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Abstract. We propose a first-order smoothed penalty algorithm (SPA) to solve the sparse recovery problem min{‖x‖1 :
Ax = b}. SPA is efficient as long as the matrix-vector product Ax and AT y can be computed efficiently; in particular, A need
not be an orthogonal projection matrix. SPA converges to the target signal by solving a sequence of penalized optimization
sub-problems, and each sub-problem is solved using Nesterov’s optimal algorithm for simple sets [13, 14]. We show that the

SPA iterates xk are ε-feasible, i.e. ‖Axk − b‖2 ≤ ε and ε-optimal, i.e. |‖xk‖1 − ‖x∗‖1| ≤ ε after Õ(ε−
3
2 ) iterations. We also

bound the sub-optimality, |‖xk‖1 − ‖x∗‖1| for any iterate xk; thus, the user can stop the algorithm at any iteration k with
guarantee on the sub-optimality. SPA is able to work with `1, `2 or `∞ penalty on the infeasibility, and SPA can be easily
extended to solve the relaxed recovery problem min{‖x‖1 : ‖Ax− b‖2 ≤ ε}

1. Introduction. In this paper we are interested in computing sparse solutions for the system of
equations

Ax = b,

where b ∈ Rm, x ∈ Rn, A ∈ Rm×n and the number of equations m� n. Define `0-norm ‖x‖0 of the vector
x as

‖x‖0 =
n∑
i=1

1(x(i) 6= 0),

where x(i) denotes the i-th component of the vector x, and the indicator function 1(x(i) 6= 0) takes the value
1 if x(i) 6= 0, and 0 otherwise. Then the sparsest solution x satisfying the equation Ax = b can be recovered
by solving the following `0-minimization problem

min
x∈<n

‖x‖0 subject to Ax = b. (1.1)

Unfortunately this optimization problem is NP-hard and is often hard to solve in practice. It was known
that optimal solution to (1.1) can often be recovered by solving the `1-miminization problem

min
x∈<n

‖x‖1 subject to Ax = b, (1.2)

where ‖x‖1 =
∑n
i=1 |x(i)| denotes `1-norm. This problem can be reformulated into a linear program and

therefore, can, in theory, be solved efficiently. Recently, Candes, Romberg and Tao [2, 3, 4] and Donoho [6]
have shown that when the optimal solution x∗ of (1.1) is s-sparse, i.e. only s of the n components are
non-zeros, and the matrix A satisfies some regularity conditions, in particular m = O(s ln(n)), the sparsest
solution x∗ is also optimal for (1.2). Thus, the sparsest solution x∗ can be recovered by solving a linear
program (LP). This result has given given rise to a new signal compression methodology known as compressed
sensing (CS). In the CS methodology a high dimensional s-sparse signal x is compressed into m = O(s ln(n))
dimensional code b = Ax by taking m linear measurements. When the measurement matrix A satisfies
appropriate regularity conditions, the original signal x can be decoded by solving an LP.

Previous results. In practice, solving the decoding LP (1.2) is hard. This is because the constraint
matrix A is large and dense, and the LPs are often ill-conditioned. Thus, general purpose LP solvers are
not able to efficiently solve the CS LPs. On the other hand, the measurement matrix A often has a lot of
structure. For example, A is often a partial Fourier matrix, i.e. b = Ax is the discrete Fourier transform
over a small set of frequencies. Consequently, Ax and AT y can be computed very efficiently using the Fast
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Fourier Transform (FFT). Algorithms that are able to exploit this structure are likely to be very efficient for
solving (1.2). A number of different research groups have proposed algorithms that exploit this structure.
Some groups proposed solving `1 minimization in Lagrangian form:

min
x∈Rn

γ‖x‖1 + ‖Ax− b‖22. (1.3)

Figueiredo, Nowak and Wright [12] propose the GPSR algorithm that uses gradient projection method
with Barzila Borwein steps to solve (1.3). The algorithm proceeds by computing an approximately optimal
solution x∗(γk) for γ = γk starting from the approximately optimal solution x∗(γk−1) for the previous value
of γ.

Hale, Yin and Zhang [7, 8] propose a fixed point continuation (FPC) algorithm to solve (1.3). They use
operator-splitting to show that the optimal solution of (1.3) satisfies a fixed-point equation x∗(γ) = F (x∗(γ)).
They show that the operator F , which is a composition of gradient descent step operator and shrinkage op-
erator, is a contraction mapping; therefore, the mapping xk+1 = F (xk) converges to the optimal solution.
Wen, Yin, Goldfarb and Zhang [17] improve the performance of FPC by adding an active set (AS) opti-
mization step. In the FPC-AS algorithm, once the shrinkage iterations produce a “candidate” solution xk,
the non-smooth objective function ‖x‖1 is replaced by sign(xk)Tx and the constraints sign(xk)(i)x(i) ≥ 0
are added. Since the objective function on the active set is smooth, one can use conjugate gradients or
quasi-Newton methods to minimize the objective.

Yin, Osher, Goldfarb and Darbon [16] propose a method based on Bregman iterative regularization. The
algorithm solves problem of the form

min
x∈Rn

γ‖x‖1 +
1
2
‖Ax− fk‖22, (1.4)

where fk are obtained by suitably updating the measurement vector b. This method utilizes FPC for solving
unconstrained subproblems. Typically, only a few outer iterations are done, and for each outer iteration
FPC [8] is called to solve subproblem (1.4).

Alternative algorithms for the unconstrained `1 problem include an iterative solver in an interior-point
framework [11], and an accelerated projection gradient method [9]. Moreover, in [5], Van den Berg and
Friedlander adapted the nonmonotone spectral projected gradient algorithm to solve the LASSO problem

min
{x:‖x‖1≤t}

‖Ax− b‖22.

New results. In this paper we propose a new penalty approach that solves the CS decoding prob-
lem (1.2) by solving a sequence of problems that are smoothed versions of the optimization problem

min
{
λ‖x‖1 + ‖Ax− b‖2

}
Note that we penalize the infeasibility by ‖Ax − b‖2 and not by ‖Ax − b‖22. Since ‖Ax − b‖2 is known to
be an exact penalty function, we expect our proposed method to have stronger convergence properties. Our
method is an extension of the Nesterov’s non-smooth optimization algorithm [14]. The main results of this
paper are as follows.

(a) We show that our algorithm converges to an optimal solution x∗ to (1.2), i.e. x∗ ∈ argmin{‖x‖1 : Ax =
b}. See Theorem 2.1 and Corollary 2.2 for details. In order for the algorithm to be efficient, we only
require that the matrix-vector product Ax and AT y be computed efficiently; in particular, we do not
require that A be an orthogonal projection matrix. This implies that our algorithm can be used to
recover compressed CT scans [1] where the measurement matrix A is not an orthogonal projection. Note
that even in the special case when the measurement matrix is an orthogonal projection, the standard
Nesterov algorithm for non-smooth minimization can only compute an ε-optimal solution for (1.2); it
does not converge to an optimal solution.
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(b) We also establish a convergence rate for the algorithm. We show that there exist a priori fixed parameter
settings such that, for all small enough ε, the iterates xk computed by our algorithm are ε-feasible, i.e.
‖Axk − b‖2 ≤ ε, and ε-optimal, |‖xk‖1 − ‖x∗‖1| ≤ ε, after Õ(ε−

3
2 ) iterations. See Theorem 2.5 for

details. To the best of our knowledge this is the first penalty based method for compressed sensing with
a provable convergence rate.
Note that our algorithm does not require the user to tune the parameter setting for the chosen degree of
approximation ε – the iterates xk will be ε-optimal and ε-feasible for any small enough ε after Õ(ε−

3
2 )

iterations. In contrast, the Nesterov algorithm for non-smooth optimization requires the user to specify ε
a priori and computes an ε-optimal and ε-feasible solution to (1.2) in Õ(ε−1) iterations – iterating further
does not improve the accuracy and one does not converge to a solution to (1.2). Thus, for any given ε
the Nesterov algorithm has a better complexity bound; however, the user does not have the flexibility
of iterating further to obtain a more accurate solution.

(c) We also bound the sub-optimality, |‖xk‖1 − ‖x∗‖1| for any iterate xk. Thus, the user can stop the
algorithm at any iteration k with guarantee on the sub-optimality. See Theorem 2.4 for details.

(d) Our proposed algorithmic framework allows one also to use `1 or `∞ norm to penalize infeasibility. The
framework easily extends to the relaxed recovery problem min{‖x‖1 : ‖Ax− b‖2 ≤ ε}.

The rest of the paper is organized as follows. In Section 2 we develop our proposed algorithm for solving the
`1-minimization problem. In Section 3 we discuss extensions of the algorithm to the related optimization
problems. In Section 4 we discuss results of our numerical experiments.

2. A smoothed penalty method for `1-minimization. In this section, we describe a penalty-
function based method for solving (1.2). Let

X = {x ∈ Rn|Ax = b}

denote the feasible region of the problem (1.2). We will assume that A has full row rank. Consequently, AT

has full column rank. Let x∗ denote an optimal solution of the `1-minimization problem (1.2).

Let P (x) = ‖Ax− b‖2. Since P (x) is an exact penalty function for X , it follows that there exists a constant
λ∗ > 0 such that x∗ is optimal for

min
{
λ‖x‖1 + P (x)

}
∀λ ≤ λ∗. (2.1)

The penalized optimization problem (2.1) is a convex optimization problem. However, both ‖x‖1 and P (x)
are non-smooth functions of x; consequently, (2.1) is a non-smooth optimization problem and sub-gradient
based methods are likely to perform rather poorly. In this section we propose an algorithm that solves
an appropriately “smoothed” version of (2.1). The smoothing and the algorithm builds on the work of
Nesterov [14].

Since ‖x‖1 = max{u:‖u‖∞≤1}{uTx}, we smooth ‖x‖1 by setting

fµ(x) = max
{u:‖u‖∞≤1}

{
xTu− µ

2
(uTu)

}
for µ > 0. The function fµ(x) is convex and continuously differentiable with

∇fµ(x) = ux,

where

ux(i) = sign(x(i)) min
{
|x(i)|
µ

, 1
}
, i = 1, . . . , n, (2.2)

where

sign(x) =

 1 x > 0,
0 x = 0,
−1 x < 0.
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The gradient ∇fµ(x) is Lipschitz continuous with the Lipschitz constant

Lfµ =
1
µ
.

See [14] for details.

We smooth the penalty function P (x) by setting

Pν(x) = max
{w:‖w‖2≤1}

{
(Ax− b)Tw − ν

2
(wTw)

}
for ν > 0. Solving the optimization problem we get

Pν(x) =


‖Ax−b‖22

2ν , if ‖Ax− b‖2 ≤ ν;

‖Ax− b‖2 − ν
2 , if ‖Ax− b‖2 > ν.

(2.3)

The function Pν(x) is convex, and continuously differentiable for all x ∈ Rn with

∇Pν(x) = ATwx,

where

wx =


Ax−b
ν , ‖Ax− b‖2 ≤ ν;

Ax−b
‖Ax−b‖2 , ‖Ax− b‖2 > ν.

(2.4)

The gradient ∇Pν(x) is Lipschitz continuous with the Lipschitz constant

LPν =
‖A‖22
ν

,

where ‖A‖2 = max{‖u‖2≤1,‖v‖2≤1}{uTAv} = σmax(A), where σmax(A) denotes the largest singular value of
A. Note that Pν(x) is the Hüber penalty function that is often used in robust statistics.

We propose to solve (2.1) (or, equivalently, (1.2)) by solving a sequence of optimization problems of the form

min
x∈Rn

{
λfµ(x) + Pν(x)

}
. (2.5)

The Smoothed Penalty Algorithm (SPA) that we use to solve (1.2) is displayed in Figure 2.1.

Smoothed Penalty Algorithm
({(

µk, νk, λk, τk
)}
k∈Z+

)
q0 ← arg min{‖x‖2| Ax = b}, x0 ← q0, β1 = fµ1(q0), k ← 0
while (Stopping Criterion not true)

do
k ← k + 1
Define Qk(x) = λkfµk(x) + Pνk(x) and σk ← βk + µkn

2
1 Starting from xk−1 compute xk such that ‖∇Qk(xk)‖2 ≤ τk and ‖xk‖1 ≤ σk

qk ← argmin{‖x− xk‖2 : Ax = b}
2 βk+1 ← min0≤j≤k{fµk+1(qj)}

return xk
Fig. 2.1. Smoothed Penalty Algorithm (SPA)

Theorem 2.1. Let {xk ∈ Rn : k ∈ Z+} denote the sequence of iterates generated by the Smoothed Penalty
Algorithm (SPA) displayed in Figure 2.1 when
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(i) Smoothing parameter for ‖x‖1: µk ↘ 0
(ii) Smoothing parameter for P (x): νk ↘ α ≥ 0

(iii) Penalty multiplier: λk ↘ 0
(iv) Approximate optimality parameter: τk ↘ 0 such that τk

λk
→ 0.

Then, {xk ∈ Rn : k ∈ Z+} is a bounded sequence. Let x̄ denote any limit point of {xk : k ∈ Z+}. Then x̄ is
an optimal solution of the `1-minimization problem (1.2).

Remark 2.1. The notation γk ↘ η (resp. γk ↗ η) denotes that the sequence {γk} is monotonically
decreasing (resp. increasing).

Proof. Since µk ↘ 0 and Step 2 of SPA implies that βk ≤ fµk(q0) ≤ ‖q0‖1, the iterates {xk}k∈Z+ lie
in a bounded set ‖x‖1 ≤ ‖q0‖1 + µ1n

2 . Let x̄ denote any limit point of this sequence and let K denote a
subsequence such that limk∈K xk = x̄.

The gradient ∇Qk(xk) = uk +ATwk where uk satisfies (2.2) with x = xk and µ = µk, and wk satisfies (2.4)
with x = xk and ν = νk. Step 1 implies that

‖∇Qk(xk)‖2 = ‖λkuk +ATwk‖2 ≤ τk.

Thus, it follows that

‖ATwk‖2 ≤ (τk + λk‖uk‖2) ≤ (τk + λk
√
n),

where the last inequality follows from the fact ‖uk‖2 ≤
√
n. Hence,

lim
k∈K
‖ATwk‖2 = 0.

Since ‖ · ‖2 is a continuous function, and AT is assumed to have a full column rank, it follows that

lim
k∈K
‖ATwk‖2 = 0⇒ ‖AT lim

k∈K
wk‖2 = 0⇒ lim

k∈K
wk = 0.

Thus, ∃B > 0 such that ‖wk‖2 < 1 for k ≥ K ∩ {l : l ≥ B}. From equation (2.4), it follows that for all
k ∈ K ∩ {l : l ≥ B}

wk =
1
νk

(
Axk − b

)
.

Consequently, limk∈K wk = 0 implies that the limit point x̄ satisfies

Ax̄ = b (2.6)

Note that this proof works for any α ≥ 0, i.e. we don’t need to force the penalty parameter νk → 0 .

Since ‖∇fµk(xk)‖∞ = ‖uk‖∞ ≤ 1 for all k ∈ Z+, there exists a vector ḡ ∈ Rn and a subsequence K1 ⊂ K
such that

lim
k∈K1

uk = ḡ. (2.7)

Since limk∈K1 xk = x̄ and (2.7) hold, it follows that

ḡ(i) =
{

sign(x̄(i)) |x̄(i)| 6= 0,
∈ [−1, 1] x̄(i) = 0.

Thus,

ḡ ∈ ∂‖x‖1 |x=x̄ . (2.8)
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Let θk = −wk
λk

. Since the gradient ∇Qk(x) = λkuk +ATwk we have that

AT θk = uk −
1
λk
∇Qk(xk). (2.9)

Since AT has full column rank, we have that

θk = (AAT )−1A(uk −
1
λk
∇Qk(xk)).

From Step 1 we have that ‖∇Qk(xk)‖2 ≤ τk and τk
λk
→ 0; therefore, θ̄ = limk∈K1 θk exists. Hence, (2.9)

implies that

ḡ = AT θ̄. (2.10)

From (2.6)-(2.10), it follows that x̄ is a Karush-Kuhn-Tucker (KKT) point for the `1-minimization prob-
lem (1.2). Since ‖x‖1 is convex, the optimization problem (1.2) is a convex programming problem. Hence
KKT conditions are sufficient for optimality and we can conclude that x̄ is an optimal solution for (1.2).

In compressed sensing exact recovery occurs only when min{‖x‖1 : Ax = b} has a unique solution. The
following Corollary establishes that SPA converges to this solution.

Corollary 2.2. Suppose the `1-minimization problem min{‖x‖1 : Ax = b} has a unique optimal solution.
Let {xk : k ∈ Z+} denote the sequence of iterates generated by the Smoothed Penalty Algorithm (SPA)
displayed in Figure 2.1 when

(i) Smoothing parameter for ‖x‖1: µk ↘ 0
(ii) Smoothing parameter for P (x): νk ↘ α ≥ 0

(iii) Penalty multiplier: λk ↘ 0
(iv) Approximate optimality parameter: τk ↘ 0 such that τk

λk
→ 0.

Then limk→∞ xk = x∗ where x∗ = arg min{‖x‖1 : Ax = b}.

Proof. From Theorem 2.1 we have that every limit point x̄ of the sequence of iterates {xk : k ∈ Z+} generated
by SPA is an optimal solution of the `1-minimization problem (1.2). Since the optimal solution is unique, it
follows that the bounded sequence {xk : k ∈ Z+} has a unique limit point. Consequently, the sequence has
a limit and the limit is the optimal solution of (1.2).

In order to complete the analysis, we need to establish that Step 1 can always be satisfied, i.e. for all k ∈ Z+

there exists xk such that ‖∇Q(k)(xk)‖2 ≤ τk and ‖xk‖1 ≤ σk.

Lemma 2.3. Nesterov’s optimal algorithm for simple sets [13] computes an xk satisfying Step 1 in SPA in

Nk =
⌈4Lkσk

τk

⌉
(2.11)

iterations, where Lk = λk
µk

+ ‖A‖22
νk

denotes the Lipschitz constant for ∇Qk.

Remark 2.2. Note that Nesterov’s optimal algorithm for simple sets guarantees the bound (2.11) for all
initial starting points for the k-th subproblem. We are not able to take advantage of the fact that the
particular initial point x(k−1) for the k-th subproblem is close to an optimal solution for the k-th subproblem
since Qk−1(x) ≈ Qk(x) for all x.

Proof. Let {xk} denote the iterates computed by SPA. Then SPA define

q0 = argmin{‖x‖2 : Ax = b}, qk = argmin{‖x− xk‖2 : Ax = b},
β1 = fµ1(q0), βk+1 = min0≤j≤k{fµk+1(qj)},

and σk = βk + µkn
2 .
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Let x∗k = argminx∈Rn Q
(k)(x) denote the unconstrained optimal solution. Since Pµ(qj) = 0 for all µ > 0 and

j ≥ 1, it follows that

Qk(x∗k) = λkfµk(x∗k) + Pk(x∗k) ≤ λk min
0≤j≤k−1

{fµk(qj)} = λkβk.

The smoothed function fµk(x) ≥ ‖x‖1 − µkn
2 and Pν(x) ≥ 0 for all µ > 0, ν > 0 and x ∈ Rn. Therefore,

‖x∗k‖1 −
µkn

2
≤ fµk(x∗k) ≤ λ−1

k Qk(x∗k) ≤ βk.

Thus,

‖x∗k‖1 ≤ βk +
µkn

2
, σk.

Thus, minx∈Rn Qk(x) is equivalent to min{Qk(x) |‖x‖1 ≤ σk}.

Let g : Rn → R be a convex function and have a Lipschitz continuous gradient with constant L with respect
to the `2 norm. Let x∗ = argmin{g(x) : ‖x‖1 ≤ σ}. Then, after l iterations of Nesterov’s optimal algorithm
for simple sets [13, 14] it is guaranteed that

g(xl)− g(x∗) ≤ 8Lβ2

(l + 1)(l + 2)
.

For any convex function with a Lipschitz continuous gradient, we have that

1
2L
‖∇g(xl)‖22 ≤ g(xl)− g(x∗).

Thus, ‖∇g(xl)‖2 ≤ τ for all l ≥
⌈

4Lσ
τ

⌉
.

Since Qk(x) is a convex function with a Lipschitz continuous gradient with Lipschitz constant Lk = λk
µk

+ ‖A‖
2
2

νk
,

Nesterov’s optimum algorithm guarantees that

‖∇Q(k)(xl)‖2 ≤ τk

for all l ≥
⌈

4Lkσk
τk

⌉
, Nk.

The SPA with all the details is shown in Figure 2.2. The details of Nesterov’s optimal algorithm for simple
sets [13, 14] for computing

minimize g(x),
subject to ‖x‖1 ≤ σ,

where g is a convex function with a Lipschitz continuous gradient with constant L are as follows. The
algorithm computes three sets of iterates (xl, yl, zl):

1. yl is computed using xl and the gradient ∇g(xl):

yl = argmin
{
∇g(xl)T y +

L

2
‖y − xl‖22 : ‖y‖1 ≤ σ

}
,

= argmin
{∥∥∥y − (xl − 1

L
∇g(xl)

)∥∥∥2

2
: ‖y‖1 ≤ σ

}
,

= Π`1

(
σ, xl −

1
L
∇g(xl)

)
,

where the function

Π`1(σ, ŷ) = argmin{‖y − ŷ‖22 : ‖y‖1 ≤ σ}.

Thus, in Step 1 in Figure 2.2 we compute the yl iterate. In Appendix A.3 we show that the projection
Π`1 can be computed efficiently.
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2. zl is computed using the initial iterate x0 and the gradients ∇g(xi) for all the iterates i ≤ l:

zl = argmin

{
l∑
i=0

( i+ 1
2

)
∇g(xi)T z +

L

2
‖z − x0‖22 : ‖z‖1 ≤ σ

}
,

= argmin

{∥∥∥z −(xl − 1
L

n∑
i=0

( i+ 1
2
)
∇g(xi)

)∥∥∥2

2
: ‖z‖1 ≤ σ

}
,

= Π`1

(
σ, x0 −

1
L

n∑
i=0

( i+ 1
2
)
∇g(xi)

)
.

Thus, in Step 2 we compute the zl iterate.
3. xl+1 is a convex combination of yl and zl:

xl+1 =
( 2
l + 3

)
zl +

( l + 1
l + 3

)
yl.

The SPA displayed in Figure 2.2 does not explicitly state a termination condition. In Section 4.2 we discuss
the specific termination conditions used in our numerical experiments.

Smoothed Penalty Algorithm
({(

µk, νk, λk, τk
)}
k∈Z+

)
q0 ← arg min{‖x‖2| Ax = b}, x0 ← q0, β1 = fµ1(q0), k ← 0
while (Stopping Criterion not true)

do
k ← k + 1
while (Stopping Criterion not true)

do
Lk ← λk

µk
+ ‖A‖22

νk
, xk,0 ← x(k−1), σk ← βk + µkn

2

l← 0
compute ∇Qk(xk,l)
while

(
‖∇Qk(xk,l)‖2 > τk

)
do

1 yk,l ← Π`1

(
σk, xk,l − ∇Qk(xk,l)

Lk

)
2 zk,l ← Π`1

(
σk, xk,0 −

∑l
i=0( i+1

2 )∇Qk(xk,i)

Lk

)
xk,l+1 ←

(
2
l+3

)
zk,l +

(
l+1
l+3

)
yk,l

l← l + 1
compute ∇Qk(xk,l)

xk ← xk,l
qk ← argmin{‖x− xk‖2 : Ax = b}
βk+1 ← min1≤j≤k{fµk+1(qj)}
k ← k + 1

return xk
Fig. 2.2. Details of the Smoothed Penalty Algorithm (SPA)
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Next, we prove a finite iteration result for SPA.

Theorem 2.4. Let {xk}k∈Z+ denote the sequence of iterates generated by the SPA displayed in Figure 2.2.
Then, for all k ≥ 1,

‖xk‖1 ≤ ‖x∗‖1 +
τ2
k

2λkLk
+
µkn

2
.

Let σmin(A) denote the smallest non-zero singular value of A. Then, for all k such that τk+λk
√
n < σmin(A),

‖Axk − b‖2 ≤ νk, and ‖xk‖1 ≥ ‖x∗‖1 −
µkn

2
− νk
λk
.

Proof. Since Qk has a Lipschitz continuous gradient with the Lipschitz constant Lk, ‖∇Qk(xk)‖2 ≤ τk
implies that

Qk(xk) ≤ Qk(x∗k) +
τ2
k

2Lk
,

where x∗k = argminxQk(x). Since the penalty function Pν(x) ≥ 0, fµ(x) ≥ ‖x‖1 − µn
2 for all x ∈ Rn and

µ, ν > 0, it follows that

λk‖xk‖1 ≤ λkfµk(xk) +
λkµkn

2
,

≤ Qk(xk) +
λkµkn

2
,

≤ Qk(x∗k) +
τ2
k

2Lk
+
λkµkn

2
,

≤ Qk(x∗) +
τ2
k

2Lk
+
λkµkn

2
,

≤ λk‖x∗‖1 +
τ2
k

2Lk
+
λkµkn

2
,

where the last inequality follows from the fact that Ax∗ = b. Hence we have ‖xk‖1 ≤ ‖x∗‖1 + τ2
k

2λkLk
+ µkn

2 .

Fix an iterate k such that τk + λk
√
n < σmin(A). Recall that ‖∇Qk(xk)‖2 ≤ τk implies that

‖∇Pνk(xk)‖2 = ‖ATwk‖2 ≤ (τk + λk‖∇fµk(x)‖2) ≤ τk + λk
√
n,

where the last inequality follows from the fact that ‖∇fµk(xk)‖∞ = ‖uk‖∞ ≤ 1. Since AT is assumed to
have a full column rank, it follows that

‖wk‖2 ≤
‖ATwk‖2
σmin(A)

≤ τk + λk
√
n

σmin(A)
< 1.

Since ‖wk‖ < 1, (2.4) implies that

wk =
Axk − b
νk

.

Thus,

‖Axk − b‖2 = νk‖wk‖2 ≤ νk.

Next, we establish a lower bound for ‖xk‖ using the linear programming duality:

minimize ‖x‖1,
subject to Ax = b.

= maximize bTw,
subject to ‖ATw‖∞ ≤ 1.

9



Let w∗ denote the optimal dual solution. Then ‖ATw∗‖2 ≤
√
n and ‖w∗‖2 ≤

√
n

σmin(A) .

Linear programming duality also implies that

minimize λ‖x‖1 + ‖Ax− b‖2
x ∈ <n

= maximize λbTw,
subject to ‖ATw‖∞ ≤ 1,

‖w‖2 ≤ λ−1.

(2.12)

It is easy to check that w∗ is feasible for the dual program in (2.12) whenever λ
√
n ≤ σmin(A).

Next, we relate exact penalty function to the smoothed penalty function Qk(x).

min
x
Qk(x) ≥ min

x

{
λk‖x‖1 + ‖Ax− b‖2

}
− λkµkn

2
− νk

2
,

≥ λkbTw∗ −
λkµkn

2
− νk

2
, (2.13)

= λk‖x∗‖1 −
λkµkn

2
− νk

2
,

where (2.13) holds for the iterate k since τk + λk
√
n < σmin(A) implies w∗ is feasible for dual program

in (2.12), and the inequality then follows from weak duality.

Finally,

Qk(xk) = λkfµk(xk) + Pνk(xk),

≤ λk‖xk‖1 +
‖Axk − b‖22

2νk
, (2.14)

≤ λk‖xk‖1 +
νk
2
, (2.15)

where (2.14) and (2.15) follow from the fact that τk+
√
nλk

σmin(A) < 1 implies that wk = Axk−b
νk

and ‖Axk−b‖2 ≤ νk.
Thus,

‖xk‖1 ≥ ‖x∗‖1 −
µkn

2
− νk
λk
.

The proof of Theorem 2.1 and Theorem 2.4 reveals that the following relations must hold for the parameter
set (µ, ν, λ, τ):

(i) The penalty multiplier λ and the smoothing parameter for the penalty term ν must satisfy νk/λk → 0.
(ii) The penalty multiplier λ and the approximate optimality parameter τ must satisfy τk/λk → 0.
(iii) The penalty multiplier λ = O( 1√

n
), the smoothing parameter for the `1-norm µ = O( 1

n ), and the
smoothing parameter for the penalty ν = O(λ) = O( 1√

n
).

Theorem 2.5. Fix 0 < δ < 1, 1
4 ≤ α ≤

3
4 , and strictly positive parameters (λ0, τ0, u0, ν0). Then there exists

a sequence of multipliers {(λk, µk, νk, τk) : k ≥ 1} such that for all

0 < ε <
max{µ0,

2ν0
λ0
,

2ν0τ
2
0

λ0‖A‖22
, ν0√

n
}σmin(A)

2+δ
δ α2+δ(

2 max{λ0, τ0}
) 2+δ

δ

, (2.16)

the SPA, displayed in Figure 2.2, computes a solution x̄ that is ε-feasible, i.e. ‖Ax̄− b‖2 ≤ ε, and ε-optimal,
|‖x̄‖1 − ‖x∗‖1| ≤ ε, in O

((
‖q0‖1 + µ0

2

)
n

3
2 ln(n)ε−

3
2 (1+δ)

)
operations, where q0 = argmin{‖x‖2 : Ax = b}.

Remark 2.3.

(a) A single fixed sequence {(λk, µk, νk, τk) : k ≥ 1} of multipliers works for all sufficiently small ε.
10



(b) The bound (2.16) on the approximation ε is in practice not unreasonably small. For example, consider the
case where target signal size n = 512× 512− 1 with s = n

40 non-zero components and the measurements
are the discrete Fourier transforms evaluated at m = n

8 randomly selected frequencies.
We show in Appendix A.1 that σmin(A) = 1√

2
when the measurements are discrete Fourier transforms.

In our numerical experiments (see Section 4) we chose

(λ0, τ0, µ0, ν0) = (1, 0.2, 0.45‖q0‖1, 0.45‖q0‖1)

and the average value for ‖q0‖1 over 10 randomly generated problem was ‖q0‖1 ≈ 305707968.54166. For
δ = 0.125 and α = 0.5, the bound (2.16) implies that ε-optimal and ε-feasible solutions can be computed
in O

(
ε−1.6875

)
operations for all ε < 1.32.

Proof. Set

µ1 = µ0
n ,

ν1 = ν0√
n
,

τ1 = τ0,

λ1 = λ0√
n
.

Choose 0 < α < 1 and update the parameters as follows: for all k ≥ 1,

τk+1 = α
1
2 (1+δ) · τk,

λk+1 = αδ · λk,
µk+1 = α(1+δ) · µk,
νk+1 = α(1+δ) · νk.

(2.17)

For the update scheme in (2.17),

τk + λk
√
n ≤ τ0α

1
2 (1+δ)(k−1) + λ0α

δ(k−1) ≤ 2 max{λ0, τ0}αδ(k−1).

Thus, τk + λk
√
n ≤ σmin(A) for all

k > K + 1 ∆=
ln( 2 max{λ0,τ0}

σmin(A) )

δ ln( 1
α )

+ 1.

Theorem 2.4 guarantees that for all k > K + 1,

|‖xk‖1 − ‖x∗‖1| ≤
µkn

2
+ max

{
νk
λk
,

τ2
k

2λkLk

}
,

≤ µ0

2
· α(1+δ)(k−1) + max

{ ν0

λ0
· α(k−1),

ν0τ
2
0

λ0‖A‖22
· α(2+δ)(k−1)

}
,

where we have used the fact that Lk ≥ ‖A‖
2
2

νk
. Thus,

|‖xk‖1 − ‖x∗‖1| ≤ ε,

for all

k > K2 + 1 ∆= max
{
K,

ln(µ0
ε )

(1 + δ) ln( 1
α )
,

ln( 2ν0
λ0ε

)

ln( 1
α )

,
ln( 2ν0τ

2
0

λ0‖A‖22ε
)

(2 + δ) ln( 1
α )

}
+ 1. (2.18)

From Theorem 2.4 we also have that for k > K + 1,

‖Ax− b‖2 ≤ νk =
ν0√
n
α(1+δ)(k−1).

11



Thus ‖Ax− b‖2 ≤ ε for all

k > K3 + 1 ∆=
{
K,

ln( ν0
ε
√
n

)

(1 + δ) ln( 1
α )

}
+ 1. (2.19)

Let Nout denote the number of outer iterations required to compute an ε-infeasible and ε-optimal solution.
Define

B = max
{
µ0,

2ν0

λ0
,

2ν0τ
2
0

λ0‖A‖22
,
ν0√
n

}
.

Then (2.18) and (2.19) imply that for all ε < Bσmin(A)
2+δ
δ α2+δ(

2 max{λ0,τ0}
) 2+δ

δ

,

Nout ≤
ln(Bε )
ln( 1

α )
. (2.20)

Lemma 2.3 implies that Nout outer iterations of Algorithm SPA require a total of

Nin ≤
Nout∑
k=1

⌈4Lkσk
τk

⌉
inner iterations. The parameter σk ≤ ‖q0‖1 + µ0

2 for all k ≥ 1, and

Nout∑
k=1

Lk
τk

=
Nout∑
k=1

( λk
τkµk

+
‖A‖22
τkνk

)
,

=
Nout−1∑
k=0

((λ0
√
n

τ0µ0

)
· α− 1

2 (3+δ)k +
(‖A‖22√n

τ0ν0

)
α−

3
2 (1+δ)k

)
.

Thus,

Nin = O
(√

n
(
‖q0‖1 +

µ0

2

)
max

{ λ0

τ0µ0
,
‖A‖22
τ0ν0

}
α−

3
2 (1+δ)Nout

)
.

From (2.20) it follows that for all ε < Bσmin(A)
2+δ
δ α2+δ(

2 max{λ0,τ0}
) 2+δ

δ

,

Nin = O
(√

n
(
‖q0‖1 +

µ0

2

)
max

{ λ0

τ0µ0
,
‖A‖22
τ0ν0

}
·B 3

2 (1+δ) · ε− 3
2 (1+δ)

)
.

Since each inner iteration requires O(n ln(n)) operations, it follows that algorithm SPA computes an ε-
infeasible and ε-optimal solution in O

((
‖q0‖1 + µ0

2

)
n

3
2 ln(n)ε−

3
2 (1+δ)

)
operations.

3. Extensions of the SPA.

3.1. The case of `1 and `∞ norms. We define the penalty for infeasibility in terms of the `2 norm.
All the results in Section 2 hold when the penalty P (x) = ‖Ax− b‖1 or P (x) = ‖Ax− b‖∞.

First consider the case where the penalty

P (x) = ‖Ax− b‖1 = max
{w:‖w‖∞≤1}

wT (Ax− b).

12



In this case, the smoothed penalty function

Pν(x) = max
{w:‖w‖∞≤1}

{
wT (Ax− b)− ν

2
‖w‖22

}
,

has a Lipschitz continuous gradient

∇Pν(x) = ATwx

where

wx(i) = sign
(
aTi x− b(i)

)
min

{aTi x− b(i)
ν

, 1
}
, i = 1, . . . ,m, (3.1)

where ai denotes the i-th row of A. Let {xk}k≥1 denote the sequence of iterates generated by SPA using
the `1 penalty function. Note that changing the penalty Pν(x) only changes the gradient ∇Qk(xk) – all
the other steps remain the same. Let x̄ denote any limit point of the sequence {xk}k≥1, i.e. there exists a
subsequence {xk}k∈K such that limk→∞ xk = x̄. We will show that x̄ is feasible, i.e. Ax̄ = b.

The stopping condition ‖∇Qk(xk)‖ ≤ τk and the fact that AT has full column rank implies that
limk∈K wk = 0, i.e. there exists B such that for all k ≥ B, ‖wk‖∞ < 1. From (3.1) it follows that

wk(i) =

∣∣aTi xk − b(i)∣∣
νk

, i = 1, . . . ,m,

for all k ≥ B. Taking limits, it follows that Ax̄ = b.

Suppose the penalty on infeasibility is

P (x) = ‖Ax− b‖∞ = max
{w:‖w‖1≤1}

wT (Ax− b).

In this case, the smoothed penalty function

Pν(x) = max
{w:‖w‖1≤1}

{
wT (Ax− b)− ν

2
‖w‖22

}
,

has a Lipschitz continuous gradient

∇Pν(x) = ATwx

where

wx = Π`1(1, (Ax− b)/ν), (3.2)

where Π`1 denotes the projection onto the `1-ball.

Let x̄ denote any limit point of the sequence {xk}k≥1, i.e. there exists a subsequence {xk}k∈K such that
limk→∞ xk = x̄. We will show that x̄ is feasible, i.e. Ax̄ = b.

The stopping condition ‖∇Qk(xk)‖ ≤ τk and the fact that AT has full column rank implies that limk∈K wk =
0, i.e. there exists B such that for all k ≥ B, ‖wk‖1 < 1. Since wk is the optimal for the optimization problem
defining Pν(x), ‖wk‖1 < 1 together with complementary slackness implies that

wk =
Axk − b
νk

.

Thus, limk→∞ ‖wk‖1 = 0 implies that Ax̄ = b.
13



3.2. Penalty methods for relaxed `1-minimization problem. In this section we extend the results
of the previous section to the relaxed `1-minimization problem

minimize ‖x‖1,
subject to ‖Ax− b‖2 ≤ ε.

(3.3)

To solve this problem we use the penalty function

P (x) = max
{

0,
1
2
(
‖Ax− b‖22 − ε2

)}
,

= max
0≤t≤1

{ t
2
(
‖Ax− b‖22 − ε2

)}
.

Next, we smooth this function to get the smoothed penalty function

Pν(x) = max
0≤t≤1

{ t
2
(
‖Ax− b‖22 − ε2

)
− ν

2
t2
}
. (3.4)

This function is convex and its gradient is given by

∇Pν(x) = φν

(1
2
‖Ax− b‖2 − 1

2
ε2
)
AT (Ax− b),

where the function

φν(y) =

 0 y < 0,
y
ν , 0 ≤ y ≤ ν,
1 y > ν.

All the results in the previous section remain valid for this penalty function.

4. Numerical experiments.

4.1. Experimental setup. We tested SPA on randomly generated target signals. The target signal
x∗ ∈ <n was chosen to be s-sparse, i.e. exactly s out of n components were nonzero. Without loss of
generality we assume that n is an odd number. Following the experimental setup in a recent paper of
Candés et al [15] we set

x∗(i) = 1(i ∈ Λ) η1(i)105η2(i) (4.1)

where

(i) the set Λ was constructed by randomly selecting s indices from the set {1, . . . , n},
(ii) η1(i), i ∈ Λ, were independently, and identically distributed Bernoulli random variables taking values

+1 or −1 with equal probability,
(iii) η2(i), i ∈ Λ, were independently, and identically distributed uniform[0, 1] random variables.

The signals x∗ were created in this manner have a dynamic range of approximately 100dB.

The measurement matrix A and the measurement vector b were constructed as follows. We randomly
selected m = n

8 frequencies from the set {0, . . . , (n−1)
2 }. Let C ∈ Cm×n denote a m × n partial Fourier

matrix constructed from these randomly selected frequencies and c = Cx∗ denote the Fourier transform of
the signal x∗ evaluated at the chosen frequencies.

Let

A =
[
<(C)
=(C)

]
, b̄ =

[
<(c)
=(c)

]
where <(z) = 1

2 (z + z∗) (resp. =(z) = 1
2 (z − z∗)) denotes the real part (resp. imaginary part) of a complex

number z ∈ C, and the operators are applied component-wise. The matrix A and the vector b is constructed
by removing linearly dependent rows from A and the corresponding components from the vector b̄.

We tested the algorithm for s-sparse signals with
14



(i) three different sizes: small n = 64× 64− 1, medium n = 256× 256− 1, and large n = 512× 512− 1,
(ii) two sparsity levels: high s = dn/800e, and low s = dn/40e.

In order to assess the convergence properties of the SPA we used the stopping criterion

‖xk − x∗‖∞ ≤ ε. (4.2)

We report results for ε = 1, 10−1 and 10−2. The signal model in (4.1) and the stopping criterion implies
that the algorithm produces xk with 5 + log10(1/ε) digits of accuracy. Note that the stopping criterion (4.2)
is only used to test the convergence of the algorithm in this simulation study. In any real application x∗ is
not known and (4.2) cannot be used. We propose using the following stopping criterion.

|‖xk+1‖1 − ‖xk‖1| ≤ ε‖xk‖1.

4.2. Implementation details. In this section, we describe the details of the stopping conditions and
update schemes used in our numerical experiments.

τk update. The approximate optimality parameter τk was set as follows:

τ1 ← c0‖∇Q1(x0)‖2,
τk+1 ← min{cττk, c0‖∇Qk+1(xk)‖2}, for all k ≥ 1.

We report results for c0 = 0.20 and cτ = 0.9.

µk, νk and λk updates. Guided by the scaling result implicit in Theorem 2.4 we initialize λ1 = 1/
√
n.

In each outer iteration k of the SPA, we solve a smoothed version of the penalized optimization problem

minimize λk‖x‖1 + ‖Ax− b‖2,
subject to ‖x‖1 ≤ βk

(4.3)

The dual of this optimization problem is given by

maximize −bTw − βk‖ATw + λku‖∞,
subject to ‖u‖∞ ≤ 1,

‖w‖2 ≤ 1.
(4.4)

Nesterov’s non-smooth optimization algorithm (see [14] for details) allows us to compute dual feasible iterates
that converge to an approximately optimal dual solution. However, in order to reduce the total run time,
the dual iterates can be computed once in every 10 inner iterations. Hence, the average number of costly
matrix-vector multiplications is 2 per inner iteration.

Noting that q0 and (û0, ŵ0) = (0, 0) are, respectively, primal and dual feasible, we initialize η0 = λ1‖q0‖1.
Let ηk denote the duality gap between the k-th primal iterate xk and the dual iterates (ûk, ŵk) returned by
the Nesterov algorithm applied to the k-th subproblem.

We initialize µ0 = ν0 =∞, and update parameters (µk, νk, λk) for k ≥ 1 as follows:

δk ← cη ηk−1,

µk ← min
{
cµµk−1,

δk
(
√
nλk+1)

√
n

}
,

νk ← min
{
cννk−1,

δk√
nλk+1

}
,

λk+1 ← cλλk.

In the numerical results reported in this paper, the constants cη = 0.9 and cλ = 0.95.

Note that the parameter sequence (µk, νk, λk, δk) is independent of the problem dimension n. In our numerical
experiments we tuned the parameter sequence on the n = 64× 64− 1 problem and used these values for all
the other problems.
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Sparsity ε Table
s = n/800 1 Table 4.3
s = n/800 0.1 Table 4.5
s = n/800 0.01 Table 4.7
s = n/40 1 Table 4.2
s = n/40 0.1 Table 4.4
s = n/40 0.01 Table 4.6

Table 4.1
Summary of numerical experiments

4.3. Results. The Table 4.1 summarizes the sparsity conditions and the parameter settings that were
investigated in the numerical experiments. The column marked Table lists the table where we display the
results corresponding to the parameter setting of the particular row. For example, the results for sparsity
pattern s = n/40, the error ε = 0.1 are displayed in Table 4.4. In Tables 4.2– 4.7, the row labeled Iter
lists the total number of Nesterov inner iterations during the course of SPA. The rest of the row labels are
self-explanatory. We generated N = 10 random instances for each of the experimental conditions. The
column labeled average lists the average taken over the N = 10 random instances.

The experiment results support the following conclusions:

(a) For a given sparsity type (high or low) and stopping criterion ε, the total number of Nesterov inner
iterations is a very slowly growing function of the dimension n of the target signal.

(b) Increasing the number of non-zero elements from s = n/800 to s = n/40 nearly doubled the total number
of Nesterov iterations.

As remarked in Section 4.2 we used a fixed parameter sequence for all the experiments. We found that for
a fixed measurement ratio m/n, sparsity ratio s/n, and solution accuracy ε, the total number of Nesterov
iterations is effectively independent of the dimension n of the target signal. In our experiment we exploit
this empirical result by first tuning the algorithm parameters for a smallest sized problem and subsequently
using these fixed parameters for solving all larger problems.
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5. Conclusion. In this paper, we proposed a smoothed penalty algorithm (SPA) for the sparse recovery
problem. The SPA recovers the target signal by solving a sequence of smoothed penalized sub-problems,
and each sub-problem is solved using Nesterov’s optimal method for simple sets [13, 14]. We show that the
continuation scheme used in SPA provably converges to the target signal. Since we penalize infeasibility
by the exact penalty function ‖Ax − b‖, where ‖ · ‖ can be `1, `2 or `∞ norm, an accurate solution is
obtained before penalty parameter takes on arbitrarily small value; consequently, our proposed algorithm
is numerically stable. We found that for a fixed measurement ratio m/n, sparsity ratio s/n, and solution
accuracy ε, the total number of Nesterov iterations is effectively independent of the dimension n of the
target signal; thus, one can tune the parameters on the smallest problem and use these parameters for all
larger problems. The numerical results reported in this paper show that SPA required very few iterations to
accurately recover the target signal.
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Appendix A. Details of the steps in SPA. In this section, we collect together results that show that
SPA is very efficient as long as one can compute the matrix-vector products Ax and AT y efficiently.

A.1. ‖A‖2 when measurements are discrete Fourier transforms. Let C ∈ Cm×n be a partial
fourier matrix, where rows of C are chosen randomly among the rows of n dimensional Fourier matrix.
Without loss of generality, assume that n is an odd number. Since the target signal x∗ takes real values, we
can restrict the set of m randomly selected frequencies Γ ⊂ {0, 1, ..., n−1

2 } without any loss of generality.

Let AR = <(C), AI = =(C) and define

Ā =
[
AR
AI

]
.

Let aR(k) and aI(k) that denote the rows in AR and in AI , respectively, corresponding to the frequency
index k ∈ Γ. Then

aR(k) =
[

1√
n

cos
(

2πjk
n

)]
j=0,...,n−1

aI(k) = −
[

1√
n

sin
(

2πjk
n

)]
j=0,...,n−1

.

Using simple properties of trigonometric sequences it is easy to establish that for all k, l ∈ Γ,

aR(k)aI(l)T = 0

aR(k)aR(l)T =

 0, if l 6= k,
1
2 , if l = k > 0;
1, if l = k = 0;

aI(k)aI(l)T =

 0, if l 6= k,
1
2 , if l = k > 0;
0, if l = k = 0;

(A.1)

The measurement matrix A is obtained by removing the row aI(0) from Ā if 0 ∈ Γ; otherwise A is set to
Ā. Since the vector aI(0) = 0, removing aI(0) does result in any loss of generality. Furthermore, (A.1)
implies that AAT is a diagonal matrix with entries taking values in the set { 1

2 , 1}. Thus, σmin(A) = 1√
2

and
‖A‖2 = σmax(A) = 1.

A.2. `2 or Least squares projection. In this section, we show that the `2-projection

minimize ‖x− x̂‖22,
subject to Ax = b.

(A.2)

can be computed efficiently. We compute this projection several times during the course of SPA. We initialize
SPA by setting x0 = argmin{‖x‖2 | Ax = b}. Along the course of the algorithm we update β by solving
min{‖x − xk‖2 | Ax = b}. We show that both these problems can be solved efficiently. Note that in each
instance of projection problem encountered during SPA, only the vector x̂ changes but the matrix A remains
constant.

We first consider the special case where A corresponds to partial Fourier matrix measurements. Without
loss of generality, assume that n is an odd number. In the Fourier case, the measurement matrix A is
constructed as follows. Since the target signal x∗ only takes real values, the set of m randomly selected
frequencies Γ ⊂ {0, 1, ..., n−1

2 } without any loss of generality. Let AR = <(C) and bR = <(b) denote the real
part of the matrix C and the vector b, respectively, and AI = =(C), b̄I = =(b) denote the imaginary part of
the matrix C and the vector b, respectively. Let

Ā =
[
AR
AI

]
, b̄ =

[
bR
bI

]
(A.3)
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The measurement matrix A and the righthand-side vector b are constructed by removing redundant rows
from the matrix Ā and the corresponding components from the vector b̄.

Since redundant equations do not alter the feasible region, i.e. X = {x ∈ <n|Ax = b} = {x ∈ <n|Ax = b̄},
it follows that

minimize 1
2‖x− x̂‖

2
2,

subject to Ax = b,

is equivalent to

minimize 1
2‖x− x̂‖

2
2,

subject to ARx = bR,
AIx = bI .

(A.4)

The optimal solution x∗ to (A.4) satisfies the KKT conditions

ATRλR +ATI λI − x∗ = −x̂,
ARA

T
RλR +ARA

T
I λI = bR −ARx̂,

AIA
T
RλR +AIA

T
I λI = bI −AI x̂,

(A.5)

for some λR, λI ∈ Rm.

From Section A.1, aR(k)aI(l)T = 0 for all k and l, i.e. AIATR = ARA
T
I = 0. Thus, the KKT conditions (A.5)

simply to

ATRλR +ATI λI − x∗ = −x̂,
ARA

T
RλR = bR −ARx̂,

AIA
T
I λI = bI −AI x̂.

(A.6)

The vectors ARx̂ and AI x̂ can be computed via a single FFT of x̂ requiring O(n log(n)) operations. Since
the matrix products ARATR and AIA

T
I are diagonal (see Section A.1), we can compute λR and λI in O(m)

operations. Next , x∗ = x̂+ARλR+AIλI can be computed by one inverse FFT using O(n log(n)) operations.
Thus, computing x requires 2O(n log(n)) +O(m) operations.

Next, we consider the special case when A is a real matrix with orthonormal rows. This is the case when
the measurement vector b corresponds to a sampled Discrete Cosine Transforms. Then

x∗ = argmin{‖x− x̂‖2 | Ax = b} = x̂+AT (b−Ax̂).

Hence, if multiplications with A and AT can be computed efficiently, the optimal projection x∗ can be
computed efficiently. When A is a partial DCT matrix, x∗ can be computed by solving one forward and one
inverse DCT, i.e. in 2O(n log(n)) operations.

Next, consider the case when A is a real matrix with full row rank such that matrix-vector multiplications
with A and AT can be computed efficiently. Suppose Ax can computed in κf (m,n) operations and AT y can
computed in κr(m,n) operations. In this case the optimal solution x∗ satisfy the KKT conditions

x∗ = x̂+ATλ,
AATλ = b−Ax̂,

for some λ ∈ Rm. Since A is assumed to have full row rank, (AAT )−1 ∈ Rm×m exists. Hence, x∗ =
x̂ + AT (AAT )−1(b − Ax̂). We compute x∗ efficiently as follows. Let A = UΣV T denote the singular value
decomposition (SVD) of A where Σ = diag(σ1, σ2, ..., σm), with σi > 0 for all i = 1, ...,m, and U, V ∈ Rn×m
such that UTU = I, V TV = I. Computing the SVD takes O(m2n) operations.

The KKT multipliers λ =
∑m
i=1

(
uTi (b−Ax̂)

σ2
i

)
ui. Thus,

x∗ = x̂+
m∑
i=1

(uTi (b−Ax̂)
σ2
i

)
ATui.
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`1-projection (x̂, σ)
xs ← x̂ sorted in increasing order
Compute ρ = max

{
j ∈ {1, ..., n} : xs(j)− 1

j

(∑j
r=1 xs(r)− σ

)
> 0
}

ξ ← 1
ρ (
∑ρ
i=1 xs(i)− σ)

x∗(i)← max{x̂(i)− ξ, 0}, i = 1, . . . , n
return x∗

Fig. A.1. Projection onto the simplex

We compute and store the values {ATui}{i=1,...,m} at the beginning of the algorithm, which requires
O(mκr(m,n)) operations. Given the precomputed values of {ATui}{i=1,...,m}, x∗ can be computed in
O(m(m+ n) + κf (m,n)) operations.

A.3. Projection onto the `1-ball. In this section we show that the Euclidean projection problem

minimize ‖x− x̂‖22,
subject to ‖x‖1 ≤ σ,

(A.7)

can be computed efficiently.

Define ŷ = |x̂| and consider the following optimization problem.

minimize ‖y − ŷ‖22,
subject to

∑n
i=1 yi ≤ σ,

y ≥ 0.
(A.8)

Let x∗ denote the projection of x̂ onto the `1-ball, i.e. the optimal solution of (A.7). Then it is easy to check
that x∗(i)x̂(i) ≥ 0 for all i = 1, . . . , n, i.e. x∗(i) = sign(x̂(i)) |x∗(i)|, for all i = 1, . . . , n. This implies that

x∗(i) = sign(x̂(i))y∗(i), i = 1, . . . , n,

where y∗ is the projection of ŷ onto the simplex, i.e. the optimal solution of (A.8). Thus, the optimal solution
of (A.7) can be recovered from the optimal solution of (A.8). Singer et al [10] show that the algorithm in
Figure A.1 computes an optimal solution to (A.8) in O(n log(n)) operations.
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