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ABSTRACT. Approximation algorithms like sum-up rounding that allow to
compute integer-valued approximations of the continuous controls in a weak™*
sense have attracted interest recently. They allow to approximate (optimal)
feasible solutions of continuous relaxations of mixed-integer control problems
(MIOCPs) with integer controls arbitrarily close. To this end, they use com-
pactness properties of the underlying state equation, a feature that is tied to
the infinite-dimensional vantage point. In this work, we consider a class of
MIOCPs that are constrained by pointwise mixed state-control constraints.

We show that a continuous relaxation that involves so-called vanishing con-
straints has beneficial properties for the described approximation methodol-
ogy. Moreover, we complete recent work on a variant of the sum-up rounding
algorithm for this problem class. In particular, we prove that the observed
infeasibility of the produced integer-valued controls vanishes in an L°°-sense
with respect to the considered relaxation. Moreover, we improve the bound
on the control approximation error to a value that is asymptotically tight.

1. INTRODUCTION

Mixed-Integer Optimal Control Problems (MIOCPs) are a powerful tool to model
many real-world problems, see e.g. [19] for a library of MIOCP problems. Inter-
est in this problem class dates back to the 1980s, e.g. [3], and a recent survey of
mathematical approaches and algorithms for solving MIOCPs may be found in [18].
Following the direct approach to optimal control when solving MIOCPs leads to
mixed-integer nonlinear optimization problems (MINLPs), which may fall into the
class of NP-hard problems [6]. Relaxations also often turn out to be nonconvex
due to the nonlinearity of the differential equation. The comparative study [21]
showed that MINLP approaches to MIOCP are generally not computationally at-
tractive at the moment. Different authors have proposed to use optimal-control
based branch&bound methods [7], or variable time transformation methods [5, 8].
Indirect approaches that make use of so-called hybrid maximum principles are pro-
posed by e.g. [23] but are challenging to apply in practice due to their immediate ap-
plicability to only a selected and usually small problem class. A convexification and
relaxation approach to MIOCP based on a density result in the space of measurable
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controls was proposed by [17], with follow-up work reported in, e.g., [13,14, 20, 22].
A related approach was recently proposed by [24, 25].

This work is concerned with this convexification and relaxation approach to
MIOCP. We consider the following general class of MIOCPs, cf. [13,14],

Jufj(z)
(MIOCP) st @(t) (z(t),v(t)) for a.a. t € [8,;], z(0) = wo,

=f
v(t) eV for a.a. t € (0,7,
0 < c(z(t),v(t)) for a.a.te0,T],

for some T > 0. Here, we consider x € W1°°((0,T),R") — the space of R"s-
valued essentially bounded and measurable functions with essentially bounded and
measurable weak derivative — and v € L*°([0,T],R™) — the space of essentially
bounded and measurable functions. Moreover, we assume a finite and discrete set
V =A{vy,...,op} C R™ with M € N, and a domain D, C R™. The functions
f:DyxV — R and ¢ : D, x V — R" are Lipschitz continuous in the first
argument. For the objective function j we assume j € C(L?((0,7T),R"=),R), the
space of continuous functions that maps square integrable functions to values in R.

The equivalence of various classes of MIOCPs to their so-called partially outer
convezified counterpart problems is established in [1,4,13,15-17,20,22]. The partial
outer convezification of (MIOCP) is given by

inf j(x)
st @(t) = oM, wi(t) - f(a(t),v) for aa. t € [0,T], z(0) = xo,
(BCs) w(t) € {0,1}M for a.a. t € [0,T],
1= Z£1 w; (1) for a.a. t € [0, 7],
=0 < w;(t) - e(x(t),v;) fora.a.t€[0,T]and 1 <i< M

for § = 0. A relaxation of the mixed state-control constraint arises for 6 > 0. An-
other relaxation of (MIOCP) naturally arises from weakening the SOS-1 property
of w to convex combinations and setting § = 0,

min j(x)
st. &(t) =D ai(t) - (z(t),v;) for a.a. t € [0,T], x(0) = zo,
(RC) a(t) €10,1]M for a.a. t € [0,T7,
1=YM a;t) for a.a. t € [0, 7],
0 < ay(t) - c(z(t),v;) for a.a. t € [0,7] and 1 < ¢ < M.

We give a motivation why we consider specifically this continuous relaxation of
(MIOCP) in Section 2. While the existence of a minimizing sequence may be the
best we can hope for (MIOCP) and (BC;) with 6 = 0 (even) in the absence of
the mixed constraint, the problem (RC) always admits a solution in the absence
of the mixed constraint. This follows from an abstract extreme value theorem,
the compactness of the control-to-state operator for the introduced ODE setting,
and the weak* compactness of the set of admissible controls of (RC), cf. [15].
Throughout the remainder, we may hence assume that (RC) admits a solution.

We are interested in the relation of relaxed optimal solutions (z(a*), a*) of (RC)
to feasible points (z(w*), w*) of (BCs) for § > 0 with low objective value. From
the literature [13,14], the following strong result is known.
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Proposition 1.1 ([13,14]). Let (z(c), ) be feasible for (RC). Then for all § > 0
and all € > 0 there exists w such that (x(w),w) is feasible for (BCs) and

j(z(a)) = j(z(w))| <e.

A counterexample in a degenerate situation for the case § = 0 is given in [4,
13,14]. Counstructive proofs for Proposition 1.1 exist in the absence of the mixed
constraint, see [13,16,20]. However, the proof of Proposition 1.1 in [13,14] in the
presence of the mixed constraint is non-constructive and makes use of the Krein—
Milman theorem.

The key ingredient in the constructive proofs in the absence of the mixed con-
straint is the family of sum-up rounding algorithms (SUR). They allow to construct
these binary-valued functions w from a relaxed control function « and a rounding

grid with grid constant (that is maximum interval length) A such that

/0 a(s) —w(s)ds|| <CA

o0

(P) sup
te[0,T)

holds for some C' > 0 that only depends on M. If the mixed constraint is absent,
Sager proved C' € O(M) in [17,22], and established the application the MIOCP
approximation problem. In [13], the authors showed C' € O(log M) for equidistant
grids in this case. By Theorem 3.4 in [16] it follows from (P) that w™ produced by
SUR converge to « in the weak™ topology of L for a sequence of refined rounding
grids such that A™ — 0. The estimate (P) is key to obtain a priori estimates on
the resulting difference in the corresponding state vectors and the objective values,
see e.g. [10].

Addressing the issue of the mixed constraints, the authors proposed the sum-up-
rounding variant SUR-SOS-VC and showed that (P) holds with the non-optimal
constant C' = M + 1 in [13]. A rigorous proof that the sum-up rounding variant
SUR-SOS-VC also drives the constraint infeasibility to zero is still missing however.

1.1. Contributions. This work completes the recent findings in two ways. For the
sum-up-rounding variant SUR-SOS-VC, we prove an improved constant C = | M /2]
for the estimate (P). This constant is asymptotically tight by way of an example
in the supplementary material of [13] that reaches this bound.

Moreover, we close the aforementioned gap in the literature. We consider the
constraint infeasibility 6 > 0 in (BCjy) for the binary-valued control w produced
by the the sum-up-rounding variant SUR-SOS-VC. We show that it tends to zero
when the grid constant of the rounding grid A tends to zero.

In summary, we show that the claim of Proposition 1.1 can be established al-
gorithmically using the sum-up rounding variant SUR-SOS-VC (on sufficiently fine
rounding grids). We also provide details why the formulation of the relaxation of
the mixed-contraint is beneficial for this purpose. In particular, we can avoid strong
structural assumptions on the function c.

1.2. Structure of the Article. Section 2 analyzes the properties of the relaxation
(RC) of (MIOCP). This answers the question why the approximation is executed
on the convexification outside of the argument of f and c. Section 3 introduces
fundamental definitions, states the new approximation result to be proved, and
shows that Proposition 1.1 follows from the new approximation result and the
considerations in Section 2. Section 4 presents a prototypical mixed-integer optimal
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control problem with a non-convex constraint that requires the use of SUR-SOS-
VC. Section 5 carries out the proof under the assumption that a certain sequence
exists and can be constructed. A proof of the existence of the required sequence is
the content of Section 6, where we also provide two algorithms for constructing the
sequence. We close with some concluding remarks in Section 7.

1.3. Notation. With the symbol N we denote the set of natural numbers without
zero. We abbreviate [n] :== {1,...,n} for n € N. The canonical unit vectors in R”
are denoted by e; for i € [n]. We consider R" = {x € R" : z; > 0 Vi € [n]}. For
any vector x € R™, we define its positive and negative part 2 := max{Og~,x} and
2~ = —min{Ogn,z}. We denote the {0, 1}-valued characteristic function of a set
A by xa. We consider discretizations 0 = tg < ... < tiy = T of [0,T], and define
the interval lengths h,, = t,, — t,—1 for n € [N]. Their maximum is denoted by

A = max{h,, : n € [N]}. The average values of the binary control and the relaxed
control v on the n-th interval are denoted by w, € R™ and «,, € RM,

1 tn 1 tn
(1.1) o ':H/ w(t)dt, = hn/tn_la(t)dt.

tn—1

We define the integrated control deviation between the relaxed and the binary
control up to the n-th interval by

n

(1.2) O = /tn a(t) —w(t)dt = Z(ak — wp)hy € RM,

to k=1

2. MOTIVATION OF THE CONTINUOUS RELAXATION

In this section, we motivate the use of the particular continuous relaxation (RC)
and argue that it has beneficial properties that are not easily found in other possible
relaxations.

2.1. Differential Equation Relaxation. Considering the problem class (MIOCP)
and the continuous relaxation (RC), the question may occur why @(t) = f(z(t), v(t))
is relaxed using outer convexification,

M

M
(0Cy) B(t) =Y o) f(z(t),vi), Y ai(t)=1foraa. tel0,T]
i=1

i=1
instead of the so-called inner convexification
(ICy) z(t) = fi (z(t),0(t)), o(t) € conv{vy,...,vp} for a.a. t € [0,T].

The results from [16], in particular Thm. 3.4, imply that a norm approximation
of the state vector follows if the state equation of the continuous relaxation used
satisfies a compactness (complete continuity) property:

e For the relaxation (OC;) used in (RC), the implication
W' =*a = 2" — & in L*((0,T),R")

must hold, wherein ™ denotes the solution of the state equation for w”, &
denotes the solution of the state equation for & in the relaxation, and —*
denotes weak*™ convergence in L°°.
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e Similarly, for the relaxation (ICy), the state equation has to satisfy the
implication

V" =5 = 2" — & in L?((0,T),R"=)

wherein z™ denotes the solution of the state equation for v" and ¥ denotes
the solution of the state equation for Z.

We note that the setup we choose here is included in the considerations of [16]
(choose X = R"™ and A = 0) and satisfies these compactness properties.

The relaxation after partial outer convexification (RC) is beneficial for several
reasons.

(1) The function f need not be defined for all values in conv{vy,...,va} and,
depending on the application setting, a valid extrapolation of f from the
domain {vy,...,vp} onto its convex hull may be difficult to come by.

(2) The authors have experienced that it is often easier to check the compact-
ness property in the partial outer convexification setting.

(3) For given w™ feasible for (BCs), we may recover v"(t) = Zf\il w'(t)v;
and, because v™(t) is a sum of characteristic functions of disjoint sets, we
immediately have Zi\il Wl () f(x™(t), vi) = f(z™(t), v™(1)).

In particular, (3) implies that
M M
fam ") =Y el @t e) =t D af(@ ) in Lo((0,7))
=1 =1

if the compactness property holds because the product of weakly and norm-convergent
sequences converges weakly. Moreover, this result holds regardless of the value of

the inner convexification f (32, Zf\il divi)7 which cannot be guaranteed to coincide
with Zf\il a; f(Z,v;) without further and severely restrictive assumptions on f.

2.2. Constraint Relaxation. Similarly, one may pose the question why the point-
wise inequality constraint 0 < ¢(x(t), v(t)) is relaxed by

(VC) 0 < a(t) - c(z(t),v;) for all i € [M]
instead of requiring
(IC2) 0 < c(z(t), v(t)),

or even the more benign formulation

M
(0Cy) 0< Z a;(t)e(x(t), v;).

Here, a similar argument holds, which we formalize in the following theorem.

Theorem 2.1. Let (w")nen C L=((0,T),RM) satisfy Z£1 wl'(t) =1 and w™(t) €
{0,1}™ for a.a. t € [0,T] for alln € N. Leta € L*((0,T),RM) satisfy Zf\il a;(t) =
1 and a(t) € [0, TM for a.a. t € [0,T) for alln € N. Let (A™),en be a sequence of
positive scalars that satisfies A™ — 0.
Let w™ and & satisfy (P) with A = A™ for all n € N. Then,
(1) w™ —=*a in L*((0,T),RM).
(2) 2" = & in C([0,T),R™) and " —* & in L=((0,T),R™), where " and &
are the solutions of the state equation of (RC) / (BCs) for w™ and &.
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(3) Let suppw! C supp&; for alli € {1,...,M} and all n € N, where supp f
denotes the essential support of f. If 0 < &;(t)c(z(t),v;) a.e. then —d7 <
wle(x™(t),vi) a.e. for alln € N with 7 — 0.

Proof. The first claim follows from the considerations in [16] with the choices X =
R™ A = 0. This also gives 2™ — x in C([0, T],R™=). Since the f(-,v;) are Lipschitz
continuous for all ¢ € [M] it holds that f(z",v;) — f(Z,v;) in C([0,T],R™). A
standard argument gives w! f (2™, v;) =* &; f(Z, v;), which yields the second claim.

To see the third claim, let n € N and ¢ € [M]. We first observe that 0 =
wlc(z™, v;) a.e. on (supp wl)®. Moreover, we have 0 < ¢(Z, v;) on supp &; from the
prerequisites. Since suppw] C supp &;, this implies 0 < ¢(Z,v;) = wl'e(Z,v;) on
suppwf. The second claim implies ¢(z", v;) — ¢(Z,v;) uniformly. Thus if we set
0" to the essential infimum of the feasibility violation, that is

67 == —min {sup{K € R: K < w}(t)f(z"(t),v;) for a.a. t € [0,T]},0},
we obtain 4" — 0. O

Theorem 2.1 (3) means that the limes inferior of the essential infimum of w} -
¢(z™, v;) is bounded from below by the zero function. We thus have a posteriori that
the feasibility violation ¢ in (BCy) vanishes uniformly under the provided support
condition. We will later see that this condition is much stronger than necessary if
the w™ are computed by the modified sum-up rounding variant. However, the idea
to restrict the support of the binary controls w™ appropriately is key to obtain this
property. We highlight that again, this holds indepedently of other properties of the
function ¢, which also need not be extrapolated to the whole of conv{vy,...,vp}.

Assume that the inner convexification (ICz) is used in (RC) and 0 < ¢(Z(t), 0(t))
holds. We rewrite o € L>®((0,7),R™) as o(t) = Zf\il &;(t)v; with a(t) € [0, 1M
and Zf\il @;(t) =1 for a.a. t € [0,T]. Then, the approximation w™ —* & and the
reconstructions v™(t) = Y., wi*(t)v; give

M M
(2.1) c(z™, ") = Zw?c(a:",vi) —F Zdic(i,vi),
i=1 i=1

that is the weak™ limit is the formulation (OCs), which does not necessarily coincide
with ¢(Z, ) and for which we can only safely assume that

M
det)c(:ﬁ(t),vi) > c(@(t),0(t) > 0

holds if the function c¢(z, -) is convex for all x € R™=. An application, where this is
violated is offered in §4.

While this may look like an argument for (OC,) at first, we only have weak*
convergence here. Thus, although the constraint (OCs) implies the desired behavior
of the limit by virtue of (2.1), we still cannot expect § — 0. This is caused by the
fact that residuals ¢(Z(t),v;) may have opposite signs for 1 < i < M, and may
cancel out to result in a nonnegative residual sum. After sum-up rounding, only
one binary indicator w;(t) > 0 remains and cancellation does not take place, leading
to infeasibility.

For these reasons, we consider the inequality constraint (VC) in the constraint
formulation of (RC).



SUM-UP ROUNDING IN THE PRESENCE OF VANISHING CONSTRAINTS 7

3. STATEMENT OF THE RESULT

We begin with the analyzed algorithm class and the considered specializations.

Algorithm 3.1 Sum-Up Rounding (SUR)

Input: Rounding grid ¢y < ... < ty, and relaxed control a.
Input: Sets of admissible rounding indices §§ # Fy,...,0 # Fy.

1: ¢g = Opm
2: forn=1,...,N do

3: Vn = 1 + ﬁi"_l a(t)dt
{ 1 : t=argmax{vy,;:j€ F,}, for all i € [M]

4: Wn,i =

0 : else,
5: G = ftO" at) —w(t)de

N—-1
6: return w(t) = > 1 X[, _1,t0) (D)W + Xtn_1,tn] (Dwn for t € [to, tn].
The operation arg max is implemented such that in case of ambiguity of the

maximum the smallest of the maximizing indices is returned.

Clearly, this algorithm is in O(N). If w may be set to 1 in any entry in all
intervals, we obtain the original rounding scheme introduced by Sager [17] under
the name SUR-SOSI.

Definition 3.1 (SUR-SOS). The Standard SOS-Sum-Up Rounding Algorithm is
defined as SUR with

(SUR-SOS) F,={1,...,M} for alln € [N].

It respects a bound in the form of (P) and can be applied in the absence of the
combinatorial constraint 0 < ¢(z(t), v(t)) [13,20]. Partial outer convexification of an
MIOCP that exhibits such a combinatorial constraint leads to a vanishing constraint
in (BCs) which may experience persistent violations if treated with (SUR-SOS),
that is Theorem 2.1 (3) does not hold. This is illustrated in Example 3.2 below,
which leans on the example in Section 3 of [9].

Example 3.2. Let M = 3, let [ty,tn] = [0,1]. We define the function a as

a1(t) = .5x(0,0.5)(t) + -6x(0.5,1)(t), 2(t) = BSx,05)(t), az(t) = 4x(0.51(t)
fort €0,1]. Let n € N. We decompose [0,1] into N = 23" equidistant intervals,
that is hy, = 0.5-37" for all k € [N]. We apply (SUR-SOS) and obtain a function w
such that w1 (t) = 1 on the intervals with odd indices and wo(t) = 1 on the intervals
with even indices for t < 0.540.5-37". This implies

dgn1 = [V an(t) —wi(t)dt = —0.25-37",
Gano = [y ao(t) —wo(t)dt = 0.25-37",
P3n 3 = f00'5 az(t) —ws(t)dt = 0.
Thus, for the 3™ + 1-st interval, we have
yanpin = fos O () dt 4 dgny = 0.05-37,
yanpre = or O gty dt 4+ ggn s = 0.25-377,

0.5+40.5-37"™ _
")/3'”_'_1,3 = 0.5 +0-5 Olg(t) dt + ¢3"13 = 020 . 3 n
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in Algorithm 3.1 and (SUR-SOS) gives wa(t) =1 fort € [0.5,0.54+0.5-37"]. Thus,
llwalio.s,1)llL = 1. Now, we assume that c(x(t),ve) = —1 for t € [0.5,1] for x
solving the state equation for the input o, which is feasible for (RC) with § = 0.
Let y solve the state equation for w. We refine the discretization by increasing n
and by virtue of the approximation properties, we obtain

sup{K € R: K < wa(t)c(y(t),va) for a.a. t € [0.5,1]} — —1
forn — oco. Thus, § 4 0 when the rounding grid is refined.
To overcome this problem, the following SUR variant is introduced in [13].

Definition 3.3 (SUR-SOS for Vanishing Constraints). The Vanishing-Constraint
SOS-Sum-Up Rounding Algorithm is defined as SUR with

tn
(SUR-SOS-VC) F, = {z € [M]: / a;(t) dt > O} for all n € [N].
tn—1

The rule (SUR-SOS-VC) restricts the set of indices in which w(¢) may be 1 on the
k-th interval to the ones where «/(t) is strictly greater than zero on a set of positive
measure. Thus Algorithm 3.1 with the choice (SUR-SOS-VC) yields wa(t) = 0 for
t €10.5,0.5+ 0.5 - 37"] for the setting of Example 3.2.

This is always the case. Because the estimate (P) still holds for (SUR-SOS-VC)
albeit with a larger constant, we obtain 6 — 0 when the rounding grid is refined
and « was feasible for (RC), see the arguments in [13,14]. We are ready to state
the main result of this article below, which establishes the estimate (P).

Theorem 3.4. Let a € L>=([0,T],RM) with a(t) € [0,1]M and Zf\il a;(t) =1 for
a.a. t € [0,T], and 0 = tg < ... < ty = T be gwen. Then, Algorithm 3.1 with
the choice (SUR-SOS-VC) produces w € L>=([0,T],RM) with w(t) € {0,1}M and
Zf\il wi(t) =1 for a.a. t € [0,T] such that

t M| -
(3.1) sup / a(s) —w(s)ds|| < {J A.
tef0.77 1o oo L2
Proof. The proof is assembled as the proof of Theorem 5.15. O

Numerical results suggest that | M /2| may be slightly suboptimal. We conjecture
that the sharp bound is 0.5(M —1). An example in [13] demonstrates that it is not
possible to improve upon that bound.

Combining Theorems 2.1 and 3.4, we are able to show that Algorithm 3.1 with
the choice (SUR-SOS-VC) establishes Proposition 1.1 in the presence of the mixed
state-control constraints.

Theorem 3.5. Let (z(a), ) be feasible for (RC). Let 6 > 0 and e > 0. Then
for a sequence of rounding grids indexed by n with A™ — 0, the w™ produced by
Algorithm 3.1 with the choice (SUR-SOS-VC) applied to o satisfies the following
assertions. There exists ng € N such that for all n > ng it holds that

(1) The tuple (x(w™),w™) is feasible for (BCs).

(2) li(z(a)) = jlaz(w™))| <e.
Proof. By virtue of Theorem 3.4 the estimate (P) holds for w = w" with C' = [ M /2]
and A = A™ — 0. The application of Theorem 2.1 implies z(w™) — z(a) in
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C([0,T],R™=). Since C([0,T],R"*) embeds into L2([0,T],R™) continuously, the
continuity of j yields the second claim.

Theorem 2.1 is not directly applicable to prove the first claim and we perform a
case distinction to leverage the continuity properties and Definition 3.3.

We consider the set {s € [0,T] : c(z()(s),v;) > 0}. We note that z(w™) — z(a)
implies ¢(x(w™),v;) — c(z(a),v;). Thus the limes inferior for n — oo of the essential
infimum of the term wlc(z(w™),v;) over the set {s € [0,T] : c(z(a)(s),v;) > 0} is
bounded from below by the zero function.

Let ¢ € {s € [0,T] : c(z(a)(s),v;) < 0}. Then the continuity of c(x(«a),v;)
implies that there exists h > 0 such that for all s € (¢t — h,t + h) it holds that
c(z(a(s)),v;) < 0. Consequently, a(s) = 0 for all s € (¢ — h,t + h). Then there
exists ng € N such that for all n > ng the following holds. There exists an interval
I™ = [tg—1,tg) or I™ = [tr_1,tx] (where t;_1, tx are consecutive grid points of the
n-th rounding grid) such that I C (¢t — h,t+ h). Consequently, ¢ ¢ F}, for the n-th
rounding grid by Definition 3.3 and thus w!*(t) = 0. Thus w!*(¢)c(z(wf(t)),v;) =0
for n > ng.

Combining these considerations, we observe that the limes inferior for n — oo of
the essential infimum of the product wlc(z(wl'),v;) is bounded from below by the
zero function. This proves the first claim. O

4. A MIXED-INTEGER OPTIMAL CONTROL APPLICATION

In this section, we introduce a nonlinear mixed-integer optimal control problem
with a structurally non-convex constraint on the integer control. Our purpose is
to demonstrate the vanishing constraint relaxation, the modification of the sum-
up rounding algorithm for reconstructing a feasible control from a solution of the
relaxation (RC), and its effect on feasibility of the resulting state-control trajectory.
We consider the dynamic system

(@) (1) = o [B)u(t) — D(®)a(t) - Ea(1) = FO)]. 2(0) = 20 (> 0

that models a vehicle’s velocity x(t) along a spatial coordinate ¢. The vehicle has
a gearbox v(t) € {1,...,M}, mass A, and accelerates according to continuous
control u. We note that our considerations still hold in the presence of additional
continuously-valued controls, see also [16,20]. Factors B(v(t)) and D(v(t)) model
gearbox transmission ratio and efficiency as well as engine friction, both depending
on the integer gear choice v(t). Factor E models gearbox independent friction from
turbulence, and factor F'(¢) models the road’s slope. Technical details, units, and
parameter values may be found in, e.g., [12]. The initial value &y is bounded away
from zero. With a compact range of admissible controls, (4.1) is locally Lipschitz.

While the continuous control 0 < u(t) < @ is subject to simple lower and upper
bounds, the integer gearbox control is subject to velocity dependent constraints to
prevent stalling or over-revving,

(42)  0<z(t) = Tmin(v(t)), 0<zpax(w(t)) —2(t), 0 < umax(z(t))—u(t)
Again, data for all bounds and constraints can be found in [12]. The function x,,in
in the first constraint in (4.2) is concave in [1, M], giving that (IC3) is not a sensible

choice for the relaxation, see §2. The constraint structure also implies that the right
hand side of (4.1) is Lipschitz continuous in « on the feasible set.
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Given a road scenario F'(t), we seek to minimize a weighted compromise between
energy consumption () and deviation from a desired velocity,

(4.3) min / M Q(t), u(t), v(t)) + Aa(2(t) — Taesizea)? .

uU,v

The model (4.1) and objective (4.3) are reformulated according to partial outer
convexification by introducing an indicator function «;(t) € [0,1], 1 < i < M, for
each gear choice. Constraints (4.2) are formulated as

0 < () (x(t) — Tmin(%)), 0 < a;(t)(Tmax (i) — x(t)) for 1 <3 < M.

In Tab. 1, we assess the relaxed solutions computed from the inner convexifica-
tion (IC3) (second column), from the outer convexification (OCs) relaxation (third
column), and from the vanishing constraint relaxation (VC) (fourth column) for
N =160 intervals (bottom row).

For the relaxations (IC3) and (OCs), Alg. 3.1 with the choice (SUR-SOS-VC)
is applied to the optimal relaxed indicators «* on grids with N = 20,40, 80, 160
intervals (top to fourth row) to obtain binary indicators w representing ¢ at the
potential expense of increasing the objective function and violating constraints. We
recall that the binary indicators satisfy Zf\il w;i(t) =1 for a.a. t € [0, T]. Thus for
a.a. t € [0,T] there exists j € [M] such that c(x(t),v(t)) = Zf\il wi(t)e(z(t),v;) =
w;(t)e(x(t),v;) with o(t) = Zf\il w;(t)v;. Thus the constraint violation induced by
the rounded controls coincides for all formulations and only one value is reported.

We show optimal objective function values (4.3), and violations of (VC) averaged
over all intervals and gear choices. The solution computed for the (VC) relaxation
is obviously feasible for (VC). It is even binary feasible on 158 out of 160 intervals,
such that rounding on grids coarser than N = 160 is not sensible. The feasibility is
maintained during rounding up to numerical precision (although a small violation
would not contradict Thm 3.5). The approximation obtained is shown in Figure 1.

TABLE 1. Computational results demonstrating the approxima-
tion property of the vanishing constraint relaxation and Alg. 3.1
with the choice (SUR-SOS-VC).

(IC2) (OCz) (VC)

N | objective  infeas. | objective infeas. | objective

20 54407.9 20.6283 | 66384.8 24.1391

40 56596.3 11.9143 | 62763.0  3.34661

80 55616.5 16.2796 | 55330.3  4.15014

160 | 51633.5 16.0770 | 57212.3  2.58715 | 59874.7

rel. | 518722 165259 | 55773.4  2.08015 | 59867.5

To compute solutions, we used a direct collocation discretization with implicit
Euler elements of the respective ODE, objective, and constraints formulation. For
the relaxation (VC), we obtain a finite dimensional mathematical program with
vanishing constraints (MPVC) that is solved using Hoheisel’s smoothing relaxation
homotopy approach [11] up to a smoothing tolerance of 1074. All smooth NLPs are
solved by the solver IPOPT [26] with a tolerance of 107°. The total computation
time was less than 10 minutes on an Intel Core i7 running at 3.3 GHz.
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(A) Binary indicators w; after applying Alg. 3.1 with (SUR-SOS-VC). Black indicates
one, white indicates zero.
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(B) State trajectory x(t) (velocity, blue) and control trajectory u(t) (torque, red).

FIGURE 1. State and control (B) and integer control (A) trajecto-
ries obtained after applying SUR-SOS-VC to the optimal solution
of the VC relaxation for NV = 160. The solution is an optimal re-
sponse to a slope profile F(¢) in (4.1) with a slope on the section
n € [30, 60].

5. PROOF OF THEOREM 3.4

We begin this section by establishing an equivalent discrete view on the estimate
(3.1) in Section 5.1. Then, we present the key idea of the proof based on the
established discrete view in Section 5.2. We introduce an existence statement in
Section 5.3, which plays an important role in the proof. Then, we supply some
preparatory lemmata and obtain that (3.1) holds with the right hand side (M +1)A
from the literature in Section 5.4. Afterwards, we carry out the formal proof and
prove the bound | M /2] A in Section 5.5.

5.1. A discrete view on (3.1). The interval [0, T is compact and the fundamental
theorem of calculus gives that the supremum in (3.1) is attained. The function « is
non-negative and entry-wise bounded by 1, and the function w is piecewise constant
per interval [ty_1,tx) for k € [N]. Thus we obtain that o — w is intervalwise
monotone, which implies that the supremum is attained at an interval boundary.
These considerations give

(5.1) sup
t€[0,T)

th ak—wk

after inserting the intervalwise averages o, and w,, from (1.1).
Thus, we infer (3.1) by showing

(5:2) max I¢nllo < [M/2] A

ne[N

= Imnax

nE[N] = max ||¢n”oo

/0 a(s) —w(s) ds = max
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for all decompositions 0 = tg < ... <ty =T of [0,T] for all N € N and all functions
a € L([0,T],RM) with a(t) € [0,1]™ and M a;(t) = 1 for a.a. ¢t € [0,T]. The
function w is computed by Algorithm 3.1 with the choice (SUR-SOS-VC).

The exactness of the discrete view obtained in (5.1) and the averages (1.1) allow

us to prove (5.2) for all matrices o with entries in [0, 1] and a row-sum of 1, that is
for all o« € Ay € RV*M with

M
Ay = {a €0, MM N "ay,; =1foralln e [N]} .
i=1

Because of the iterative definition of Algorithm 3.1 there is a functional de-
pendence of w, and ¢, on (ax)k<n and (hg)rk<n. In particular we could write
On((0k)k<n,s (hk)k<n) and wy ((0k)k<n, (Ak)k<n). While we omit this functional de-
pendence in the notation to avoid notational bloat, we emphasize that it is very
important for the remainder of the manuscript and will be used frequently.

We also consider w and ¢ as elements (matrices) in RN*M in the remainder of
the manuscript using the definitions (1.1) and (1.2), as well as h € RY.

5.2. Key Idea. As noted above, the integrated control deviation up to the n-
th interval ¢,, depends on the interval-wise averaged relaxed controls «y and the
interval lengths hy for only k£ < n. Now, when interested in proving some particular
property of the quantities ¢,, consider the following situation: Assume that we
have established said property of ¢, uniformly for all n € [N], all @ € Ay, all
h € RY, and for all N € N. Then this property necessarily holds after extending
the sequences a and h by executing the following steps.

(1) First, fix quantities (o)k<n € Ap and (hg)r<n-

(2) Second, pick N € N, N > n, and construct quantities (ay)n<k<n and
(hi)n<k<n such that the extended sequences v and h satisfy a € Ay and
0 < hy, < max{hy : ¢ € [n]} holds for all k € [N].

(3) Finally, apply Algorithm 3.1 with the choice (SUR-SOS-VC) to the se-
quences « and h to compute the extended sequence ¢.

This insight is used several times as a key step in a proof by contradiction as follows.
Assume that a particular bound we seek to establish on entries or sums of entries
of ¢,, is violated for some n. Then we extend o and h by constructing finitely many
quantities o and hy for k > n such that we obtain a contradiction to fundamental
properties of the ¢y, that can be verified independently. We then conclude that the
assumed violation has led to contradiction, hence the bound has to hold.

One of the constructions that leads to a contradiction is both technical to formu-
late and to prove and thus requires detailed comments. It is explained in Section
5.3 below. It is then used in the proof of our claims in Section 5.5 to keep the
argument of the main claims concise. Finally, its proof is carried out constructively
in Section 6.

5.3. A Technical Proposition. Many of our statements use the order by magni-
tude of the entries in the positive and negative part of ¢, for some interval n. We
introduce the required notation below. For the integrated control deviation ¢,, up
to the n-th interval, I, denotes set of indices of non-positive entries of ¢,, for some
interval n, and I} the set of indices of non-negative entries. For the coordinate
entries of ¢, £;7 denotes the index of the ¢-th largest entry of ¢ and ¢, denotes
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the index of the ¢-th largest entry of ¢, (i.e., the index of the ¢-th smallest index
of ¢,). The following definition formalizes these descriptions.

Definition 5.1 (Encoding of the order within ¢;7). Forn € [N], we define the sets
I, = {iG[M]ZgZﬁn,iSO}, I, = {iG[M]Z¢n,i<O},
IF =i € [M]: i >0}, II+:={ie[M]:n:>0}

For ¢ € RN*M and n € [N], we define the index £} € [M] as the index of the
L-th largest entry of ¢, and €, € [M] as the index of the £-th largest entry of ¢,
that is

j’lnz...zqs;Mn, and Grr, = = D

Now, let (a)r<n C [0, 1M with M ap; = 1 for all k < n, and (hg)p<n C
R, be given. Then the application of Algorithm 3.1 up to iteration n yields an
integrated control deviation ¢, € RM.

In our proof we make use of the fact that there always is n; € N such that
a certain control sequence (a)nt1<k<n, C RM with Zf\il ar; = 1 for all k €
{n+1,...,n1} and an interval lengths sequence (hx)n+i<i<n, C Ry with hy <
max{h; : 1 < ¢ < n} for k € {n+1,...,n1} exist. This existence is non-trivial,
and is established in Proposition 5.3. which we prove constructively in §6.

The construction of both sequences is such that the entries of the resulting
integrated deviation ¢, exhibit a certain shape, defined formally in Definition 5.2
below and referred to as an e-a-stairs-shape, if Alg. 3.1 with rule (SUR-SOS-VC)
is applied to (ag)k<n, and (hg)k<n,. Colloquially, after reordering, two subsequent
entries of ¢,, have a distance of approximately max{hy : k < n} or zero.

Definition 5.2 (c-a-stairs-shape). Let K € N, ¢ > 0, and a > 0. Let v € REX
satisfy x1 > ... > xx > 0. Then, we say that x is e-a-stairs-shaped if there exists
m € [K] such that

(5.3) zj—xj41 € (a—¢e,a+¢e) forallje [m], and
(5.4) z; €1[0,a) forallje{m+1,...,K}.

Proposition 5.3. Let n € N, (ag)k<n € An, and (hi)k<n C Ry be given. Let
A = max{h;, : k < n}. Let ¢, € RM be the integrated control deviation devia-
tion produced in iteration n by the application of Alg. 3.1 with (SUR-SOS-VC) to
(ak)kgn and (hk)kgn- Let J C ITJLF or J C I;

Then, there exists n1 € N, and (ou)nt1<k<n, With (Qr)k<n, € An, that satisfy
the following. The application of Alg. 3.1 with (SUR-SOS-VC) to (ak)k<n, and
(hi)k<n, With hyy1 = ... = hyp, = A yields (wWg)k<n, and (¢x)k<n, such that

() llofll = llgg I for all k€ {n+1,...,n1},

(2) l¢nlls = oy lly for allk € {n +1,...,n1},

(3) Pn,i= ¢k, forallk € {n+1,...,n1} for all i € [M]\J,
(4) {&ny,j:J € J} is e-A-stairs-shaped.

Proof. The claims follow from Lemma 6.3 found at the end of §6. O
To illustrate Definition 5.2 and Proposition 5.3, we transform the set of scalars
{#10,---,¢10} C R over 200 iterations into a set {©200,0; - - ¢2009} C RT that

is e-A-stairs-shaped. The resulting trajectories are plotted in Figure 2. For this
example, we chose A = 1 and ¢ = 1072, Moreover, the ¢n,. are integrated control
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deviations resulting from the application of Algorithm 3.1 with (SUR-SOS-VC) on

certain controls « and ||¢1 n]l1 = ||¢1,0]l1 for all n € [200]. The .
‘ ‘ — ¥n,0
8 [ '_'_'_l_'r | — 9071 1
— ¥n2
¥n,3
LI|—||—||—.. — ¥n4
6 1 — ¥nb
— ¥n,7
4+ I Son.,S
_ll—'l_ — $n9
=== A
2 - |
0 \ \ \ L]
0 50 100 150 200
n

FIGURE 2. Transformation of a vector ¢;,. into an 1073-1-stairs-
shaped vector a0,..

5.4. Preparations. Some of our results work for different choices of the sets Fj, of
admissible rounding indices in Alg. 3.1. We introduce an assumption that is satisfied
for the choices (SUR-SOS) and (SUR-SOS-VC), but is slightly more general.

Assumption 5.4 (Admissible indices for rounding). For all n € [N], let the input
set F,, in Alg. 3.1 satisfy

{ie[M]:an; >0} CF,.

Alg. 3.1 and the prerequisites of Thm. 3.4 imply the following well-known prop-
erties of the sequences w € RV*M and ¢ € RN*M produced.

Lemma 5.5. Let o« € An, h € Rf. Then, w € RN*M gnd ¢ € RV*M produced
by Algorithm 3.1 satisfy the following. For all n € [N] it holds that

1. ¢n,i >0 for at least one i € [M], and ¢, ; <0 for at least one i € [M],

M M
2. Z ¢;:,i = Z ¢;L,i7
i=1 i=1 M
3. wni €{0,1} for alli € [M] and Y wn; = 1.
i=1

Leta € A1, he Rf“ with &, = a, for alln € [N] and by, = hy, for alln € [N].
Then, @ € RNTXM gnd ¢ € RNHIXM produced by Algorithm 3.1 satisfy

4. Gn = by and @y, = wy, for alln € [N].

Proof. The first two claims follow from Alg. 3.1 and the prerequisites of Thm. 3.4
with the discrete view established in §5.1, cf. [13,17]. O
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Lemma 5.6. Let o € An, h € Rﬂ\_’. Then, w € RYN*M gnd ¢ € RN*M produced
by Algorithm 3.1 satisfy the following. Let n € [N], i € [M]. If ¢ni < dn—1,, then
wni =1, and
On,j — Oni < hy forall j € F,
hold. Under Assumption 5.4, if F, = {i}, then ¢, = ¢n—1 holds.

Proof. We have that ¢,, ; = (an,i —wn i) hn+@n—1,. Thus oy, ; < wy,;, which implies
that control index ¢ was selected for rounding in Alg. 3.1 In. 4, that is w, ; = 1 and
wp,j = 0 for j # 4. For j = i the inequality is trivial. For j # ¢ we assume the
converse inequality ¢, ; — ¢n,; > hy and deduce

Tn,j = (z)nfl,j + an,jhn = d)n,j > d)n,i + hn = ¢n71,i + an,ihn - hn + hn = Yn,i>

which contradicts ¢ € argmax{~y, ; : j € Fy,} in Algorithm 3.1 In. 4.
Assumption 5.4 and Algorithm 3.1, specifically line 4, yield o, ; = wy,,; =1 and
Ot j = wpj = 0 for j # 4, which implies the second claim. O

The following lemma characterizes (|(¢n||1)nein for sequences (¢n)ne[n) Pro-
duced by (SUR-SOS-VC). It plays an important role in the construction algorithms
to obtain the desired result.

Lemma 5.7. Let o € An, h € Rf and let Assumption 5.4 hold. Then w € RN*XM
and ¢ € RVN*M produced by Algorithm 3.1 satisfy the following for all n € [N].

. ’ ¢/=¢n—1+anhn_whn
1. If hp> ?El%xd)nfl,i + an,ihnv then Hd)nHl = min H¢ ”1 ’ we{0,1}M, llwll=1

w;=1 = i€F,

2. If h,< ?el%Xfﬁn—l,i + o ihp,  then ||on|li < || én-1]1-

3. If0 > ?El%xd)nfl,i + o ihp,  then ||on|li = ||dn-1l1-

Proof. Algorithm 3.1, line 4 selects i € argmax{~v,,; : j € Fy,} in iteration n € [N].
(1) We need to prove ||¢'||1 > ||¢n|/1 for any admissible ¢’ and w. Let ¢/ =
Gn—1 + aphy, —why, be admissible and w; = 1 with j € F;,. Then

M
19'lls = llénlls = (In-1.0 + O thn = Sjehn| = |dn—1.0 + tnehn — Sichn])

(=1
= Yng = hnl + il = sl = 1 = hal,

where ¢ denotes the Kronecker delta. Thus to obtain ||¢'[1 > ||¢nll1 it
suffices to show

(5.5) Vg = hal + [vnil 2 gl + Y0 — hal
We know max{vn,: ¢ € F,} — h, <0 and thus, (5.5) is equivalent to

—Tn,j + hn + |P)/n,7, > |’Y’ﬂ,]| — Tn,i + hn
= il + i = gl + -
We have 7,; > 7n,; by choice of i. Moreover, the fact that a > b implies

a+la| > b+ |b| for a, b € R follows from a case distinction on the sign of
b. This yields the first claim.
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(2) From h,, < max{vyy, ;:j € F,}, we obtain

M
||¢n”1 - Z "Yn,j - wn,jhn| - ¢n71,i + an,ihn - hn + Z ‘anfl,j + an,jhn|~
i=1 i

We apply the triangle inequality and > jem] Ong = 1 to obtain
I6nll1 < ln—1llt + aniln = B+ anjhn = [dn-1]1.
J#i

(3) The premises imply v, ; < 0 and thus ¢,,_; ; < 0 for all j € F,,. We deduce

Inlli =" D 16nsl+ D g — wnshnl
JEMNF, JjEFn
= Z ‘¢n—1,j| - Z (¢n—1,j + an,jhn - Wn,jhn)
JEM\E, jeF.
= D 1bn-1l = D (@njhn = wnjhn) = |6n-lh,
JE[M] jeF,

where the last identity follows from > jer, Ongi =1 by Assumption 5.4.

O
Remark 5.8.

(1) For (SUR-SOS), we have F,, = {1,..., M} and Lemma 5.5 implies that the
case (8) in Lemma 5.7 cannot occur.

(2) In the case h,, < max{vy,, :1 € F,}, the rounding indezx i € F,, forw,,; =1
does not satisfy i € argmin{||¢,—1 + anhy, —ejhn|l1 1 j € F}.

(3) Because of Lemma 5.5 (2), any increase in the sum-norm of ¢y, that is
nllt > || Pn-1ll1, is equivalent to increases of half size in ¢, and ¢,

Iénll = lén—1lls = 2(N 65 s = lén_1ll) = 20l [l = l1¢n—111)-

Because of ||pnll1 < [|@n—1ll1, case (1) of Lemma 5.7 holds and the rounding
index i selected in Algorithm 3.1 In. 4 satisfies 0 > ¢y, ; > —hy, > —A.

We supply a statement that is shown in [13], which gives the existence of a finite
bound on ||@y ||oo-

Theorem 5.9. Let N € N. Let o € Ay, h € RY, A = max{h, : n € [N]}.
Then w € RN*M and ¢ € RY*M produced by Algorithm 3.1 with the choice
(SUR-SOS-VC) for Fi,...,Fn satisfy the following for all n € [N].

[énlloe < (M + 1A,

Theorem 5.9 allows us to deduce that a the desired bound exists although we

have to prove its value. We introduce a symbol for the bound below for a given
AcRy,

(5.6) ®% = sup sup sup ||¢y [l for s € {+,—}.
NeN aeAn,he(0,A]N ng[N]
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5.5. Establishing the Tight Bound for (SUR-SOS-VC). Let ¢ € RV*M be
produced by Algorithm 3.1 with the choice (SUR-SOS-VC). We first prove bounds
on the sum of the largest entries of ¢ and ¢, that hold uniformly for all n € [N],
and which depend on the supremum of ||¢; || (|[@5 ]lco) Over n. Then, we proceed
with an argument by contradiction. We assume that the supremum of ||@; ||~ or
l6;, |l Over n violates the claimed bound and show that the bounds proved in the
first step and Proposition 5.3 lead to a contradiction.

5.5.1. Bounds on Sums of the Largest Entries of ¢} and ¢, . We introduce the
following sets of iterations n € [N] for which at least j strictly negative (positive)
entries of ¢,, exist.

Definition 5.10. Let N € N be given. For j € [M], we define the sets
+ . i ++ - i —
Ki={neN:j<|[[7[} and K; ={neN:j<|[[ [}

Using the sets K; and K, we can formulate the following theorem, which states
that the suprema of the sums of the largest entries of ¢;” and ¢,, can be written as
a sum of uniformly decreasing summands in terms of the quantities ®* and ®~.

Theorem 5.11. Let A > 0, s € {+,—}, B:= |®°/A|, b € [B]. Then, it holds
that
b

b
sup sup sup Zq&f% = Z(@s —(i—1)A).

NeN aeAn,he(0,AIN ne[N] ;= p—
Moreover, B < M.

Proof. We prove the inequality < in Lemma 5.12 and the inequality > in Lemma
5.13, which are stated and proved below. While the upper bound in Lemma 5.12
is proved for B = min{|®*/A|, M — 1}, the steps in the proof of the lower bounds
in Lemma 5.13 are valid without the additional requirement B < M — 1.

If B> M, Lemma 5.13 establishes K3, # 0 for some N € N, o« € Ay, and h €
(0, A]N. However, this means that M entries of ¢, are strictly negative (positive)
for some n, which contradicts Lemma 5.5 that states that at most M — 1 entries of
¢n can be strictly positive (negative). O

Assuming that at least b strictly negative (positive) entries exist, we establish
the upper bound on the sum of b largest strictly negative (positive) entries in ¢,,.
Lemma 5.12. Let A >0, s € {+,—}, B:=min{|®°/A| ,M —1}. For all N €N
and for all « € Ay, if K5 # 0 then we have for all b € [B] the estimate

b b

b =1 i=1
Proof. By Lemma 5.5 there exist at most M —1 strictly negative (positive) entries of
¢n. Therefore B = min{|®*/A|, M —1} ensures well-definedness of the expressions
in the subsequent steps.

By definition, the assertion holds true for b = 1. We proceed inductively and
assume the claim holds for b € [B — 1]. We show that it holds for b + 1 by
contradiction. Suppose the claim does not hold for b + 1, that is

b+1 b+1

(57) St > (@0~ (- DA).
i=1 i=1
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for some a € Ay and some n € K. We set

b+1 b+1

d —Z¢>W =D (®°—(i-1)A).
=1

The left hand side of the inequality (5.7) is the sum of the largest b+ 1 entries
of the positive (negative) part of ¢,,. We observe that this quantity only depends
on aq,...,a, and hy,...,h,.

We apply Proposition 5.3 and deduce that for all 0 < e, there exists n; € N,
Qi lye« Oy A0d Rypgq,. . by, with Zfil ar; =1 and h, € A for all k € {n +
1,...,n1} such that ¢ ; ,...,qi)f“’(b“)n are e-A-stairs-shaped when Algorithm
3.1 is applied to ay,...,an, and hi,..., hy,.

Because of Proposition 5.3 (1), (2), and (3) we obtain

b+1 b+1 b+1

2 0 =2 Fhn 2 2 (- (- DA)

forall k € {n,...,n1}. We apply Lemma A.1 (with the choice f = A and g = 0) to

this inequality and the induction hypothesis and obtain ¢, ;, > A for alli € [b+1]

and n < k < ny, which allows us to restrict to the case (5.3) in Definition 5.2.
Furthermore, Proposition 5.3 (1), (2), and (3) and an insertion also yield

b+1 b+1 d
(58) > sy Z( ~-nas ).
_ Consequently, the consecutive summands of the right hand side differ by exactly
A and the summands on the left hand side are e-A-stairs-shaped. We pass to the
limit e — 0 and obtain that
d
> - &+ ——
ol T
that is that the largest summand on the left tends to the largest summand of the
right side of (5.8). This follows because both sums have the same number of sum-
mands, and the difference between subsequent summands in descending ordering
tends to A in the limit € — 0 by Proposition 5.3.
Because of d > 0 we have ¢;, ; > ®° for some ¢ > 0 small enough, which
contradicts the definition of ®° and closes the proof of the induction step. (Il

The lower bound on the sum of the largest entries is proved in Lemma 5.13,
which also gives that sufficiently many strictly positive (negative) entries exist.

Lemma 5.13. Let A >0,s € {+,—}, B = L@s/ﬁj, € > 0. There exists N € N
and o € Ay such that for all b € [B] we have Ki # 0 and

b b
sup 3705, > (Z@s (i 1)A) ~ e

where €y = 55— .

Proof. By definition of ®° in (5.6), the claim holds true for b = 1. We proceed
inductively and assume the claim holds true for some b € [B — 1]. Then, Lemma
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5.14, in particular (5.10) with € = &, gives K, # 0 and n* € K, such that

b+1 b+1 b+1
ST TS S (zéﬂ )
=1

nGKb+l i—1

which proves the claim. O

Lemma 5.14 referenced in the proof above for the induction step is proved below.

Lemma 5.14. Let A >0,s € {+,—}, B:== |®*/A], b€ [B—1]. Let N € N and
a € Ay satisfy Ki # 0 and

(5.9) Zgz)m, (Zcpﬁ (i —1) )—e.

for somen € Ki and 0 < € < A. Then, Kb+1 % 0 and there exists n* < n such
that
b+1

(5.10) D> G, > (Z P —(i—1) > — 2, and
i=1
2*75,2* >®°— (b—1)A -
Proof. Without loss of generality, we consider the first interval n such that the

prerequisites hold. Lemma 5.12 gives
b—1

Z(rbn 8 < (Zi 1)A)

1

g

Furthermore, n € K; implies n € K ;. We combine this with (5.9) and obtain

(5.11) mpe >PT—(b—1A - > 2A—-ec>A
n b<B—1
by means of Lemma A.1 (with the choice f = A and g = £). Moreover, ¢f% > 0 for
all i € [M].
Because n is the first interval such that these conditions hold, one entry of ¢
was increased compared to ¢;_;. We distinguish the sign s.

Case s = —. By definition, we have ¢,,_1 + aphy, —wphy = ¢y Thus for s = —|
the increased entry has to be the rounding index * € F,,, that is w, = e;». Since
the sum of the biggest b entries increased, it is also true that i* € {1, ,... b} = J.

Moreover, (5.11) yields that

¢n71,j§¢nj anjh +wnjh <¢RJ+A<0
(5.11)
for all j € J. This in turn implies that there exists another entry j* € F,\{1,,,...,b;,
because otherwise » . ; &, =3 ;c; ¢, 1 ; by definition of Algorithm 3.1.

We obtain that ¢,, ;. <0 from (5.11) and Lemma 5.6, which also gives
b = b = A>PT DA —e> A —¢.

I Lem. 5.6 ™ (5.11) b<B-1

Case s = +. Again, we denote the rounding index by i* € F},. Since the sum
of the biggest b entries increased, it holds that i* ¢ {1, ,...,b,, } = J. Because n
is the first interval such that the sum breaks the bound, there exists another entry
7% such that j* € F, N J.

}
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Again, we estimate with the help of (5.11) and Lemma 5.6 (with swapped roles
of i* and j*)

6. > ¢t -A>0 _bA-e>A-c
" Lem. 5.6 ’ (5.11) b<B-1

In both cases, we obtain n* :==n € Ky ;. Moreover, we choose £ = j* if s = —
and { =" if s = + and obtain the estimate

b+1 b+1
Z¢n z*>z¢n z*+¢n €><qu 2_1)A>_2E
i=1

from the estimates in the case distinction above and the prerequisites. ([l

5.5.2. Bounds on the Largest Entries of ¢ and ¢, . Theorem 5.11 enables us to
prove the following theorem, which also establishes (3.1), (5.2) and Theorem 3.4.

Theorem 5.15. Let s € {+,—}. It holds that
o° < |M/2| A
Proof. We define B® := |®°/A| for s € {+,—}.
Let s € {+,—} and assume that the converse estimate
(5.12) ®° > (|M/2] +¢)A
holds for some ¢ > 0. Then, Theorem 5.11 implies that for all 0 < ¢ there exist
NeN,ae Ay, he (0,A]Y, and n € [N] such that

[M/2] [M/2]

(5.13) > b > Z d°—(i—1)A | —¢.
=1

In particular, this holds if ¢ < cA as well. Moreover, we assume that n is chosen
minimally, that is that interval n is the first interval such that the inequality (5.13)
holds. The necessary amount of strictly negative (positive) entries exist by virtue
of Lemma 5.13.

Theorem 5.11 also implies that

[M/2]-1 |M/2]—1

Z o< | Y @ -G-1A|,
=1

and thus we apply Lemma A.1 to infer

s >A+cA—(C>A.
D 1M/2)3 c <<<CA

Because n € N is minimal, we may consider the same case distinction as in the
proof of Lemma 5.14 to deduce that there is £ € F,\{1%,...,|M/2]%} such that
5
e > 0,

which implies K7,/ o ., # 0, that is that |M/2] + 1 strictly positive (negative)
entries exist in interval n.

Now, if s = +, let t = — and if s = —, let vt = +. By definition it holds that
|I¥| < |M/2]. We combine the fact that sum over the positive entries of ¢,, has to
coincide with the sum over the negative entries, see Lemma 5.5, to obtain

[M/2]+1 [M/2]+1

Z‘b;,i Sozqsnz— Z ¢ ; °—(i—-1DA| - (.

iely i€l
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Moreover, Theorem 5.11 also implies

G
D dhi <D (@ = (i—-1A)
ielt i=1
for some G < |I}| < | M/2].

We combine these inequalities to obtain

(G+1)®° — |[M/2|A — ¢ < GO,

where we dropped the summands i = G +1,..., | M/2] in the sum over the entries
with sign 5. We insert (5.12) and ¢ < cA to obtain

GP® < GO°.
Consequently, |M/2] < % < O*.

Thus the reasoning from (5.12) on can be carried out for the sign t instead of s
as well because we did not use the specific value of s in the arguments above. This
implies

|M/2] < ®F < ®°

as well. This contradicts the assumption (5.12) and closes the proof. g

6. CONSTRUCTION ALGORITHMS

This section establishes Proposition 5.3 constructively. Let discretized relaxed
controls (ay)k<n and interval lengths (hy)k<, be given. Let J be a subset of
the positive or the negative entries of the integrated control deviation ¢,,, which
arises from the application of Algorithm 3.1 with (SUR-SOS-VC). Let ¢ > 0 and
A = max{h, : £ € [n]}. We present several algorithms which construct further
controls (g )n+i1<k<n, -

If Algorithm 3.1 is continued from interval (iteration) n 4+ 1 to ny with these
controls and the interval lengths (hg)nt1<k<n, = max{hy : £ € [n]} it yields an
integrated control deviation ¢,,. We prove that {¢:17j cjeJ} (or{e,, ;7€ J})
is e-A-stairs-shaped, and that for all j € [M]\J it holds that ¢,, j = ... = ¢n, ;.

We prove Proposition 5.3 using a bottom-up approach. First, we analyze the
properties of Algorithm 6.1 and another construction for a relaxed control in one
interval to obtain two ways to modify the integrated control deviation ¢,,. These
results are then used as repeatedly executed building blocks in Algorithm 6.2. We
finish by showing that Algorithm 6.2 produces a sequence of relaxed controls and
interval lengths that satisfy the claims of Proposition 5.3.

Algorithm 6.1 is used to extend (o )k<n € An t0 (g)k<n, € Ap, and to extend
(hk)k<n to (hk)k<n, for some ny > n. The construction is such that after applying
Algorithm 3.1 with (SUR-SOS-VC) to a and h it holds that ¢y, ; = ¢y, j+A for two
predefined 4, j with ¢,, ; > 0 and ¢,, ; > 0 and ¢y, ; +dn ; > A (or Oni 0,0, <0
and ¢n; + ¢dnj < —A) while the other entries of ¢y,,. . .,¢,, remain unchanged.

Lemma 6.1 (Asymptotics and termination of Algorithm 6.1). Let n € N, let
(ak)kgn € An, and let (hk)kzgn C R+ with A = max{hk ke [n]} Let (¢k)k§n be
the result of the application of Algorithm 3.1 with (SUR-SOS-VC) to (a)k<n and
(hi)k<n. Let s € {+,—}. Let i, j satisfy the requirements of Algorithm 6.1. Then,
Algorithm 6.1 terminates after finitely many iterations with result cpy1,...,00,, €
RM and hpi1 = ... = hyp, = A = max{hy : £ € [n]} such that (ag)k<n, € An,-
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Algorithm 6.1 Compute (o )n<r<n, to achieve ¢, ; = ¢, ;j + A

Require: Interval index n, 0 < e < 0.5.
Require: (ay)r<n € An, (hi)k<n, A =max{hy : k € [n]}.
Require: (¢x)r<n < apply Alg. 3.1 with (SUR-SOS-VC) to (o )k<n and (hg)k<n.
Require: s € {+, —}, indices i # j € I}, such that ¢}, ; > ¢}, , ¢}, + &5, ; > A.
1: k<n+1
2 while ¢f |, #¢5_, +Aand ¢34 ¢i_,,+A do

3: hr +— A ~
1-e¢ A i — dr-1,j € (—o0, —24],
I A ol —(ﬁk*l’j_g%*l’i_? B: ¢p_1i— dr1; € (—24,-A),
Seobit Bt R O Gy — pro1 € (— 770]-
€ A fp_1,i— dr_1,; € [24,00),

5: tt Rt W B: ¢r_1,;— ¢r-1,; € (A,2A),
Potgm Rt R O grrg — dhe1y € [0,4).
6: ap — te; + (1 —t%)e;
7 (¢Z)€§k + apply Alg. 3.1 with (SUR—SOS-VC) to (ag)ggk and (he)ggk.
8: k+—k+1
9: ny < k—1return on41,...,0n,; hnti,e .l .

If Algorithm 3.1 with (SUR-SOS-VC) is applied to o and h, the resulting binary
control and integrated control deviation satisfy

¢n,f - - Zf€¢ {Z7j}a
61) Guam |yt T = s
: 1 n,i n,j : > n,i n,j
$n,itPn,j Zfézjand¢n7i=¢'+d;’J+ 7

2 -
¢n,i+¢;n,j+A Zfe :j and ¢n77; — ¢n,i+d;n,j_A.

In particular, ||dnll1 = - = ||dnyll1-

Proof. The consistency of the computed (¢;)¢<y for all k follows from Lemma 5.5.
For some iteration k — 1 we assume inductively that ¢r_1,, = ¢n ¢ if £ & {i,7};
1, TPty = na T On; 2D G EIR Gp g = Gy bRy — bRy > A
The prerequisites imply that this claim holds for the choice K — 1 = n. Thus we
prove the induction step next and analyze finite termination and the claimed result
on termination afterwards.

To this end, we analyze the effect of the rounding rule (SUR-SOS-VC) in Algo-
rithm 3.1 in the cases A, B, and C if the algorithm has not terminated. By con-
struction of « it holds that Fj, C {i,j}, which already proves ¢ ¢ = dr—1.0 = Qi
for ¢ ¢ {i,j}.

We consider case A. We have ay; > 0, and ay; > 0 and thus Fj, = {i,j} by
(SUR-SOS-VC). If s = —, we estimate

Vi = k-1 + (1 —€)hg < pr—1; + (1 — e)hg — 2A hk<_A i1, +hi = Vi ;.
0<e<0.5
If s = +, we estimate
hr=A

Vii = Gk—1,i + €hg, > P15 + chy + 2A 00 P15+ (1 —e)hg = Yr 5.

<e<
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For s = —, Alg. 3.1 In. 4 selects j as the rounding index and for s = +, Alg. 3.1
In. 4 selects 7 as the rounding index. In both cases, the difference between the
corresponding entries in ¢y, is reduced, that is

(/57;—1,1‘ - (/57;—1,]‘ - (¢Z,i - 2 ) =2(1 - ¢e)hy =2(1 — €)A~
Since this difference is less than 2A and ¢y, ; was increased we still have ¢ ; > ¢}, ;
0. Moreover ay; + Qg ; = Wi + Wi ; = 1 and thus qb,m + 93 ki = k—l,z + qﬁk_m,

which closes the induction step for case A. - -
We consider case B. If s = — it holds that A < ¢p_1; — dr—1,; < 2A, which

gives -
_ Ok—1— k1, — A 1
tT = : = el0,-].
2A
Thus «y, is well-defined, and 4, j € F},. We compute

14 1 A
¢k 1,z"|2_¢k 1,j_§7 and

Ph—1,i +dk—1,; 3A

Vhg = P15 + Qb = dp_1;+ (1 —t7)A = : L2

If s = + it holds that —2A < Pr—1,j — OP—1,i < —A, which gives

Gr—1, — Pr—1,i + 3A 1
t+ — 5] K~ c -, 1.
2A 2
Thus «ay, is well-defined, and i, j € Fj. We compute

1 _1; . 3A
Pr—1,i + Pk Ly 38

Vi = Pr—1,i + kbl = Pp_1, +1 A =

Vi = Q-1 + Qe ih = Pp—1, +tTA =

2 2
- it b1 A
Ve = Oh—1j + hjhe = p1; + (1 —tT)A = SRR K] 5 Dot 5
For s = —, Alg. 3.1 In. 4 selects j as the rounding index and for s = +, Alg. 3.1 In.

4 selects 7 as the rounding index. In both cases, the obtained formulas for ~; ; and
Yk, yield gbk i = ¢5 + A after subtracting wy, ihi and wy, jhy. Moreover, this gives
ki > 0ifs = + and or; <0ifs = —, as well as ¢r; + P = Pr—1, + Pr—1,5,
which closes the induction step for case B.
We consider case C'. We have
o Gr—1,j — ¢>_k—1,¢ +A
2A

Thus ay, is well-defined, and 4, j € F},. Inserting t~ and ¢+ into the update formula
for v gives

= € (0,1).

d)k 12+¢k 1,5
"Y "kai 92

Depending on whether ¢ < j or j < i holds, either ¢ or j is selected as rounding
index and it holds ¢} ; = ¢} ; + A or ;= Prit A accordingly. The induction
hypothesis ¢ _q; + ¢4 ; = A implies that after subtracting wy ;hy and W, jhi
from <y ; and 7 ; respectively, we obtain ¢ ; > 0 and ¢ ; > 0 if s = + as well as
¢k,i < 0 and ¢k,j < 0ifs = —.

These cases are exhaustive because of the following. The algorithm terminates
immediately after case B or C' occurred Since the construction leads to a satisfaction
of the termination criterion since either =¢p,;t+ A or r = oni+ A. Thus if
the algorithm starts with 0 < ¢} ; — ¢j, ; < 2A in the first iteration, the algorithm

LA
2
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terminates immediately or after handling case B or C' after one iteration. If case A
occurs, the difference ¢} ;, — gbz,j shrinks by 2(1 —¢)A > A each time case A occurs
until case B or C' occurs. Then, the algorithm terminates in the next iteration.
The algorithm terminates if ¢x—1,; = dr—1,; + A or 1, = dp—1,; + A. The
first case in (6.1) follows from the induction hypothesis. The induction hypothesis

also implies i, j € I} for all £ € {n,...,n;}, which together with the invariance of
the other entries gives ¢p, ; + ¢n, j = $n,i + Pn ;. Thus, the termination criterion
and and the finite termination imply the claims. O

The second building block extends given discretized relaxed controls (ay) k<n €
A,, and interval lengths (hg) k<, by one interval to (g )k<n+1 € Ant+1 and (hg)r<n+1-

Let (¢ )k<n+1 be the integrated control deviations resulting from the application
of Algorithm 3.1 with (SUR-SOS-VC) to them. If the sum of the values of two fixed
positive (negative) entries of ¢,, is less than A := max{h : k € [n]} the control
Qn+1 is computed such that one of them is zero and the other has the value of the
sum of both in ¢,+1. The formula for the choice of a,, 41 is established in Lemma
6.2 below.

Lemma 6.2. Let n € N, let (ax)k<n € An, and let (hi)k<n C Ry with A =
max{hy : k € [n]}. Let (¢pr)k<n be the result of the application of Algorithm 3.1
with (SUR-SOS-VC) to (ak)k<n and (hg)k<n. Lets € {+,—}. Leti, j € I3 be such
that i # j and ¢}, ; + ¢5, ; < A. We define hypi1 = A and apy1 = e;(1 —t) + et
with,

oh
1— % ifs=+,
% ifs = —.
Then, (og)k<n+1 € Ant1. Let (Pr)k<nt1 be the result of the application of Algo-
rithm 3.1 with (SUR-SOS-VC) to (ag)k<n+1 and (hg)k<n+1- Then,

t=

(bn,@ Zfe ¢ {2?3}7
¢n+1,f = an,i + ¢n,j Zfe =1,
0 if 6 =j.

In particular, ||¢nll1 = ||dnt1]1-

Proof. The prerequisite ¢, ; + ¢5, ; < A implies ¢ € (0,1). Thus F,11 = {,j} by
definition of (SUR-SOS-VC), which implies ¢y11,¢ = ¢n ¢ for £ ¢ {i,j}. Moreover,
t € (0,1) also implies that (ag)k<nt1 € Any1. We compute v,41 = ¢p + ani1A
and obtain

¢n,i + ¢n,j if s =+,
Tn+1,i = ~ . and
¢n,l+¢’ﬂ,j+A 1f5: -,
A ifs=,
Totly = 0 ifs=—.
For both s = + and s = — the rounding decision in Algorithm 3.1 In. 4 implies
Pnt1,i = Gn,i + Pn,; and ¢n41,; = 0, which closes the proof. ([

Now, we state and analyze Algorithm 6.2, which creates controls a,41,. . .,0,
such that after the application of Algorithm 3.1 with (SUR-SOS-VC) the set {¢2

ni,j *

j € J} is e-A-stairs-shaped for s € {+, —} and a predefined set J C I%. Its analysis
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gives a constructive proof of Proposition 5.3, which uses Algorithm 6.1 and the
construction from Lemma 6.2 as building blocks.

Algorithm 6.2 Compute (a)p<r<n, such that ¢ is e-A-stairs-shaped

Require: Interval index n, € > 0.
Require: (ag)k<n € An, (hi)k<n, A = max{h : k € [n]}.
Require: (¢x)r<n < apply Alg. 3.1 with (SUR-SOS-VC) to (o )k<n and (hg)k<n.
Require: s € {+,—}, J C I;.
Require: For iteration k, ¢/ ¢/ denotes the index j such that ¢3.; is the (-th
largest number in {¢j ; : j € J}.
1k+n, k+n
2: while {¢} ; : j € J} is not e-A-stairs-shaped do
3: a,b <+ li, 1k]
4: for{=1,...,|J|—1do
. {b, L+ if gy, > Pr (e41)7

5: .
(0 + 1),{15) if 62, < 05 panyy
6: if 63, + ¢, > Aand ¢f , — ¢; , # A and ¢7 , # 0 then
7 (rre)1<e<r, (hute)1<e<r + Alg. 6.1(s, (ae)e<n, (he)e<k, @, b)
8: else if ¢} , — ¢} , # A and ¢; ;, # 0 then
9: L+1
i, .
1— =22 ifs=+,
10: te<¢ A
¢n,b f _
A s =—.
11: Qpy1  ea(l—1) +ept
12: Rit1 < A
13: else
14: L—0
15: K+ kKk+ L
16: ((bg)gg,/v « apply Alg. 3.1 with (SUR—SOS—VC) to (Ozg)ggﬁ and (hg)gg,.i
17: k<&
18: Ny« k

19: return ayy1,..,Qny; Pptt,e - - Png -

Lemma 6.3 (Asymptotics and termination of Algorithm 6.2). Let n € N, let
(ak)k<n € An, and let (hg)r<n C Ry with A =max{hy : k € [n]}. Let (dk)k<n be
the result of the application of Algorithm 3.1 with (SUR-SOS-VC) to (a)rk<n and
(hi)k<n- Lets € {+,—}, and let J C I3. Then, Algorithm 6.2 terminates after
finitely many iterations with result apy1,...,0m, and Rpt1,...,°hy, such that

(1) (ar)k<n, € An,, and

(2) hn+1 = ...= h'nl'
Moreover let (¢r)k<n, be the result of the application of Algorithm 8.1 with (SUR-SOS-VC)
to (ag)r<n and (hi)k<n. It also holds that

(3) Pni=...=n,q foralli e [M]\J, and
@) = =1,

) 162l = .- = ol

(6) {5, ;7 € J} is e-A-stairs-shaped.



26 PAUL MANNS, CHRISTIAN KIRCHES, AND FELIX LENDERS

Proof. We split the proof into two steps. First, we show that Algorithm 6.2 termi-
nates with the correct result if it terminates. Then we show that the termination
criterion is satisfied after finitely many iterations.

The values of ay, for £ > n are determined in Lines 7 and 11. In the former case
(o) k<n+1 € Apyn follows from Lemma 6.1 at the end of an iteration of the inner
loop. In the latter case (o).t € Akyn follows from Lemma 6.2 at the end of an
iteration of the inner loop. Since these are all statements that compute new «a;, and
hy, this shows claim (1) if the algorithm terminates.

The values of hy for k > n are determined in Lines 7 and 12. In the former case
Lemma 6.1 yields hy, = A and in the latter case this follows by inspecting Line 12.
This shows claim (2) if the algorithm terminates.

To operate with the indices in set J C [M] we use the notation that is introduced
in the requirements of Algorithm 6.2. For interval k, the symbol Z;CJ denotes the
index j such that ¢ ; is the {-th largest number in {¢} ; : j € J}, where we allow
LelJ].

Lemma 6.1 implies that ¢, ; = ... = ¢ptr,; for i € [M]\{a,b} if the condition
in Line 6 holds true and Lemma 6.2 implies the same if the condition in Line 8
holds true in the inner iteration of Algorithm 6.2. Since these are all statements
that compute new oy and hy and in all iterations it holds that a, b € J by virtue
of the recursive construction in Lines 3 and 5, it follows that ¢, ; = ... = ¢,, ; and
claim (3) holds if the algorithm terminates.

We note that the computed (¢¢)¢<, are consistent, that is that after each inner
iteration the entries (¢¢)r<x—r coincide with (¢¢)e<, from the previous iteration.
This follows from the elementary properties of Algorithm 3.1 established in Lemma
5.5. Thus, Lemma 6.1 and Lemma 6.2 together with the consistency of (¢¢)e<x
over the iterations imply inductively that IS = ... = IS and ||¢5 )1 = ... = ||#L]1
for all generated k. Thus the claims (4) and (5) hold if the algorithm terminates.

Finally by definition of the termination criterion in Line 2 the claim (6) holds if
the algorithm terminates.

It remains to show that claim (6) is satisfied after finitely many iterations. The
statements in Lines 6 and 8 imply that Algorithm 6.2 cannot produce controls such
that entries that are zero in ¢ are nonzero in later iterations, that is nonzero in
@k+¢ for some ¢ > 0. However, nonzero entries in ¢, can become zero in later
iterations due to the controls produced by Algorithm 6.1 in Line 7, or the control
in the else-if-branch starting in Line 8. This follows from Lemma 6.1 in the former
and Lemma 6.2 in the latter case. The prerequisites of Lemma 6.1 and Lemma 6.2
are always satisfied because of the conditions ensured in Lines 6 and 8.

Consequently, the number of nonzero entries ¢y ; # 0 for j € J is non-increasing
over the iterations k& and bounded by |J|, the number of elements in J. Thus the
set of entries in ¢, which are altered in the for-loop beginning in Line 4, does
not change anymore after finitely many iterations. Moreover, the modifications
are all due the controls produced by Algorithm 6.1, which is invoked in Line 7.
Consequently, it remains to show that if the set of nonzero entries of ¢ does not
change anymore for all iterations k > kg for some kg € N, then the termination
criterion is satisfied for some k; > kg. By construction of the for-loop the if-
statement 6 always evaluates to true until some entry in {qbz jiied } in decreasing
order is zero. Thus, we may assume ¢, ; > 0 for all j € J and all s in the iterations
in the for-loop without loss of generality.
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We show that in this case one for-loop produces controls such that the change in
the entries of ¢ from Line 3 to Line 17 can be described by a linear transformation.
A spectral analysis of this linear transformation implies convergence of the ¢; such
that {¢7 ;:j € J}is e-A-stairs-shaped eventually.

We start at iteration k with some integrated control deviation vector ¢y. For the
analysis, we have to monitor the entries of ¢, during the iterations £ =1,...,|J|—1
of the for-loop. To avoid a bloated notation, we denote ¢, after the ¢-th iteration
by ¢y and ¢y at the end of the previous for-loop, or equivalently at the beginning
of the current for-loop, by ¢g. Similarly, 1{, ey |J\‘g denotes the /-th largest entry
of {¢7,:j€Jtfor £=0,....[J] -1

Moreover, we refer to the index b computed in Line 5 in the ¢-th iteration of the
for-loop by by.

The first iteration of the for-loop invokes Algorithm 6.1, which gives

¢3,1g + ¢3,zg +A

s

11 = 5 , and
5 + PF _ A

s 01y ¢0,2g

1,2 — 9

by virtue of Lemma 6.1. The other entries do not change. Since the largest entry of
{#%,; : 7 € J} was increased, we obtain that 1{ = 17. However, we do not know the
rank of (bi? s in a decreasingly ordered {ng,j : j € J} anymore because the second
largest entry decreased. But combining the notation introduced above with Line 5,
we obtain that b; = 2.

In the second iteration of the for-loop, either the entry by, which was just de-
creased, or the entry 37 is the second largest entry, that is 2/ € {b1, 37 }. Moreover,
by = 2{ # 37. Then the second invocation of Algorithm 6.1 yields

5 5 A
1o T 005 T4

S

2,2‘27 - 9

S s A
s Ple TPy — A
2,by — 9

by virtue of Lemma 6.1 and the fact that ¢7 , < ¢}, and ¢
. 19
implies 15 = 17.
We continue this reasoning inductively over the iterations ¢ of the for-loop. We
obtain that ¢/ , € {(¢+ 1)J,bi—1} and (¢ + 1)§ # by_1, and the invocation of
Algorithm 6.1 gives

5 ] 3
134 < ¢172§,. This also

G100 + D

QZSZ[ZJ = 2 )
o Piip, TPy A
gbé,b/{ - 9 .
Furthermore for ¢ € [|.J| — 1], we deduce inductively that ij =i/ | = ... =1/

for all entries ¢ € [¢ — 1]. Thus in the ¢-th iteration of the for-loop the (-th largest
entry of all further iterations of the for-loop and thus also of the final iteration of

the for-loop is computed and assigned, that is ¢7, . ,; =...=¢3,,. In the
|T1=1.675,_, 0,6]
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last iteration (iteration |J| — 1) the smallest entry is computed by |J H]Jl—l =b7)-1
as well as the corresponding value ¢? ;-
|J|_17(|J|)|J‘71

Inspecting the recursive formulae derived above we observe that the values {¢j ; :

Jj € J} depend affinely on the entries in {¢; : j € J}. Therefore, we cast the

recursive formulae into the update matrix below that represents the effect of one
run of the for-loop, or alternatively one iteration of the while-loop.

A A
s
[ J]—1,17 1 0 0 0 0 0 5
-1 1 1 1 0 0 0 0,17
s 0
\J|*1=2‘J”71 i i i 1 0 0 ¢g 27
s : 1 1 1 1 1 o0
0 5
\JI—1=3‘JJ‘71 8 8 8 4 2 0,3]
: 1 1 1 1 1
o 7 o[ J[—1 ol J[—1 o[ J[—1 ol JT—2 2l J[=3 2 s 7
I=1a71=075 4 121 1 1 1 1 0. 0711y
5 ol J[—1 ol J[—1 olJ[—1 olJ[—2 2lJ—3 2 ¢0 and
[71-1,07D7 (171

f7—1

To establish convergence for the repeated application of this update it is ben-
eficial to change the vantage point to the difference ¢%.; — ®ri» where i, j € J
are subsequent entries with respect to the decreasing order of {(ézj cj e J}h. We
consider the vector ¢|;_; at the end of the for-loop and define

dg = ¢\SJ\71,z{JI71 - ¢iﬁJ|71,(£+1) 20

for £ € {1,...,]J| — 1}. We deduce
dijj—1 = A,
which follows from the linear transformation above and from the fact that the last
execution of Algorithm 6.1 in the for-loop sets the difference between the values of
the entries a7 - and b 7—1 to A. We obtain the formula
A+ 3t !
= 20+1 ’

J
[J1—1

dy

for £ € {1,...,|J]|—1}, where f is defined the same as vector d just with the entries
of ¢f instead of (bf J—1- That is d contains the differences after the run of the for-
loop and f the differences before the run of the for-loop. This formula follows by a
rearrangement of the summands from the linear update above. The details are in
Lemma A.2.

We put the differences after and before the for-loop run, d and f, with the largest

elements before and after the for-loop run, qzﬁg » and ¢|5 J—117 into the linear
10 - I-1
update formula

s ® _1 1 S
K\J|—11j1"”71 ! 12 (1) 0 % 0,1¢
dy 0 g P 0 i f1
dy 10 s 1 2 8 fa
d\J\—Q 0 2\J1I71 2IJ1\72 2\11\*3 cee % + Q\J% f\J\—Z
diyis 0o 0 0 0 .. 1 Fial-1

For the remainder of this proof, we denote the update matrix above by the symbol
T. Considering its first line and first column, we obtain that e; is an eigenvector
to the eigenvalue 1. Furthermore, 1 bounds the other eigenvalues from above by
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the Gershgorin circle theorem. The minor from second column and row on is a

. . T . . .
row-stochastic matrix. Thus, (O 1 ... 1) is an eigenvector of the eigenvalue
1. The last row reveals d|;j_1 = f|7—1 and the first row yields vy = v|; for every
eigenvector v of the eigenvalue 1. Inductively, we obtain vo = v3 = vy = ... = v

for all eigenvectors of T" to the eigenvalue 1.
Combining this, we obtain a geometric multiplicity of 2 of the eigenvalue 1 with
the corresponding eigenspace

span{(1,o,...,o)T,(0,1,...,1)T}.

The matrix also maps coordinate-wise nonnegative vectors to coordinate-wise non-
negative vectors. Thus starting at some difference f obtained after a run of the
for-loop, we consider the repeated application of T, which corresponds to the re-
peated execution of the for-loop. Analogously to the convergence of the von-Mises-
iteration, we obtain convergence of the vector d” = T"f to an element in the
eigenspace to the eigenvalue 1 analogously. The last row of T' gives d\nJI—l =A

because fi;—1 = A after one run of the for-loop. The structure of the eigenspace
gives the asymptotics

m n T A N\T
( 1,...,le|_1) o (A.)n
Inspecting the first row of T" this implies a corresponding convergence of the largest

values ( o ;)" over the runs n of the for-loop. These asymptotics in turn imply
10

that {¢} ; :j € J}is e-A-stairs-shaped after finitely many iterations, which finishes
the proof. O

Corollary 6.4. Proposition 5.3 holds.

7. CONCLUDING REMARKS

We have shown that Algorithm 3.1 with the choice (SUR-SOS-VC) allows to
approximate feasible points of the relaxation (RC) arbitrarily close in terms of
feasibility and objective value.

The arguments in the proof of Theorem 3.5 only depend on the validity of the
estimate (P) and the suitable restriction of the admissible rounding indices per
interval introduced in Definition 3.3. Thus Theorem 3.5 stays valid for other ap-
proximation methods if in (P) holds for the restriction of the admissible indices
introduced in Definition 3.3. This is particularly true for the approaches in [2,21].

Our considerations, specifically Theorem 2.1, also do not hinge on the specific
ODE setting we chosen. In particular, the results generalize to the recently analyzed
generalizations for time-dependent PDEs and multi-dimensional settings in [10, 15,
16,27] in a straightforward manner.
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APPENDIX A. ELEMEMTARY COMPUTATIONS

Lemma A.1. Lett € N. Letx € R. Let x1,...,x;41 € Rwithxy > ... > x;41. Let
the bounds

(A1) Yoz <> @E-G-Df),
j=1 j=1

and
i+1 i+1
(A.2) Yoapi> Y F-(G-1f )| -9
j=1 j=1
be satisfied for some f € R and g € R. Then for all j € [i + 1] it holds that
T; > T — if —g.

Proof. For j =i+ 1, we assume the converse ;11 < T —if — g. Then,

i i+l
ij> Zf_(j—l)f —g— Tit1
i=1 i=1

i1

> Y 7-G-Of | —g-T+if+g
j=1

= Zf—(j—l)f :

which contradicts the premise (A.1). Here the first inequality follows from (A.2)
and the second inequality follows from the contradictory claim. Because z;11 <
... < 1, the claimed inequality holds for all j € [i + 1]. O

Lemma A.2 (Formula in Lemma 6.3). In Lemma 6.3, we obtain for € {2,...,|J|—
2} that

_ A+ St fi!

de 9j+1

Proof. We abbreviate y; = ¢\SJ\71,¢ . and z; = qu)’Z. e We proceed inductively
and obtain

di = B _A+$1+$2_A+$1+1‘2+2333_ﬁ_’_dz
1= = 2 4 B

from the transformation matrix in the base case. For j < |J| — 2, we observe the
identity

J
> di=yi —yji
i=1
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We insert the lines for y; and y;41 from the transformation matrix and obtain

zj:d_ Tita A m a2t + a0+ A
=1

2 2J+1
1 . _ .
= ﬁ ((2J — 1)(.1‘1 + X9 + A) — 2&33 — s = 2‘71'3‘4,_2)
1 . _ - . .
=it (2 =D +ag+A) =223 — - = (271 + 220 + 2 fi41),
where the last equality follows from the definition of f;,. We insert the definitions
of fs,...,f;, and add the necessary factors in front of the corresponding zs,....
This gives
J 1 4 ~ , Jj+1 J
dodi= g (@ =D +ea+ 8 =@+ 2ty (D2
i=1 i=3 \l=i—1

We use the formula 29 —1 =1+ --- 4+ 297! to obtain

J Jt+1 J
1 . _ . ¢
= gt (@ e 8 e s S (3 )
i=1 i=2 \f=i—1
1 Jj—1 J+1 J
— £ A e r
e (Tra (s ) s
£=0 i=1 \=i—1
Next, we apply the induction hypothesis to obtain
1 i+1
— A -1
di= ooy A+ D27
=1
fori € {1,...,5 — 1}. We sum from one to j — 1 and factor with 5 to obtain
Jj—1 1 Jj—1 J=1i+1
- J—1 A Jj—i+l—1
D di= g | PTADY D YT
i=1 i=1 i=1 =1

ji—1 i

1 (S oea k

=g (2 2R+ h) 2
=1 i=1 k=i

Finally, the difference d; = 25:1 d; — Zz;ll d; and a close inspection of the two

derived sum formulas yield the claim. [
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