minimize a convex
function g with a Lipschitz continuous gradient, in every iteration of the Nesterov optimal gradient algorithm
we need to solve two problems of the form

min {ch + £D(:E, z)},
zER™ o
where ¢ is a function of the gradients of the function g computed in all the previous iterates, L denotes the
Lipschitz constant of the gradient of the function g, D(x,z) denotes the Bregman function corresponding
to a strongly convex proz function h(y) with convexity parameter o. We use h(y) = 1||z[|? with D(z,2) =
%foz”% and o = 1. Therefore, the Nesterov update reduces to x = zf%c. Consequently, the most expensive
step in the Nesterov algorithm is computing the gradient VQ(z) which involves matrix multiplications of
the form AT (Ax — b). In Section 4 we describe some algorithmic modification that improves the practical
performance of SPA.

LEMMA 2.3. Nesterov’s optimal algorithm for simple sets [18] computes an xy, satisfying Step 1 in SPA

m

2Lk (llz* ]2 JWWL/QW
Tk
6
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iterations, where Lj, = %4—% denotes the Lipschitz constant for VQy, and x* denotes the optimal solution
of (1.1).

Remark 2.2. Nesterov optimal algorithm guarantees the bound (2.12) for all initial starting points for
the k-th subproblem. We are not able to take advantage of the fact that the particular initial point x(x_1) for
the k-th subproblem is close to an optimal solution for the k-th subproblem since Qr—1(x) = Q(z) for all
.

Proof.

For any convex function g : R — R that has a Lipschitz continuous gradient with the Lipschitz constant
L with respect to the ¢5 norm, we are guaranteed that [-th iterate x; computed by Nesterov optimal algorithm
satisfies [18, 19]

ALh(z*)
*
_ < 7\ 7
9(@) =9@) < T DT oy
where * = argmin,cgn.{g(2)} and h(z) denotes the particular prox function with convexity parameter o
used in the Nesterov algorithm.
In the proof of Lemma 2.1 we showed that z} = argmin,cp. {Qx(z)} satisfies ||z}|[1 < [Jv1 + £#£%, for
any vector v such that Av =b. In particular, ||z}[|1 < [lz*[1 4+ 2™,
Since Qr(z) is a convex function with a Lipschitz continuous gradient with Lipschitz constant L, =

2
% + % and we use the prox function h(z) = %||z[3 < 3|z||3 with o = 1, it follows that the I-th iterate x;

computed by Nesterov optimal algorithm applied to the problem min,ern{Q ()} satisfies Qx(z;) —Qr(z}) <

2 for all | > [l bitun/2] 2y,

Next, we characterize the finite iteration performance of SPA. This analysis will lead to a convergence
rate result in Theorem 2.5.

THEOREM 2.4. Let {xy}rez, denote the sequence of iterates generated by Algorithm SPA and omin(A)

denote the smallest non-zero singular value of A. Then, for all k > 1,

7'2 HET
. — — 2.13
el =l < gy + 557 (2.13)

and for all k such that T, + Av/n < Tmin(4),
Izl = 2" = ==~ -+, (2.14)

HA:Uk — b”g S Vi.

Proof. Since the penalty function P,(z) > 0, fu(z) > ||z|; — & for all z € R™ and p,v > 0, it follows
that

Ak kT
Mellwnlly < Aefu (@0) + 2HEE,

Ak flrTt
2 b

< Qr(zg) +

’7'2 )\kﬂkn
< * k
_Qk(xk)+2Lk + 9 ’

2
T )\kukn

2L, 2

72 Ak Em
< Aellz* —k_
S
where the last inequality follows from the fact that Ax* = b. Thus, (2.13) follows.
Next, we establish the bound on the infeasibility of the iterate z, for k satisfying 75, + A/t < Tmin(A).

Recall that Qg(zr) < Qr(z}) + % implies that [|[VQg(zk)|l2 < 7%, and this, in turn, implies that

< Q™) +

IVEy, (1)llz = AT wllz < (7 + Al V fu (2)]12) < 70 + A/,
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where the last inequality follows from the fact that |V f,, (zx)]lcc = ||ukllcoc < 1. Since AT is assumed to
have a full column rank, it follows that

||AkaH2 < Tk —l—)\k\/ﬁ <
Umin(A) B O'min(A)

Axkfb
Vi ?

The final step in the proof is to establish the lower bound (2.14). Fix an iterate &k such that 7, + Agv/n <
Omin(A). We establish a lower bound for ||z|; using the linear programming duality:

[will2 < 1.

Since ||wg| < 1, (2.5) implies that wy = and therefore, ||Azy — bll2 = vi||wk|2 < vg.

minimize ||z||1, = maximize b w,
subject to Az =1b. subject to  [|ATwl|o < 1.

Let w* denote the optimal dual solution. Then ||z*|; = bTw* and ||[ATw*||s < /n and ||w*|]s < 0,7%.
Linear programming duality also implies that

minimize A||z|; + [[Az = bl = maximize AbTw, (2.15)
xr e R" subject to  [|ATw||s < 1,
lwll2 < A7

n

Since ||w*||2 < ﬁ%, it follows that w* is feasible for the dual program in (2.15) whenever A\/n < onin(A4).

Since 7 + Agv/n < omin(A), weak duality implies that min, {\x||z|/1 + ||[Az — b|l2} > AxbTw*. Next, we
relate the exact penalty objective function to the smoothed penalty function Q(z).

. . Atk Uk
min Qu(x) = min {Axfally + | A - blla} - T — T,
Atk Y,
> A w* — ’“’;’“ -2,
Atk Y,
= M|z |1 — ’“gk - 2. (2.16)
Also,
Qr(zr) = M fuy, (k) + P, (xk),
| Az —b[I3
< —_ 2.1
< Al + = = (2.17)
< Al + 5, (2.18)

where (2.17) and (2.18) follow from the fact that % < 1 implies that wy = A%‘” and ||Azy —b|l2 < vg.

The lower bound follows from (2.16) and (2.18). O

Theorem 2.1 and 2.4 reveal the relationship between four multipliers (ug, vk, Tk, Ax) used in SPA. For the
convergence proof for SPA in Theorem 2.1 we required that 7, /A\x — 0 as k — co. The upper bound (2.13) in
Theorem 2.4 implies that all the terms in the multiplier sequence {ji }rez, should be scaled as % as a function
of the the target signal dimension n to ensure that the error is O(1). The lower bound (2.14) in Theorem 2.4
implies that v, /A, — 0 as k — oco. Since lower bound holds only if 7, + A /1 < omin(A); therefore, the terms

in the sequence {\;}rez, should scale as U““‘i\/‘%’q). We show in Appendix A.1 that in compressive sensing

applications with Discrete Cosine Transform (DCT) (resp. Discrete Fourier Transform (DFT) measurements)
Omin(A) =1 (resp. omin(A) = 3); thus, in this setting A, = (’)(ﬁ) for all k € Zy. In the result below we
fix (Ao, po, o) > 0 (independent of the problem dimension n) and then use these scaling rules to construct

a sequence of multiplier that ensure a very good convergence rate for SPA.
8



THEOREM 2.5. Fiz 0 < § < 1, i <a< % and strictly positive parameters (Ao, To, o, Vo). Select the
sequence multipliers as follows:

_ %7 :ZC == 17 _ %7 k = 17
He = a(1+6)p,k,1 k> ].7 Uk = 04(1+6)ka1 k> ].7
\ (2.19)
- 70, k = 1, )\ - 7% k = ].,
B @b+ k> 1, S Y VR S
Let {Zy, : k > 1} denote sequence of iterates computed by the SPA algorithm corresponding to this set of
multipliers.
Let

v _200TH g .
max{puo, 53 551afg > Vit Tmin(A)

(2 max{)\o, 7'0})

246
o2t

€0 = pE
5

Then for € < €y there exists an k. < (9(112((3) such that

[AZk, —bll2 <€, [Tk,

1= [l2* [l < e

and the running time to compute such an iterate is O((Hx*”l + %)n% 1n(n)e*%(1+5)) , where x* denotes the

optimal solution of (1.1).

Remark 2.3. Note that we fix a choice of parameters and compute the sequence of iterates {Ty : k > 1}
a priori. Theorem 2.5 establishes that for each € < eq we can find an iterate k. that is e-feasible and e-optimal
and the running time to compute such an iterate grows as e 3049 I Section 4 we show how to efficiently
compute a bound on ||x*|;.

Proof. For the update scheme in (2.19),

T+ Aev/n < a2 IFOE=D 13081 < 9 max (Ao, o }ad Y.
Thus, 75 + Agv/n < omin(A) for all
In(2mex{2o.7o}

O min(A)
d1n(=)

1
a

E>K +12 1.

Then Theorem 2.4 and the fact that L, > lLANZ implies that for all kK > K7 4+ 1,

Vg

2
o * HEn Vg Tk
s = o < 22 4 mae {22, 21,

A

IN

2
Ho  (1+8)(k—1) {@. (k-1) _Y0To (2+6><k71>}
5 « + max " (e} 7)\0||A||§ « s

Thus,
Nzells — ™[] <€,

for all

2
2v07)

(k)  In(32) ()
(1 +0) (L) n(l) ’<2+6>1n<;>}“

From Theorem 2.4 we also have that for k£ > K7 + 1,

k> Ko+ 12 max {Kl, (2.20)

Az — blls < vp = %MM)(’C—U.

9



Consequently, || Az — b||2 < e for all

k>K3+1é{K1,”)}+1. (2.21)

From (2.20) and (2.21), it follows that that for all ¢ < M, the number of iterations K =

(2 max{Ao,70}
max{ Ky, K3} + 1 required to compute an e-feasible and e-optimal point satisfies

In(%)
K< £ 2.22
- ln(i)’ ( )
where
2V0 21/0’7'0 140 }
B = max q uo,
{ "o Mol Al Ve

Lemma 2.3 implies that K iterations of Algorithm SPA require a total of

K [2Lk(ux*||1 + Nkn/2)‘|
Tk

k=1

steps of the Nesterov optimal algorithm for simple sets. Since jup < &2 for all £ > 1, and

Z Ly, Z ( ||A||2)

Tk Mk
2oV agean ., (JABYVAY Csisn
-y (() P ),>.
=0 ToHo Tolo

Thus,

w‘?

N;, = O (f(||9c*||1 + ) ax{Tj‘ZO |Lf(;1y||oz} 3(146)K ) .
245

From (2.22) it follows that for all € < %,
(2 max{/\o,To})

A A
Nin =0 <\/ﬁ(|x*||1 + %) max{ o | ”2} . B3(1+9) . e§(1+5)) )

ToMo Tolo

Since each inner iteration requires O(nln(n)) operations, it follows that algorithm SPA computes an
e-infeasible and e-optimal solution in (’)((||:1c*||1 + & n? ln(n)e—%(1+5)) operations. O

Theorem 2.4 and Theorem 2.5 require that the iterates xj satisfy the stronger condition
Qr(zr) < ming {Qr(z)} + %; it is not sufficient to only ensure the weaker condition |VQg(zx)|l2 < %
Theorem 2.5 establishes SPA computes an e-optimal solution in (’)(e_%) operations. On the other hand
Nesterov algorithm requires only O(e~!) operations to compute an e-optimal solution; however, in order
to achieve this rate the Nesterov updates must be feasible, i.e. the iterates must satisfy Ax = b. This
requires a projection; thus, the complexity of a feasible Nesterov update is O(mn) operations (see the
last paragraph of Appendix A.2). SPA does not require projections and computes a Nesterov update in
O(n) operations; however, since the SPA updates are infeasible, the number of Nesterov updates increase
by a factor €. Comparing O(mne~') operations for Nesterov-type algorithms with feasible updates with
(’)(ne_%) operations for SPA, it follows that the penalty approach is superior when the required accuracy e is
not too small € > O(#) Since, in practice, m = O(n), and problem dimension n is large, the lower bound
on ¢ is quite small. In the next section, we show that SPA is superior to a feasible Nesterov-type algorithms
for noisy recovery for all € > O(-%), i.e. for almost all practical instances.

10



3. Extensions of the SPA to noisy recovery. A simple modification of SPA solves the noisy signal
recovery problem

minimize ||z, (3.1)
subject to  ||Az — b|j2 < e. .

To solve this problem we use the exact penalty function

6(x) = max {0, | Az — b2 — ¢} = max {t(l4z b2 - o)} = {0 (A2~ b)s — te}.

max
{(w,t):l|wll2<t,t€[0,1]}

Next, we smooth this function to get the smoothed penalty function

ouz) = W (Az by —te— 2 (2 111 213) )

max {
{(w,t):]|lw|[2<t,t€[0,1]} 2
Using results in Hoda et al [11] one can show that the function h(t,w) = §(t* + t|[$w]|3) is strongly convex
over the truncated cone {(¢,w) : ||lw|2 < t,t € [0,1]}, and consequently, ¢, (x) is a convex function with a
Lipschitz continuous gradient. Given the structure of h(¢,w), one can rewrite P, (x) as follows:

¢, () = max {t( max {7 (Az — b) — %nwng}) —te— gﬁ}.

te[0,1] ll@[l2<1

Recall that the smoothed fs-penalty function P, (z) = maxq|,<i {®7 (Az — b) — 1[@||3} with the optimal

W, given by (2.5). Thus,

[l2

du(z) = max] {t(Py(x) —€) — %tQ}’

te(0,1
with the optimal ¢, = min {M, 1}. Thus, the gradient V¢, (z) = t,0,, where @, is given by (2.5).
Theorem 2.1, Corollary 2.2, Theorem 2.4 and Theorem 2.5 all remain valid for SPA applied to the
penalized objective function A fu(a:) + ¢, (x) (see [2]). Thus, SPA efficiently computes a solution for the
noisy recovery problem (3.1). Note that unlike NESTA [20], SPA does not require AT A to be orthogonal
projector, i.e. A does not need to have orthonormal rows. For general A, the complexity of computing a
feasible Nesterov update is O(n?); thus, comparing O(n3e~!) operations for Nesterov-type algorithms with
feasible updates with O(ne~2) operations for SPA, it follows that the complexity bound for SPA is superior
to Nesterov-type algorithms that compute feasible iterates as long as € > (9(7,4)
The analysis in this section can be extended to solve noisy recovery problems min{||z|; : ||[Az —b||; < €}
and min{||z||1 : ||[Az — b]|eo < €} [2]. These formulations are interesting when the measurement noise has a

Laplacian or Extreme Value distributions.

4. Implementation details of Algorithm SPA. In this section we describe some algorithmic mod-
ifications that significantly improve the practical performance of SPA. The SPA with all these modifications
is shown in Figure 4.1.

4.1. Bounds on iterates and modified Nesterov updates. Recall that Theorem 2.1 and Corol-
lary 2.2 continue to hold even when the Nesterov update steps that compute the iterates are terminated when
IVQi(xr)|| < 7k, provided we can ensure that the iterates are uniformly bounded. We found that in practice
terminating the Nesterov updates using the gradient condition was significantly faster and incorporated this
in the practical version of SPA.

Let ¢(v) = argmin{||x — v||2 : Az = b}. Computing ¢(v) requires a projection onto the affine space
Ax = b. We show in Appendix A.2 that by pre-computing the eigenvalue decomposition of the matrix
AAT € R™*™ one can reduce the running time of this projection to O(m(m+n)+ks(m,n)) where ks (m,n)
denotes the running time for compute Ax for a general x.

Using an analysis very similar to that in the proof of Theorem 2.1, we can show that ||z} |1 < fu, (¢(v))+
(ugn)/2 for allv € R™. Let V C R™ denote any finite collection of vectors. Then min,ey{f,, (¢(v))}+(uxn)/2

11



0 1
SMOOTHED PENALTY ALGORITHM (ci ) el ),cu,c,,,cn,ck,cg)

q(0) « argmin{||z|2| Az =b}, x9+—qy, k<0
while ((k==0) or ([|zx — zp-1]x > 7))
do
k—k+1

/* Update parameter values */
if (k==1)
then X 2, 71— & [VQu(x0) 2, m = Aflwolls,

H1 = (\/71;;];7_11)\/777 vy = (\/%Y\nll_;'_l)a ﬁ = f,u1 (.’II())
else A\ = c\A\p_1, T, = min {c(Tl)Tk_l,c(TO)HVQk(xk_l)Hg}

1y — min{c o1, =l Ly min{ e vp_q, 2=t
Hlh—15 Tma+1)v/m | S IV e
Ae o 1AI3
Lk - #lxz + sz
/* Start Nesterov Update */
10, i x_1), Oo)—B+H"
compute VQ(zx,)
while ([ VQi(wr) 2 > 71 )
do
k YV Qu(25.1)/ L)~k
1 Ykt — (H%) I, (Ukv( +2)(zk,1 Qk(;ﬂk,z)/ k) =Ky 1) + (H%) ki1
L (YO (21
2 st 1Ly, (o4, 2y — D EIV Qo))
Th,l+1 (l_%)zk,l + (%)yk,l
l—1+1

if (I mod L) == 0)
then 7 «— argmin{||x — z) |2 : Az = b}
f = min{0, f, ()}
o 1+ 5
compute VQ(zk,)
/* End Nesterov Updates */

Tk < Tkl

N < approximately duality gap from Nesterov algorithm
qr — argmin{||x — x|l : Az = b}

ﬂ — min{ﬂv fuk- (Qk)}

return z;
Fi1G. 4.1. Implemented version of Smoothed Penalty Algorithm (SPA)

is also a valid, and possibly improved, bound for ||zf||1. Consequently, we can restrict the iterate z; to the
set { ¢ [Jz]i < minyev{fu, (a(v))} + (un)/2}.

In our implementation of SPA, we begin with V = {0} and we insert xj, iterates to V as they become
available and compute ¢(zy) in every SPA iteration (and not every Nesterov update step), so that we can
bound the updates to ensure that the Nesterov updates terminate quickly. Moreover, we also compute a
new bound whenever the number of Nesterov updates for solving a given subproblem exceeds L = 50.

In our numerical experiments, we compute at most 15 — 25 projections in order to solve the problem
to optimality; therefore, the cost of the projection does not add much to the overall cost of the algorithm.
Note that we only need one projection to ensure that the SPA iterates are uniformly bounded, and therefore,
converge to the optimal solution; the additional projections are added only to improve practical performance.

12



We compute the SPA iterates {xp : k > 1} using a slightly modified version of Nesterov’s optimal
algorithm for simple sets [18, 19]. We solve the k-th subproblem

minimize Qx(x),
subject to  ||z||1 < o,

by iteratively computing three sets of iterates{(x, yri, zx1) : { > 0}:
1. yg, iterate in Step 1 of Figure 4.1 is computed using z ;, yr1—1 and the gradient VQy(zx,):
. Ly 9 T 2 l
= —ly — \% : S
Yk, = argmin{ D) ly — 2zralls + VQr(zr) v : y € ) kT 12 Yk i—1}

2 (k4 2)(xr; — VQr(xry)/Li) — kyri—1 l
J— H 3 ) ) _
(1—1—2) £ <0'k7 9 + 112 Yk,i—1,

where Sy = {y € R* : |jy|1 < ok} and the projection Iy, (o, ) = argmin{|ly — 9[13 : ||yl < o}
In Appendix A.3 we show that the projection IT,, can be computed with a O(nln(n)) worst case
complexity and O(n) randomized complexity. This update scheme is not the standard Nesterov
y-update [19]; however, one can show that this is a valid, and possibly an improved, update using
the last paragraph of Lemma 1 in [19].

2. The z, iterate in Step 2 is computed using the initial point zx o and the gradients VQy(z,;) for
all the iterates 7 < [:

l .
141 L
zklargmm{z( ) e(@r) "z + 5z = wwollf ||z|1<ak}

1=0

=11, <0'k7$k,0 )) .

Note that in the k-th sub-problem, we use the proz function h(z) = 1|z — 24 [/3 to compute the
iterates {zx;}. A bound of the form (2.12) is valid for this prox function if the SPA iterates are
uniformly bounded.

3. The {zx, : | > 0} iterates are computed by initializing x ¢ = zx_1, the previous SPA iterate, and

[\

b« \

setting xy,; = (l+3)zkl 1+(l+3)y;€l 1, for all I > 1.

Note that we terminate the Nesterov updates when ||VQ(zy)|l2 < 7. This ensures that the conclusions
of Theorem 2.1 and Corollary 2.2 remain valid; however, the finite iteration results in Theorem 2.4 and
Theorem 2.5 may not be valid.

4.2. Stopping criterion for SPA. We terminate when the /., difference between successive iterates
are below a threshold v, i.e. || — Zp—1]|lco < . In our numerical experiments we set v by experimenting
with a small instance of the problem.

3. Multiplier selection. The approximate optimality parameter 7 is set as follows:

no— & VQi(ao)e.
Thil min{cgl)rk,cS-O)HVQkH(xk)HQ}, for all k> 1.

Guided by the scaling result implicit in Theorem 2.5 we set A\; = %, and then set A\, = caAp_1 for all k£ > 2.
In the k-th iteration of SPA, we solve a smoothed version of the penalized optimization problem

minimize Ag||z||1 + ||Az — b]|2,

subject to  ||z|1 < ok (4.1)
The dual of this optimization problem is given by
maximize —bTw — oy || ATw + M\ oo,
subject to  ||ullee < 1, (4.2)

[wl][2 < 1.
13



Noting that z¢ and (ug,wp) = (0,0) are, respectively, primal and dual feasible, we initialize the duality
gap 1o = A1]|zol|1. Nesterov’s non-smooth optimization algorithm [19] also returns approximately optimal
dual variables. Let 7 denote the duality gap between the k-th primal iterate x; and the dual iterates
(ug, wy) returned by the Nesterov algorithm applied to the k-th subproblem. We set dx4+1 = ¢,k as the
target approximation error for the next subproblem. The Nesterov non-smooth optimization algorithm then
dictates that the smoothing parameter (u, ) should be set to u = (\/ﬁ/\f«iﬁ and v = \/55/\%4:1-%1 in order
to minimize the number of Nesterov updates required to compute a dj1-optimal solution. Since we require
that pux and v be monotonically decreasing we modify this parameter update as follows:

nr min Culk—1, W}, k > 1, Mo = 00,

: 5
v, <+ min cyyk,l,m , k>1, vyy=o0.

We “tune” the constants (C(TO), C(TI), Cus Cuy Gy Cx, Co) ON the smallest n = 64 x 64 problem and then used the

values for all the other problems.

Since the parameter sequence {(Ax, g, ik, Vk) : k > 1} follow the scaling in Theorem 2.5, we should
expect that the optimal choice of initial multipliers (Ag, f0, 7o) should be independent of n for a given mea-
surement ratio m/n and sparsity ratio s/n. In our numerical experiments we found that this to approximately
true. We exploit this fact by tuning the parameters (Ao, po, 7o) on the smallest problem (with n = 64 x 64)
and then use these parameters for all larger problems.

5. Numerical experiments. We conducted two sets of numerical experiments with SPA. The goal in
the first set of experiments was to investigate how the complexity of SPA grows with the problem dimension.
The second set of experiments compares the performance of SPA with another Nesterov-type algorithm
NESTA [20] and a fixed point continuation algorithm FPC [9, 10].

5.1. Experimental setup. We tested SPA on randomly generated target signals. The target signal
x* € R"™ was chosen to be s-sparse, i.e. exactly s out of n components were nonzero. Following the
experimental setup in a recent paper of Becker, et al. [20] we set

(i) = 1(i € A) n1(i)10°720) (5.1)

where
(i) the set A was constructed by randomly selecting s indices from the set {1,...,n},
(ii) m1 (@), ¢ € A, were independently, and identically distributed Bernoulli random variables taking values
41 or —1 with equal probability,
(iii) 72(2), ¢ € A, were independently, and identically distributed uniform|0, 1] random variables.
The signals «* were created in this manner have a dynamic range of 100dB.

The measurement matrix A and the measurement vector b were constructed as follows. We randomly
selected m = % frequencies from the set {0,...,n}. Let A € R™*" denote a m x n partial Discrete
Cosine matrix constructed from these randomly selected frequencies and b = Az* denote the Discrete Cosine
transform of the signal x* evaluated at the chosen frequencies.

We found that for a fixed measurement ratio m/n, sparsity ratio s/n, and the accuracy tolerance =, the
total number of Nesterov updates is effectively independent of the dimension n of the target signal. In our
experiment we exploit this empirical result by first tuning the constants controlling the parameter updates
for a smallest sized problem and subsequently using these fixed parameters for solving all larger problems.
In our numerical experiments the constants controlling the parameter update were set as follows:

=02 =085 ©¢,=01, ¢, =01, ¢,=08 =09, c,=009. (5.2)
5.2. Algorithm scaling results. We tested the algorithm for s-sparse signals with
(i) three different sizes: small n = 64 x 64, medium n = 256 x 256, and large n = 512 x 512,
(ii) two sparsity levels: high s = [n/400], and low s = [n/40].
14



’ Sparsity \ € \ Table ‘
s=mn/400 | 1 | Table 5.3
s=mn/400 | 0.1 | Table 5.5
s =mn/400 | 0.01 | Table 5.7
s =mn/40 1 | Table 5.2
s=mn/40 | 0.1 | Table 5.4
s=n/40 | 0.01 | Table 5.6

TABLE 5.1
Summary of numerical experiments

In order to assess the convergence properties of the SPA we replaced the stopping criterion |2 —2k—1]|co < €
with

[2r = 2" [loo <7 (5.3)

We report results for v = 1, 107! and 1072, The signal model in (5.1) and the stopping criterion implies
that the algorithm produces x; with 5+ log;,(1/7) digits of accuracy. Note that the stopping criterion (5.3)
is only used to test the convergence properties the algorithm in this simulation study.

The Table 5.1 summarizes the sparsity conditions and the parameter settings that were investigated in the
numerical experiments. The column marked Table lists the table where we display the results corresponding
to the parameter setting of the particular row, e.g. the results for s = n/40 and v = 0.1 are displayed
in Table 5.4. In Tables 5.2— 5.7, the row labeled Nesterov Updates lists the total number of Nesterov
update iterations during the course of SPA, the row labeled SPA Iter. lists the number of SPA iterations,
the row labeled Mat-mult updates lists the number of matrix-vector multiplications required to compute
the Nesterov updates and the row labeled Mat-mult proj lists the number of matrix-vector multiplications
required to compute the projections. All other rows are self-explanatory. We generated N = 10 random
instances for each of the experimental conditions. The column labeled average lists the average taken over
the N = 10 random instances, the columns labeled min (resp. max) list the minimum (resp. maximum) over
the 10 instances.

The experiment results support the following conclusions:

(a) SPA is very efficient in computing a solution to (1.1) — the algorithm requires anywhere from 7 to 14
iterations to converge.

(b) For a given sparsity type (high or low) and stopping criterion €, the total number of SPA iterations and
the number of Nesterov updates is a very slowly growing function of the dimension n of the target signal.

(¢) The number of Nesterov updates (and also the overall running time of SPA) increases with the number

of non-zero elements in the target signal x*. Increasing the number of non-zero elements from s = n/800

to s = n/40 nearly doubled the total number of Nesterov updates.

As remarked in Section 4.3 we used the fixed set of constants in (5.2) to update the parameter sequence for
all the experiments.
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TABLE 5.2

Ezxperiment Results for m =n/4, s = m/10 and |25 — 2*||cc < 1

n=512x512 n=256x256 n=64x64
Average Min Max Average Min Max Average Min Max
Nesterov updates # 191.1 186 196 187.6 184 192 179.9 167 199
15 = 1= ] /1% |l 2.158E-05 8.671E-06 2.860E-05 1.988E-05 4.364E-06 2.824E-05 | 7.751E-06 | 1.350E-06 | 2.421E-05
[Ix%°T — x|l : x*(i) > 0 | 9.828E-01 9.675E-01 9.932E-01 9.821E-01 9.703E-01 9.981E-01 | 9.699E-01 | 9.035E-01 | 9.982E-01
[[x%°T — x*[lo : x*(i) =0 | 4.338E-01 2.596E-01 5.540E-01 3.500E-01 2.477E-01 5.196E-01 | 1.929E-01 | 5.254E-02 | 5.075E-01
[[Ax%°! — b2 2.915 2.095 6.133 2.007 0.999 3.833 1.185 0.343 1.614
56633019.9 | 55369477.2 | 59671255.5 | 14250930.8 | 13356266.4 | 15031117.1 | 1033580.7 | 836966.7 | 1289395.7
56631797.7 | 55368213.9 | 59669841.3 | 14250648.3 | 13355937.4 | 15030813.1 | 1033574.2 | 836965.1 | 1289377.9
114.2 110.9 116.8 26.4 25.8 27.2 1.5 1.4 1.6
SPA Iter. # 6.0 6.0 6.0 6.0 6.0 6.0 5.6 5.0 6.0
Mat-mult updates 383.2 373.0 393.0 376.2 369.0 385.0 360.8 335.0 399.0
Mat-mult proj 14.0 14.0 14.0 14.0 14.0 14.0 13.2 12.0 14.0
Mat-mult total 397.2 387 407 390.2 383 399 374 347 413
TABLE 5.3
Ezxperiment Results for m =n/4, s = m/100 and ||2°° — 2*||cc < 1
n=512x512 n=256x256 n=64x64
Average Min Max Average Min Max Average Min Max
Nesterov updates # 116.1 112 125 115.0 110 119 121.8 106 145
[[%%°T[x — [Ix*l|/lIx* s | 1.152E-04 | 6.023E-05 | 1.950E-04 | 1.418E-04 | 9.075E-05 | 2.010E-04 | 9.243E-05 | 3.745E-05 | 1.697E-04
[Ix%°T — x*]|oo : x*(i) > 0 | 8.554E-01 | 5.139E-01 | 9.900E-01 | 8.639E-01 | 7.060E-01 | 9.798E-01 | 8.474E-01 | 5.931E-01 | 9.993E-01
[Ix%°T — x|l : x*(i) =0 | 2.385E-01 | 9.342E-02 | 3.899E-01 | 2.522E-01 | 1.588E-01 | 4.040E-01 | 1.756E-01 | 5.006E-02 | 2.689E-01
[[Ax°T — b]|2 2.598 1.563 3.301 1.546 1.353 1.706 0.536 0.442 0.692
[[x%°T|[1 5588869.7 | 4424350.4 | 7000986.9 | 1508227.7 | 1171948.5 | 1838361.6 | 193844.0 108724.1 311458.8
Ix* |1 5588239.3 | 4423488.0 | 7000565.2 | 1508021.0 | 1171713.0 | 1838194.7 | 193828.2 108705.6 311447.1
Time 68.3 65.8 73.7 15.9 15.3 16.3 1.2 1.0 1.4
SPA Iter. # 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0
Mat-mult updates 233.2 225.0 251.0 231.0 221.0 239.0 244.6 213.0 291.0
Mat-mult proj 8.0 8.0 8.0 8.0 8.0 8.0 9.6 8.0 12.0
Mat-mult total 241.2 233 259 239 229 247 254.2 221 303

16



168 69¢ 8163 162 L9C 8'18% 68 182 '8¢ [e30} }nw-3eIA
01 00T 911 00T 001 00T 00T 001 001 foad jmu-jen
0°L£¢ 0°6S% z'98¢ 0°18% 0°L8¢ 81T 0°G8% 013 V'GLG sojepdn jnuwi-yeIy
09 09 09 09 09 09 09 09 09 # 1931 VdS
L1 [ 71 761 6°L1 8'81 T8 6°6. 1’18 oLy,
T'LVPITE | 9°G0LSOT | T'8E8E61 | LT6ISEST | 0'ETLILTI | 0°Tg0S0ST | 3°G9S000L | 0°SSVETIY | £ 6£T885C x|
SQFPTIE | 97204801 | T°0€8€6T | €°€ITSEST | 6'GELTLTT | 9 TFOS0ST | 9°399000L | ¥°L8SETHY | 0'TEES88SS | josXll
990°0 0700 2S00 00Z°0 760°0 621°0 6750 gL10 3930 2|9 — osX V]|
GO-HASEY'G | £0HEIT'S | 20-AFIST | G0-HITHY | c0-dSE0'T | GO-HLIV'G | c0-HPS9'E | 20-ASYST | g0-dS8F9T | 0= (1).X : =[x — oeX|l
20-Hd698°6 | T0-HSTE9 | 20-H6S9'8 | T0-HL96'6 | G0-HO060L | G0-EFT0'6 | GO-HI6L6 | G0-HTS0'L | G0-HEL8'8 | 0 < (D),X : | .x — Xl
GO-HILES'T | 90-H00%'S | SO-H680°T | SO-H9Z6'T | 90-HE06'6 | SO-AVIVT | S0-HI¥ET | 90-d0v6°L | SO-d16v T | TILXI/IFL.x] = Hl0sXll]
891 621 9°GyT [ 8T1 vGer ah1 GeT g LET # soyepdn Ao02}sON
XeJAl UIn adeIoAy XAl uIn adeioAy XeAl UIjN adeioAy
F9XF9=u 957 X95g=U TIGXZIg=U
10> T — posl| Puv 00T/W = § F/u = w sof synsay JuowiLiATH
GG A1dV],
9% 65V Very 67 6£V 8'GhY [ Ghy RlA 830} }nw-3eA
0'8T 0F1 91 071 071 01 01 01 071 foad jnu-yejn
0°ShF 0S¥ 8'8CY 0°GeF 0'5eh 8'IE 0'Ger 0'1Eh 07y sojepdn jnuwi-yeIA
0L 09 T'9 09 09 09 09 09 09 # 1031 VdS
0% L1 8’1 L0g 862 £0g g'0el 1'8C1 z'621 owL,
6°LLE68CT | T°9969£8 | TTLGEEOT | T'EIS0E0ST | ¥ LE6SSEET | €8F90STHT | £ T1¥86996S | 6'€1T89EGS | L L6LIEI9S x|l
9'8L£682T | 9°6969£8 | 0°GLSGEEOT | T'0Z80E0ST | LPFESSEET | 8°CS90SEFT | 6°6986996S | 1°SPT898SS | L'9G8TEI9S | osXll
6ST°0 £L0°0 8ET°0 0250 €87°0 96¥°0 6201 906'0 L¥6°0 2|9 — josX V]|
GO-H6TEE | €0-HA80'8 | GO-HEF6'T | T0-H66LG | €0-HGSE'S | T0-HOSS'T | G0-HS0T'E | GO-HSPTT | GOHEIST | 0= (1).%x : )X~ X
G0-A166°6 | c0-HV0S'S | 20-AFSe'6 | G0-HeSy'6 | g0-Hzee's | c0-d8e8's | 200266 | 20-dcl9L | c0-HPES'S | 0 < (1),x : X — Xl
90-ATGL'T | L0-H9Z8F | L0-H69ZL | L0-H6S0°9 | LO-HOTEF | L0-HS8T'S | 202186 | L0@9s1¥ | 20-sars | FILXI/IFLXI — Tlosll]
(444 L0Z 6'€1% L1¢ 414 7'CIz L1% 1% ¢'91% # soyepdn A0I9}sON
XeJAl urjAl a3eaoAy XeAl uIjAl a8eIoAy XeAl UIn a3eaoAy
F9xF9=u 952X 95g=U TISXZIg=U

10 > . — o5 puv OT/w =5 F/u = w 1of synsoy JuowrLdry

P'Q a1avy,

17



TABLE 5.6

Ezxperiment Results for m =n/4, s = m/10 and ||z5°" — 2*|co < 0.01

n=512x512 n=256x256 n=64x64
Average Min Max Average Min Max Average Min Max
Nesterov updates # 265.9 255 273 258.4 251 269 254.7 245 274
15 = 1= ] /1% |l 2.153E-07 7.013E-08 3.162E-07 1.711E-07 6.319E-08 3.697E-07 | 1.314E-07 | 6.587E-08 | 3.730E-07
[Ix%°T — x|l : x*(i) >0 | 9.726E-03 8.470E-03 9.988E-03 9.476E-03 8.663E-03 9.929E-03 | 9.412E-03 | 8.993E-03 | 9.917E-03
[x%°T — x*[loc : x*(1) =0 | 3.999E-03 1.572E-03 5.407E-03 2.842E-03 1.349E-03 4.926E-03 | 2.501E-03 | 9.708E-04 | 4.786E-03
[[Ax%°! — b2 0.037 0.019 0.089 0.031 0.009 0.049 0.011 0.003 0.015
56631809.9 | 55368228.1 | 59669858.5 | 14250650.7 | 13355938.4 | 15030814.2 | 1033574.4 | 836965.2 | 1289378.0
56631797.7 | 55368213.9 | 59669841.3 | 14250648.3 | 13355937.4 | 15030813.1 | 1033574.2 | 836965.1 | 1289377.9
158.6 152.0 162.9 36.4 35.3 38.1 2.2 2.1 2.3
SPA Iter. # 7.8 7.0 8.0 7.5 7.0 8.0 7.3 7.0 8.0
Mat-mult updates 532.8 511.0 547.0 517.8 503.0 539.0 510.4 491.0 549.0
Mat-mult proj 17.6 16.0 18.0 17.0 16.0 18.0 17.0 16.0 22.0
Mat-mult total 550.4 527 565 534.8 519 557 527.4 507 571
TABLE 5.7
Experiment Results for m =n/4, s = m/100 and ||z%° — z*|oo < 0.01
n=512x512 n=256x256 n=64x64
Average Min Max Average Min Max Average Min Max
Nesterov updates # 155.4 143 162 154.3 139 160 161.3 145 189
[[%%°T[1 — [Ix*l|/lIx* s | 1.464E-06 | 7.299E-07 | 3.310E-06 | 1.617E-06 | 7.140E-07 | 2.708E-06 | 1.206E-06 | 5.335E-07 | 1.964E-06
[Ix%°7 — x*[|oo : x*(i) > 0 | 8.525E-03 | 6.447E-03 | 9.731E-03 | 9.165E-03 | 6.617E-03 | 9.982E-03 | 8.967E-03 | 7.543E-03 | 9.992E-03
[Ix%°T — x|l : x*(i) =0 | 2.631E-03 | 1.359E-03 | 5.592E-03 | 2.826E-03 | 1.251E-03 | 5.688E-03 | 1.461E-03 | 3.080E-04 | 3.141E-03
[[Ax°T — b]|2 0.021 0.012 0.031 0.012 0.009 0.020 0.005 0.004 0.006
S 5588247.2 | 4423502.7 | 7000575.2 | 1508023.3 | 1171714.9 | 1838196.5 | 193828.4 108705.9 311447.3
[|x* |1 5588239.3 | 4423488.0 | 7000565.2 | 1508021.0 | 1171713.0 | 1838194.7 | 193828.2 108705.6 311447.1
Time 92.2 84.6 96.3 21.6 19.5 22.2 1.6 1.5 1.9
SPA Iter. # 6.9 6.0 7.0 6.9 6.0 7.0 7.0 7.0 7.0
Mat-mult updates 311.8 287.0 325.0 309.6 279.0 321.0 323.6 291.0 379.0
Mat-mult proj 11.8 10.0 12.0 11.8 10.0 12.0 13.6 12.0 16.0
Mat-mult total 323.6 297 337 321.4 289 333 337.2 303 395

18



5.3. Comparison of SPA with other solvers. In this section we report the result of our numerical
experiments comparing SPA with NESTA [20] and FPC [10]. We created 10 random problems of size
n = 512 x 512 using the procedure described in Section 5.1.

We chose parameter values for each of the three algorithms so that they produced a solution z*°" with
{oo-error approximately equal to 5 x 1074, i.e. [|25 — 2*||o = 5 x 1074, We set the parameter values for
each algorithm by solving a set of small size problems and these parameter values were fixed throughout the
experiments.

1. For SPA, we set e =5 x 107°.

2. NESTA solves minj4,—p|,<o fu(®), where f,(x) = maxpy:|u).<1} {xTu - %HUH%}, using continuation

on j. When o is set to 0, NESTA handles ||Az — b||s < o constraint as Az = b and since AAT = T is
assumed, projections on to {x € R™ : Az = b} affine space can be done efficiently. NESTA stops when
min{10,k}

|fu(1fjl%3(tvi;s(1k)‘ < 5, fOI‘ some 6 > 0’ Where f_l,u(zk) = m Zf:l fu(xk_g). For 1\HESF,[‘AA7 we set

p=1x10"2and § =1 x 10719,
3. FPC solves mingegpn ||z[|1 + §[|Az — b|3. For FPC, we set 1+ = 1.5 x 10%.

The experimental results in Table 5.8-5.10, show that all three algorithms produce similar results with
comparable running times. While SPA and NESTA required approximately the same number of matrix-
vector multiplications, FPC required far fewer matrix-vector multiplications to produce a result of similar
{-error.

6. Conclusion. We propose a smoothed penalty algorithm (SPA) for the sparse recovery problem. The
SPA recovers the target signal by solving a sequence of smoothed penalized sub-problems, and each sub-
problem is solved using Nesterov’s optimal method for simple sets [18, 19]. We show that the continuation
scheme used in SPA provably converges to the target signal and we are also able to compute a convergence
rate. Since we penalize infeasibility by the exact penalty function ||Az — b||, where || - || can be ¢1, {o
or /o, norm, an accurate solution is obtained before penalty parameter takes on arbitrarily small value;
consequently, our proposed algorithm is numerically stable. We found that for a fixed measurement ratio
m/n, sparsity ratio s/n, and solution accuracy e, the total number of Nesterov iterations is effectively
independent of the dimension n of the target signal; thus, one can tune the parameters on the smallest
problem and use these parameters for all larger problems. The numerical results reported in this paper show
that SPA required very few iterations to accurately recover the target signal.

SPA is a very general algorithmic framework that can be used for ¢;-minimization, relaxed /¢;-
minimization, ¢;-minimization problems with linear side constraints, and also for convex optimization prob-
lems of the form

q
min {3 o —ayll+ Y ) (6.1)
X=[z1,...,24] Py !
J i=
that arise in the context of maximum likelihood estimation for sparse graphical networks. The cost of this
flexibility is that SPA is not as efficient as algorithms such as FPC that explicitly utilize the ¢; objective
term. In [3] we propose a new penalty and augment Lagrangian based algorithm that explicitly uses the ¢;
structure and is competitive with other specialized algorithms for ¢;-minimization.
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SPA: Experiment Results for m =n/4, s =m/10

TABLE 5.8

Run # 1 2 3 4 5 6 7
Nesterov updates # 307 298 307 300 300 305 305
[T = 1= 2] /1= 1.30E-08 1.08E-08 1.31E-08 1.02E-08 1.08E-08 1.21E-08 1.18E-08
[Ix%°7 — x|l : x*(i) > 0 7.37E-04 7.52E-04 6.75E-04 5.11E-04 6.12E-04 5.69E-04 6.74E-04
[Ix%°T — x*]|oo : x7(i) = 7.37E-05 1.72E-04 8.02E-05 5.84E-05 6.25E-05 7.21E-05 8.77E-05
[[Ax%°T — b2 5.54E-03 6.63E-03 5.39E-03 5.55E-03 6.10E-03 5.53E-03 5.70E-03
[Ix5°T][1 57158337.83 | 57143128.23 | 55730561.39 | 55936883.68 | 55704724.67 | 57130433.69 | 59669841.99
[|x* |1 57158337.09 | 57143127.62 | 55730560.66 | 55936883.11 | 55704724.06 57130433 59669841.29
Time 182.2 175.3 181.1 176.4 176.2 179.4 179.3
SPA Iter. # 9 9 9 9 9 9 9
Mat-mult updates 615 597 615 601 601 611 611
Mat-mult proj 24 20 24 20 20 20 20
Mat-mult total 639 617 639 621 621 631 631
Run # 8 9 10 Average Min Max
Nesterov updates # 306 307 303 303.8 298 307
[T = Ix*|l1 1.32E-08 1.35E-08 1.31E-08 1.22E-08 1.02E-08 1.35E-08
[|x5°T x*(i) >0 6.18E-04 6.64E-04 6.45E-04 6.46E-04 5.11E-04 7.52E-04
[|x5°T x*(i)=0 7.54E-05 7.91E-05 6.94E-05 8.30E-05 5.84E-05 1.72E-04
5.59E-03 5.36E-03 5.45E-03 5.68E-03 5.36E-03 6.63E-03
55794694.99 | 55368214.63 | 56681162.57 | 56631798.37 | 55368214.63 | 59669841.99
55794694.25 | 55368213.89 | 56681161.83 | 56631797.68 | 55368213.89 | 59669841.29
180.8 181.1 178.8 179.0 175.3 182.2
SPA Iter. # 9 9 9 9 9 9
Mat-mult updates 613 615 607 608.6 597 615
Mat-mult proj 24 24 20 21.6 20 24
Mat-mult total 637 639 627 630.2 617 639
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TABLE 5.10
FPC: Experiment Results for m =n/4, s =m/10

Run # 1 2 3 4 5 6 7
Nesterov updates # 189 189 189 191 192 190 191
%M =[x 1 l/l1x 11 3.43E-08 3.44FE-08 3.53E-08 3.50E-08 3.49E-08 3.44E-08 3.27E-08
[Ix%°T — x|l : x*(i) > 0 6.71E-04 6.72E-04 6.72E-04 6.88E-04 6.72E-04 7.00E-04 6.67E-04
[Ix%°T — x*]|oo : x7(i) = 1.37E-04 1.74E-04 1.94E-04 1.64E-04 1.30E-04 1.87E-04 1.50E-04
[[Ax%°! — b2 1.16E-02 1.17E-02 1.17E-02 1.16E-02 1.15E-02 1.17E-02 1.16E-02
[Ix5°T][+ 57158335.13 | 57143125.65 | 55730558.7 | 55936881.15 | 55704722.12 | 57130431.03 | 59669839.33
[|x* |1 57158337.09 | 57143127.62 | 55730560.66 | 55936883.11 | 55704724.06 57130433 59669841.29
Time 97.8 94.7 99.4 103.4 91.2 90.0 90.4
Mat-mult total 379 379 379 383 385 381 383

Run # 8 9 10 Average Min Max

Nesterov updates # 191 189 189 190 189 192

I35 — [Ix* I« 3.51E-08 3.54E-08 3.41E-08 3.46E-08 3.27E-08 3.54E-08

[|x5°T X 7.34E-04 6.81E-04 6.31E-04 6.79E-04 6.31E-04 7.34E-04

[|x5°T X 1.61E-04 1.54E-04 1.16E-04 1.57E-04 1.16E-04 1.94E-04

1.16E-02 1.16E-02 1.15E-02 1.16E-02 1.15E-02 1.17E-02

55794692.29 | 55368211.92 | 56681159.89 | 56631795.72 | 55368211.92 | 59669839.33
55794694.25 | 55368213.89 | 56681161.83 | 56631797.68 | 55368213.89 | 59669841.29
90.5 89.4 89.4 93.6 89.4 103.4

Mat-mult total 383 379 379 381 379 385
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Appendix A. Details of the steps in SPA. In this section, we collect together results that show
that SPA is very efficient as long as one can compute the matrix-vector products Azr and ATy efficiently.

A.1. Bounds on ||A|2 and oyin(A4).

A.1.1. ||A]]2 when measurements are discrete Fourier transforms. Let C € C™*" be a partial
fourier matrix, where rows of C' are chosen randomly among the rows of n dimensional Fourier matrix.
Without loss of generality, assume that n is an odd number. Since the target signal x* takes real values, we
can restrict the set of m randomly selected frequencies T' C {0, 1, ..., ";1} without any loss of generality.

Let Ap = R(C), A; = $(C) and define

_ Agp
i- [ o ] |

Let af'(k) and af(k) that denote the rows in Ag and in Ay, respectively, corresponding to the frequency
index k € I'. Then

o) = [Froos(BE)] , .,
al (k) = *{ﬁsm(%%k)} 0 1
5=0,...,n—

Using simple properties of trigonometric sequences it is easy to establish that for all k,l € T,

a®(k)a! (DT = 0

0, if 1 #k,
a®(k)a® ()T = 5. ifl=k>0;
1, ifl=k=0; (A1)
0, i1+,
al(k)a' ()T = i, ifl=k>0;
0, ifl=Fk=0;

The measurement matrix A is obtained by removing the row a’(0) from A if 0 € T'; otherwise A is set to
A. Since the vector al(0) = 0, removing a’(0) does result in any loss of generality. Furthermore, (A.1)
implies that AA” is a diagonal matrix with entries taking values in the set {1,1}. Thus, oumin(A) = % and
[All2 = omax(4) = 1.

A.1.2. ||A]2 when measurements are discrete Cosine transforms (DCT). A partial DCT matrix
A satisfies AAT = I. Therefore, ||A2 = 0min(A) = Omaz(A) = 1.

A.2. /5 or Least squares projection. In this section, we show that the fo-projection

minimize ||z — #||3,

subject to Az =b. (A.2)

can be computed efficiently. We compute this projection several times during the course of SPA. We initialize
SPA by setting xg = argmin{||z||2 | Az = b}. Along the course of the algorithm we update § by solving
min{||x — xgll2 | Az = b}. We show that both these problems can be solved efficiently. Note that in each
instance of projection problem encountered during SPA, only the vector & changes but the matrix A remains
constant.

In the Fourier case, the measurement matrix A is constructed as follows. Without loss of generality,
assume that n is an odd number. Since the target signal z* only takes real values, the set of m randomly
selected frequencies I" C {0, 1, ..., ”T_l} without any loss of generality. Let Ag = (C) and br = R(b) denote
the real part of the matrix C' and the vector b, respectively, and Ay = $(C), by = (b) denote the imaginary
part of the matrix C and the vector b, respectively. Let

=] o= 435
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The measurement matrix A and the righthand-side vector b are constructed by removing redundant rows
from the matrix A and the corresponding components from the vector b. Since redundant equations do not
alter the feasible region, i.e. X = {z € R"|Azx = b} = {x € R"| Az = b}, it follows that

minimize |z — 2|3,
subject to Ax = b,

is equivalent to

minimize 1|z — 2||3,

subject to Apx = bg, (A4)
A[(E = b[.
The optimal solution z* to (A.4) satisfies the KKT conditions
AII;)\R + A?)\[ —x* = -z,
ARAﬁ/\R#*ARA?)\I = br — ARz, (A5)
AIAE)\R -+ A[A?A] = by — A]li’,

for some Agr, A\; € R™. From Section A.1, a®(k)a?(1)T = 0 for all k and [, i.e. A;AL = ArAT = 0. Thus,
the KKT conditions (A.5) simply to

AE)\R+A?)\] -z = -z,
ARATAR = bp— Agd, (A.6)
A]A?)\[ = by — Ajz.

The vectors ArZ and A;% can be computed via a single FFT of Z requiring O(nlog(n)) operations. Since
the matrix products ApAL and A;AT are diagonal (see Section A.1), we can compute Ag and A; in O(m)
operations. Next , * = &+ ArAr+ ArA; can be computed by one inverse FFT using O(nlog(n)) operations.
Thus, computing z requires 20(nlog(n)) + O(m) operations.

Next, we consider the special case when A is a real matrix with orthonormal rows. This is the case when
the measurement vector b corresponds to a sampled Discrete Cosine Transforms. Since the rows of A are
orthonormal,

r* = argmin{||z — #|s | Az =b} =3+ AT (b — Az).

Hence, if multiplications with A and AT can be computed efficiently, the optimal projection 2* can be
computed efficiently. When A is a partial DCT matrix, * can be computed by solving one forward and one
inverse DCT, i.e. in 20(nlog(n)) operations.

Next, consider the case when A is a real matrix with full row rank such that matrix-vector multiplications
with A and AT can be computed efficiently. Suppose Az can computed in ¢(m,n) operations and ATy can
computed in k,.(m,n) operations. In this case the optimal solution z* satisfy the KKT conditions

ot = a4+ ATN,
AATN = b— Az,

for some A € R™. Since A is assumed to have full row rank, (AAT)~1 € R™*™ exists. Hence, z* =
&4+ AT(AAT)=1(b — AZ). We compute z* efficiently as follows. Let A = USVT denote the singular value
decomposition (SVD) of A where ¥ = diag(c1,09,...,0m), with 0; > 0 for all i = 1,...,m, and U,V € R**™
such that UTU = I, VTV = I. Computing the SVD takes O(m?n) operations.

T o m ul (b—Ak)
The KKT multipliers A = Y /" | ( ==~ )u;. Thus,

0;

¥ =2+ i (M)ATW

We compute and store the values {ATui}{Z-Zl ,,,,, m} at the beginning of the algorithm, which requires
O(mk,.(m,n)) operations. Given the precomputed values of {ATUi}{izl,,,.,m}7 z* can be computed in
O(m(m +n) + ky(m,n)) operations.
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¢1-PROJECTION (Z, 0)
x5 +— & sorted in increasing order
Compute p = max {j e{l,...,n}:xs(j) — % (Zi:l xs(r) — a) > O}
£ %( 1 2s(i) — o)
2*(i) — max{z(i) =&, 0},i=1,...,n

return z*
Fic. A.1. Projection onto the simplex

A.3. Projection onto the /;-ball. In this section we show that the Euclidean projection problem

minimize ||z — 2||3,

subject to  ||z||1 < o, (A7)
can be computed efficiently.
Define § = |Z| and consider the following optimization problem.
minimize |}y — 73,
subject to >0, y; <o, (A.8)

y=>0.

Let z* denote the projection of & onto the ¢;-ball, i.e. the optimal solution of (A.7). Then it is easy to check
that z*(4)Z(i) > 0 for all i = 1,...,n, i.e. x*(i) = sign(&(¢)) |z*(¢)|, for all ¢ = 1,...,n. This implies that

x* (i) = sign(z(4))y*(7), i=1,...,n,
where y* is the projection of § onto the simplex, i.e. the optimal solution of (A.8). Thus, the optimal solution

of (A.7) can be recovered from the optimal solution of (A.8). Singer et al [15] show that the algorithm in
Figure A.1 computes an optimal solution to (A.8) in O(nlog(n)) operations.
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